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RING IN WHICH EVERY ELEMENT IS SUM OF N
IDEMPOTENTS

KUMAR NAPOLEON DEKA1∗ AND HELEN K.SAIKIA2

Abstract. In this paper we discuss about the ring R in which every element
is sum of n commuting idempotents and discuss the properties of it.

1. Introduction

In the paper[6]the authors discuss about the ring R in which every element is
sum of two commuting idempotents and their related properties and shows that
the elements satisfy the identity x3 = x and R ∼= R1 × R2, where R1 is Boolean
and R2 is zero or subdirect product of Z3’s. In the paper[2] the authors show in a
ring every element is difference of two commuting idempotents if and only if R has
the identity x3 = x. In the paper [7] the author discuss about the ring in which
every element is sums of three or differences of two commuting idempotents. In
the paper [8] the author discuss about the rings whose elements are linear com-
binations of three commuting idempotents. In the paper [9] the author discuss
about the rings whose elements are sums or minus sums of two commuting idem-
potents. In the paper [9] the author discuss about the rings whose elements are
sums or minus sums of two commuting idempotents. In the paper[10] the author
discuss about the ring whose elements are sum of four commuting idempotents.
Here we find the structure of the ring in which every element is sum of n com-
muting idempotents and discuss the properties of the ring. Then we find the
structure of the ring in which every element is sum of n and difference of m
commuting idempotents. Then we find the structure of the ring in which every
element is sum of n1 and difference of m1 commuting idempotents or / sum of n2

and difference of m2 commuting idempotents or/....or/ sum of ni and difference
of mi commuting idempotents.

2. Preliminaries

All ring consider here is associative with unity. The Jacobson radical is denoted
by J(R) for a ring R. Also the all the units of a ring R is denoted by U(R). Again
the Chinese Remainder Theorem states ”Let R be ring and I.J be ideals in R
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such that I+J = R then there exists a ring isomorphism R/(I∩J) = R/I×R/J
”. For our work we take the generalized version which states if Ii, 1 ≤ i ≤ n are
ideals of a ring R with

∑n
i=1 Ii = R and ∩ni=1Ii = 0 then R ∼= (R

I1
)×(R

I2
)×...×( R

In
).

If a ring R is sum of n commuting idempotents we denote it by SIn. So the ring
in which every element is sum of 3,4,5 commuting idempotents are SI3, SI4, SI5

respectively.
In the whole paper ei represent the idempotent.

3. Rings in which every element is sum of n commuting idempotents

Proposition 3.1. if every element of a ring R is sum of n idempotents (i.e R is
SIn) then for every k ∈ R we have

(k − n){k − (n− 1)}{k − (n− 2)}....(k − 3)(k − 2)(k − 1)k = 0

Proof. 1st we check for n = 2, 3, 4 then by induction we prove it.

(1) Suppose R is a SI2(n = 2) ring. So for every k ∈ R there exist idempo-
tents ei ∈ R, 1 ≤ i ≤ 2 with 1 ≤ i, j ≤ 2, eiej = ejei such that k = e1 + e2.
Now k2 = k + 2e1e2 ⇒ k2 − k = 2e1e2 ⇒ (k2 − k)k = 2e1e2(e1 + e2) =
4e1e2 = 2(k2 − k)⇒ (k − 2)(k − 1)k = 0.

(2) Suppose R is a SI3(n = 3) ring. So for every k ∈ R there exist idempo-
tents ei ∈ R, 1 ≤ i, j ≤ 3 with eiej = ejei such that k = e1 + e2 + e3. Now
k3 = e31+e

3
2+e

3
3+3{e21(e2+e3)+e22(e3+e1)+e23(e1+e2)}+6e1e2e3 ⇒ k3−k =

3{2(e1e2 + e2e3 + e3e1)}+ 6e1e2e3. Again k2 − k = 2(e1e2 + e2e3 + e3e1).
Therefore k3 − k = 3(k2 − k) + 6e1e2e3 ⇒ k3 − 3k2 + 2k = 6e1e2e3 ⇒
(k3−3k2+2k)(e1+e2+e3) = 18e1e2e3 = 3×6e1e2e3 = 3(k3−3k2+2k)⇒
(k − 3)(k3 − 3k2 + 3k) = 0⇒ (k − 3)(k − 2)(k − 1)k = 0.

