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L" INEQUALITIES FOR POLYNOMIALS WITH RESTRICTED
ZEROS
REINGACHAN N! M. SINGHAJIT SINGH?* AND B. CHANAM?
ABSTRACT. Let p(z) be a polynomial of degree n.

For r > 0, we denote
1 27 %
AL
=9 — dty
([l {27r /0 Ip(e™)] }

and a well-known fact from analysis [21] gives

1
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If p(z) is a polynomial of degree n having no zero in |z| < k, k > 1, then Govil

and Rahman [10] extended Malik’s inequality [13] into L™ version by proving
’ n
< , > 0.
In this paper, we prove improved and generalized versions of the above
inequality.

1. INTRODUCTION AND PRELIMINARIES

Let p(z) be a polynomial of degree n. We define

1 2 ) %
Ipll- = —/ |p(e“9)|rd9 , 0<r<oo. (1.1)
2 Jo

If we let » — oo in the above equality and make use of the well-known fact from
analysis [21] that

1 27 ) %
i {5 [ e ran} = max o)
r—oo | 27 0 |z|=1

we can suitably denote

IPlloe = max|p(2)]

Similarly, one can define

1 [ ,
o= eap { 5= [ toglote a0
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and show that
Tim ol = 1l

It would be of further interest that by taking limit as r — 0" that the stated
results on L" inequalities holding for r > 0, hold for r = 0 as well.

A famous result due to Bernstein [15, 22] states that if p(z) is a polynomial of
degree n, then

17 loe < 2lIPl|co- (1.2)
Inequality (1.2) can be obtained by letting r — oo in the inequality

1Pl < nllpll, > 0. (1.3)

Inequality (1.3) for r > 1 is due to Zygmund [23]. Arestov [1] proved that (1.3)
remains valid for 0 < r < 1 as well.

If we restrict ourselves to the class of polynomials having no zero in |z| < 1, then
inequalities (1.2) and (1.3) can be respectively improved by

- - 1.4
Il _2||p|| (1.4)

and

Il < Il 7> 0. (1.5)

L Hl + 2|l
Inequality (1.4) was conjectured by Erdos and later verified by Lax [12] , whereas,
inequality (1.5) was proved by de-Bruijn [5] for » > 1. Rahman and Schmeisser
[19] showed that it remains true for 0 < r < 1. As a generalization of (1.4), Malik
[13] proved that if p(z) does not vanish in |z| < k, k > 1, then

oo . 1.
9o < Tl (16

Under the same hypothesis of the polynomial p(z), Govil and Rahman [10] ex-
tended inequality (1.6) to L" version by showing that

P [Ir < WHPHT, r=>1 (1.7)

Chan and Malik [3] considered the lacunary polynomial p(z) = ag + Za,, ,

1 < < n, and proved the extension of inequality (1.6) as

el (18)

Under the same assumptions, Qazi [18, Lemma 1] further improved the bound
(1.8) by proving

19 |oo <

/ < n
Hp ”00 — 1 (n\ao‘k”+l+u\au|kgﬂ> ||pH00

nlao [ lau kH T

(1.9)

Inequality (1.8) was extended to the following L" form by Pukhta [17] for r > 1
and independently by Rather [20] for 0 < r < 1. In fact, they proved

I [l < H Dl (1.10)

n
z+ K+,
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The L analogue of (1.9) was given for » > 1 by Dewan et al. [6] and recently
and independently by Chanam [4] for r > 0 by proving

’ n
< —" il 1.11
191 < el (111)

__ nlaolk* +pla K
where A = nlao T Alan o T

Nakprasit and Somsuwan [16] proved a generalization and improvement of in-
equality (1.10) by considering polynomials having a zero of order s at a point in
the disc |z] < 1 and the rest of the zeros are in |z| > k,k > 1. In fact, they
obtained

Theorem 1.1. Ifp(z) = (z — 2,)° (ao -+ Zal,z”), 1<pu<n—s, 0<s<n—1,
v=p

is a polynomial of degree n having a zero of order s at zy with |z| < 1 and the
remaining n — s zeros are in |z| > k,k > 1, then

’ S A A .
B O S (=T * =) PO~ G o )
(1.12)

where
(14 |zo])**'(n — s)

(T4 k) (1 = [z0]) -

Although the literature on polynomial inequalities is vast and growing, over the
last four decades, many different authors produced a large number of different
versions and generalizations of the above inequalities. Many of these generaliza-
tions involve the extension of inequalities for ordinary derivative of polynomials
into L" analogues. More information on this topic can be found in the books of
Milovanovi¢ et al. [15] and Marden [14].

2. LEMMAS
For the proof of the theorems, we require the following lemmas.

Lemma 2.1. If p(z) is a polynomial of degree n having no zero in |z| < k, k > 0,
then
p(2)| = m for |z| <k, (2.1)

where m = lrr‘nr; Ip(2)].

This lemma is due to Gardner et al. [9].
Lemma 2.2. The function
tladpt—1 4
f(.T) — kt—l-l n_ x
tlatl g1 4
wheret = 1,2,3,... and k > 1 is a non-decreasing function of x > 0.

Lemma 2.2 is due to Gardner et al. [9].
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Lemma 2.3. Ifp(z) = (2 — 2,)° (ao—l—Za,,z”), 1<pu<n—s, 0<s<n-—1,
v=p

is a polynomial of degree n having a zero of order s at zy with |z| < 1 and the
remaining n—s zeros are in |z| > k,k > 1, then for every real or complex number
a with o < 1,

el ety g
s, = wn o0~ et
0 o || frtl 41
" a0~ g
e ol pn=1 49
S VAR il 3 _ (2.2)
- el g1 g
n=s lao|—lel gerizgpe
Proof of Lemma 2.3. Since ¢(z) = (zp_(jg)s = ap+ Zal,z”, has no zero in
v=p
|z| < k,k > 1, then by Lemma 2.1, we have
6()| = minfo(2)| for o < k
_ min{ p(2)| }
|z|=F |Z — Z()|S
> ———— min|p(z
(k+ Jrol)” ok P
m
= — 2.3
(e Tal) 29
where m = |H|1HI}: Ip(2)].
In particular, (2.3) gives for z = 0 that
m
ag| > ——. 2.4
| 0| (k—f—lZODS ( )
Now, for m > 0
- ao] — laf =
ag — ——— ag| — o] ———
R CE )l B (k + |z0])°
m
ag| — o] ———— >0 2.5

Applying Lemma 2.2 to (2.5), we have the required conclusion of Lemma 2.3. [
Lemma 2.4. Under the same hypotheses of Lemma 2.3,
lau k,u—l +1

n—s laol—lal Grfzgns

M lal krtl 1

n=s laol=lal Grizgns

SO — k/H-l
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[u—
~—~
g
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Proof of Lemma 2.4. Since k > 1 and p=1,2,3,....

k> 1,
which is equivalent to
k' — k> 1 — kL (2.7)
Also,
a 2. > 0. (2.8)
n = s |aol — ol

Since the L.H.S of (2.8) is > 0 and in (2.7), the L.H.S is > 0 and the R.H.S is
< 0, we have

H |CL#| ku(ku _ k) 2 1 — kMJrl,
n = s |aol — lol iy
from which the claim of Lemma 2.4 follows. O

Lemma 2.5. If p(z) = ag + Za,,z”,l < u < n, is a polynomial of degree n

v=p
having no zero in |z| < k,k > 1, then

|4 () < K/ (2)] on |2 = 1, (2.9)

where q(z) = 2"p(%).
This lemma was established by Chan and Malik [3].

Lemma 2.6. If p(z) = ag + Zayz”,l < u < n, is a polynomial of degree n
v=p
having no zero in |z| < k,k > 1, then

wlapl M—1+1

’

"(2)] < pprtilol =1 2.1
i) < b S T ) e = 1, (2.10)
n lag
where q(z) = 2"p(%) and
Mol g (2.11)
n |aol

Lemma 2.6 is due to Qazi [18].