(3) Suppose R is a SI4(n = 4) ring. So for every k ∈ R there exist idempo-
tents ei ∈ R, 1 ≤ i, j ≤ 4 with eiej = ejei such that k = e1 + e2 + e3 + 34.
Now k3 − k = 3(k2 − k) + 6(e1e2e3 + e2e3e4 + e3e4e1 + e4e1e2). Therefore
(k3− 3k2 + 2k)(e1 + e2 + e3 + e4) = 3.6(e1e2e3 + e2e3e4 + e3e4e1 + e4e1e2) +
6.4e1e2e3e4 ⇒ (k3 − 3k2 + 2k)k = 3(k3 − 3k2 + 2k) + 24e1e2e3e4 ⇒ (k −
3)(k3−3k2+2k) = 24e1e2e3e4 ⇒ (k−3)(k3−3k2+2k)(e1+e2+e3+e4) =
4.24e1e2e3e4 = 4(k−3)(k3−3k2 +2k)⇒ (k−4)(k−3)(k−2)(k−1)k = 0.

Now suppose the result is true for n. We are going to prove the result for n+ 1
also. Therefore when k = e1 + e2 + e3 + ˙... + en , where ei, 1 ≤ i ≤ n’s commute
each other. Then k satisfy

(k − n){k − (n− 1)}{k − (n− 2)}....(k − 3)(k − 2)(k − 1)k = 0 (3.1)

. Now, let k = e1+e2+e3+ ....+en+en+1 where ei, 1 ≤ i ≤ (n+1). So k−en+1 =
e1+e2+.....+en. As k−en+1 is sum of n idempotents which commute each other so
it satisfy the equation (3.1). Therefore {(k−en+1)−n}{(k−en+1)−(n−1)}{(k−
en+1)− (n− 2)}....{(k− en+1)− 3}{(k− en+1)− 2}{(k− en+1)− 1}(k− en+1) = 0
⇒ {(k − n) − en+1}[{(k − (n − 1)} − en+1][{(k − (n − 2)} − en+1]....{(k − 3) −
en+1}{(k − 2)− en+1}{(k − 1)− en+1}(k − en+1) = 0
⇒ {(k−n)en+1−e2n+1}[{(k−(n−1)}en+1−e2n+1][{(k−(n−2)}en+1−e2n+1]....{(k−
3)en+1 − e2n+1}{(k − 2)en+1 − e2n+1}{(k − 1)en+1 − e2n+1}(ken+1 − e2n+1) = 0
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⇒ {(k−n)en+1−en+1}[{(k−(n−1)}en+1−en+1][{(k−(n−2)}en+1−en+1]....{(k−
3)en+1 − en+1}{(k − 2)en+1 − en+1}{(k − 1)en+1 − en+1}(ken+1 − en+1) = 0
⇒ {k− (n+ 1)}(k−n){k− (n− 1)}{k− (n−2)}....(k− 3)(k− 2)(k− 1)en+1 = 0.
Now en+1 is arbitrary. So for every ei in k = e1 + e2 + .....+ en+1 we have

{k−(n+1)}(k−n){k−(n−1)}{k−(n−2)}....(k−3)(k−2)(k−1)ei = 0; 1 ≤ i ≤ (n+1)
(3.2)