Lemma 2.7. Let z be complex and independent of o, where « is real, then for
r >0,

2m 2w
/ 11+ ze"|"da = / ™ + |2||" dav. (2.12)
0 0

This lemma is due to Gardner and Govil [7].

Lemma 2.8. If p(z) is a polynomial of degree n and q(z) = z"p(%), then for each
a, 0 <a<2randr >0,

27 27 27
/ / ¢ (') + e p (e?)|"dbdor < 27mr/ Ip(e™)|"db. (2.13)
o Jo 0

The above lemma was obtained by Aziz and Rather [2].
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3. MAIN RESULTS

In this paper, we first extend Theorem 1.1 to L" version. Besides this, we prove
an L" inequality of an improved version of Theorem 1.1 by involving certain co-
efficients of the polynomial. More precisely, we prove

Theorem 3.1. Ifp(z) = (z — 2,)° (ao + Zal,z”> A< pu<n—s 0<s<n—1,
v=p

is a polynomial of degree n having a zero of order s at zy with |z| < 1 and the
remaining n—s zeros are in |z| > k,k > 1, then for every real or complex number
a with |a| < 1 and for each r > 0,

/ p(2) (n —s)(1+]z0])"" p(2) m
zZ)—s E, —« , (3.1
- ST G—zr Tt lal], &Y
where
-1
1 2 ) r
Fr: {_/ |6za+kulrda}
2 Jo
and

m = min p(2)]-

Remark 3.2. Taking limit as  — oo on both sides of inequality (3.1) of Theorem
3.1, we have

max |p () — s p(2) (n = 5)(1 + |20 max p) P :
|2]=1 z2—20| = (1 —|2|)(1+k") =1 (2 — 20)* (k + |20])®
(3.2)
Let z; on |z| = 1 be such that
p(z) m p(z1) m
max —« = - . 3.3
Ei (e R P B e D R
Now, we choose the argument of « such that
p<zl) N m ]p(21)| - ’C(’ m
(z1—20)° (K +|z])® |21 — zo|® (k + [20])®
max |p(z)]
|z]=1 m
< = |o : (3.4)
(1= |zo])® (k =+ [=0])®
From (3.3) and (3.4), we have
max |p(z
max | PE) g m | )= " PN —L (3.5)
F=1 | (z —20)* (k4 20])° (1 —zo[)® (k =+ [=0])°
Using (3.5) to (3.2), we have
max |p(z)|
/ p(2) |2|=1 m
max |p (z) — A — | , 3.6
|z|=1 p< Z— 20 B (1— |Zo‘)s | ’(k‘F’ZQ’)S ( )
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where
(n —s)(1 4 |zo))**

(1= Jzo) (1 + &#) -

A=
Let z5 on |z| = 1 be such that
max [p'(z)] = |p'(22)]-

|z|=1
Then (=) )
’ Pl Z2 ’ Pz
— < — 3.7
p (22) — _glgp(Z) — (3.7)
Combining (3.6) and (3.7), we have
max [p(z)|
, p(22) 2|=1 m
p(zg) —s———| <A — | 3.8
N i [ e S reu P 39
From (3.8), we readily obtain
max [p(z)|
/ p(22) 2|=1 m
p (% < s|— |+ A — — || ———
Pl < s Y =y T M T
*—max |p(z)| + A HEk o
———max |p(z — | ,
1 — |20| l2=1 (1 — [20]) (k + [20])*
which on taking limit as |a| — 1 gives
< {1 g e ) -
max |p (z max |p(z)] — ————,
P A [T PN By I PR (i (k + |z0])*

which is inequality (1.12) of Theorem 1.1.

Remark 3.3. Putting zyp = 0, Theorem 3.1 reduces to the following interesting
result which gives the L" extension of a result proved by Kumar and Lal [11].

Corollary 3.4. If p(z) = 2° <a0+2a,,z”>, 1<pu<n—-s5 0<s<n-1,
v=p

1s a polynomial of degree n with zero of order s at the origin and the remaining
n — s zeros are in |z| > k,k > 1, then for every real or complex number a with
la| <1 and for each r > 0,

: p(2)

P () - s 2o

ks

< (n—s)F,

T

(3.9)

where F, is as defined in Theorem 3.1.
Remark 3.5. If we follow the similar arguments of Remark 3.2 , we would be able

to verify that inequality (3.9) of Corollary 3.4 represents the L" version due to
Kumar and Lal [11].

Remark 3.6. Further, on putting s = 0, Corollary 3.4 provides the integral mean
inequality of the ordinary inequality (1.10) proved by Pukhta [17].
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Remark 3.7. When s = 0, = 0, Corollary 3.4 reduces to the L" analogue of
inequality (1.8) proved by Chan and Malik [3].

Remark 3.8. If we assign s = 0 and p = 1, Corollary 3.4 becomes an improved
L" inequality of (1.7) due to Govil and Rahman [10].

Remark 3.9. When s =0, u =1 and o = 0, Corollary 3.4 gives inequality (1.7).

Remark 3.10. Lastly, when s = 0,k = g = 1 and taking limit as |a| — 1,
inequality (3.9) of Corollary 3.4 provides an improved version of the well-known
de-Bruijn’s inequality [5].

Next, under the same set of hypotheses, by involving certain co-efficients of the
polynomial, we prove the following improved version of Theorem 1.1. In fact, we
prove

Theorem 3.11. If p(z) = (z — 2,)° <a0 + Za,,z”) ,1<pu<n-—s,
v=p

0 <s<n-—1,is a polynomial of degree n having a zero of order s at zy with
|20| < 1 and the remaining n — s zeros are in |z| > k,k > 1, then for every real
or complex number a with |a| < 1 and for each r > 0,

/ —s)(1 s+l
(z = 20) |, 1 — [z (z—20)°  (k+ |z,
where
1 2 ) %1
” — . (10 S T'd ,
(e [ e soran}
2] lau - k:,ufl +1
S — ku—f—l nes |a0\—|a|W
0 M la] _ fept1 +1
n=s lao|~lel izgns
and
m = min Ip(2)].
Remark 3.12. By Lemma 2.4, we have for k > 1,
5(0 Z Et Z 17
then
G, < F,, (3.11)

where GG, and F, are as defined in Theorems 3.1 and 3.11.
By inequality (3.11), it is evident that the bound of Theorem 3.11 improves over
that of Theorem 3.1.

Remark 3.13. If we put 2z = 0 in Theorem 3.11, we have the following result
which has some important implications to the earlier known results.
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Corollary 3.14. If p(z) = 2° (ao +Za,,z”), 1<pu<n—-s50<s<n-—1,
v=p

18 a polynomial of degree n with zero of order s at the origin and the remaining
n — s zeros are in |z| > k,k > 1, then for every real or complex number o with
la| < 1 and for each r > 0,

: p(2)

P - Mo o2

< (n-—s)G,
_(TL S> 258 ks

, (3.12)

r

r

where G, is as defined in Theorem 3.11.

Remark 3.15. Corollary 3.14 yields a generalized L" version of an inequality due
to Gardner et al. [8].

Remark 3.16. Putting s = 0, = 0, Corollary 3.14 reduces to an L" inequality
proved by Chanam [4] and Dewan et al. [0].

Remark 3.17. Assigning s = 0 and taking limit as |o| — 1, inequality (3.12) of
Corollary 3.14 assumes an improved and generalized version of de-Bruijn inequal-

ity [5].
4. PROOF OF THEOREMS

First, we prove Theorem 3.11
Proof of Theorem 3.11. Let p(2) = (2 —20)°¢(z) where ¢(z) = ao—i—z a,z”,
v=p

1 <p<n-—s,isa polynomial of degree n — s having no zero in |z| < k, k > 1.
Now let

moo= min |¢(2)]

. 1
= min _— z
|Z:k{|z_20|5|p< >|}

> L min|p(:)|
—— 11111 z
= (h+ Jzol)? =k

1
(k- Tzl
where
m = min p(2)]-
If ¢(z) has a zero on |z| = k, then m" = 0. From now on, we assume that all
the n — s zeros of ¢(z) lie in |z| > k, k > 1. Therefore, for every real or complex
number « such that |«| < 1, it follows from Rouche’s Theorem that all the zeros

of the polynomial
m

Y(z) = ¢(z) — am7

where m = Inlmli Ip(2)], of degree n — s lie'in |z| > k, k> 1.

(4.1)
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Applying Lemma 2.6 to 1(z), we have for |z| =1,

Solt' (2)] < ' (2)], (4.2)
where
M lau| Jekt— 1 +1
S/ _ ku+1 " ‘ao (kﬁzo\)“’ > 1 (4 3)
v R T WS R '
" a0~ e Eens
and

o)== 3).

We can easily verify that for every real or complex number 3 and R > r > 1,
IR+ €eP| > |r' + €.

This implies for each r > 0,

2T 2T
/ R+ c?rdg > / I+ ¢ |rdg. (4.4)
0 0

For point €, 0 < 6§ < 27, for which ¢’ (e"?) # 0, we have
n ()
R= :
b
and r = S, then from (4.2) and (4.3)
R>r >1

Now, we have for r > 0

27 r 27 0 r
/ n(e) + e )] ds = ()] / ’“e e ap
0
= | () / —i—ew dﬁ (by Lemma 2.6)
/ - 2 / -
> e [ \So+6“3|’"d/3- (45)

For point ¢, 0 < # < 27 for which ¢’ (¢) = 0, inequality (4.5) trivially holds.
Now using (4.5) to Lemma 2.7, we obtain for each r > 0,

2T , ) 2T , ) 27 )
/ 1S, + €8 ]d / W ()7 < 2 (n — 5)" / W(Erdo.  (4.6)

0 0 0
By Lemma 2.3,
Sy > So > 1, (4.7)
and by (4.4), we have for each r > 0,

2T 27
/ S + P8 < / 1S, + P dB. (4.8)
0 0
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Using (4.8) to (4.6), we have

27 ] 27 , ) 27 ]
/ %+w%w/|wwwwswm—w/ (e, (4.9)
0 0 0

where
H Lkﬂ—l +1

n—s laol—lal Gfzgns

lal krtl 41

n=s laol=lal Grfzgns

Using (4.1) to (4.9) and noting that ¢(z) = 22— we have

T (2—20)%

So - kqul

p(e”) am

(€ —20)>  (k+1|z)°

1 2 ) %1
&:{—/)MM6WM}.
2 Jo

Since p' (2) = (2 — 20)°¢ (2) + s(z — 20)° ' ¢(2),
(z—z20)p (2) = (2 — 20)* ™' (2) + sp(2). (4.11)
Using (4.11) to (4.10), we have

|Ww%msmn—@a{lﬁ

where

Tde}r , (4.10)

p(2) p(2) p(2) m
— s < (n-—s)G, -« . (412
[ o) -6 2 o] @
For |z| = 1, we have
|2 = 20] 2 [1 = [20]| = 1 — [20],
from which, we get
1 1
< , 413
=l = 1= [l )
and ) .
> . (4.14)
|z — 20| = 14 |20]
Using (4.13) and (4.14) to the left hand side of (4.12), we get
1 — |2 , p(2) p(z) m
—_ z)—s < (n-s)G, — ,
(EaEy ] i e ] I (e E ey |
which is equivalent to
) 2D || =) bl m ||
(z = 20) ||, 1 — [z (z=20)* (k4 l2])*]],

which completes the proof of Theorem 3.11.
Proof of Theorem 3.1. Applying Lemma 2.5 to the polynomial ¥(z) as given
by equality (4.1) in the proof of Theorem 3.11, we have for each r > 0,

m

16" (2)]l, < (n— s)F, [CESEDE

P(z) — o (4.15)

bl
r
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where

1 2 ) r
F. = {—/ e" - k“|rda} .
2 Jo

Proceeding the similar procedure adopted after inequality (4.10) in the proof of
Theorem 3.11, to inequality (4.15), we have inequality (3.1) of Theorem 3.1 and
the proof of Theorem 3.1 ends.
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