Adding all these we get {k − (n + 1)}(k − n){k − (n − 1)}{k − (n − 2)}....(k −
3)(k − 2)(k − 1)(e1 + e2 + ...+ en+1) = 0
⇒ {k − (n+ 1)}(k − n){k − (n− 1)}{k − (n− 2)}....(k − 3)(k − 2)(k − 1)k = 0.
Therefore by induction the result is true.
Proposition 3.2. If every element of a ring R is sum of n idempotents and differ-
ence of m idempotents which commute each other i.e every k ∈ R can be express
as

k = e1 + e2 + ...+ en − f1 − f2 − ...− fm (3.3)

where eiej = ejei; 1 ≤ i, j ≤ n and eifj = fjei; 1 ≤ i ≤ n, 1 ≤ j ≤ m and
fifj = fjfi; 1 ≤ i, j ≤ m, then for every k ∈ R we have

(k−n){k−(n−1)}{k−(n−2)}{k−(n−3)}....k(k+1)...{k+(m−1)}(k+m) = 0

.
Proof. 1st we see, if e ∈ R with e2 = e then (1− e)2 = 1− 2e+ e2 = 1− 2e+ e =
1 − e. So 1 − e is also idempotent. Now, (3.3) ⇒ k + m = e1 + e2 + ... +
en + (1 − f1) + (1 − f2) + ... + (1 − fm) so k + m is sum of m + n idempotents
and they commute each other. Therefore using the Proposition 3.1 we have
{(k + m) − (m + n)}{(k + m) − (m + n − 1)}{(k + m) − (m + n − 2)}...{(k +
m)−m}...{(k +m)− 2}{(k +m)− 1}(k +m) = 0
⇒ (k−n){k−(n−1)}{k−(n−2)}{k−(n−3)}....k(k+1)...{k+(m−1)}(k+m) = 0.
Corollary 3.1. If every element of a ring R is sum of n idempotents and difference
of n idempotents which commute each other then for every k ∈ R we have

(k − n){k − (n− 1)}{k − (n− 2)}...{k + (n− 2)}{k + (n− 1)}(k + n) = 0

.
Corollary 3.2. If every element of a ringR is sum of n commuting idempotents(SIn

ring) then every element of the ring can be express as sum of l idempotents and
difference m idempotents which commute each other such that l +m = n.
Proof. Suppose k ∈ R so k can be express as sum of n idempotents (i.e R is SIn

ring)that commute each other. Now for k ∈ R ,k + j, 1 ≤ j ≤ n is sum of n
idempotents. Therefore k + j = e1 + e2 + ...+ en−j + en−(j−1).+ en

k = e1 + e2 + ...+ en−j − (1− en−(j−1))− ...(1− en) (3.4)

As (1− e)2 = 1− 2e + e2 = 1− 2e + e = 1− e, so 1− e is idempotent. So from
(3.4) we get k is sum of n− j idempotents and difference of j idempotents that
commute each other. Putting n− j = l and j = m we get the result.
The result can be express as if R is SIn then every k ∈ R can be express as
±e1 ± e2 ± ... ± en. For example if R is SI3 ring then for every k ∈ R can be
express as ±e1 ± e2 ± e3 . Therefore we have

(1) (k − 3)(k − 2)(k − 1)k = 0.
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(2) (k − 2)(k − 1)k(k + 1) = 0.
(3) (k − 1)k(k + 1)(k + 2) = 0.
(4) k(k + 1)(k + 2)(k + 3) = 0.

Corollary 3.3. If every element of a ring R is sum of m and difference of n com-
muting idempotents then every element of the ring is sum of m + n commuting
idempotents i.e R is a SIm+n ring.
Proof. Suppose k ∈ R be arbitrary so (k − n) ∈ R. So k − n can be expresed as
k− n = e1 + e2 + ....+ em− em+1− em+2− ....− em+n where ei, 1 6 i 6 (m+ n)’s
are commuting idempotents. Now k = e1 + e2 + .... + em + (1 − em+1) + (1 −
em+2) + ...+ (1− em+n) which is sum of m+n commuting idempotents (as 1− ei
is idempotent m+ 1 6 i 6 m+ n). So R is SIm+n ring.
Corollary 3.4. If every element of a ring R of the type l1e1 + l2e2 + .... + lmem −
p1f1 − p2f2 − ..... − pnen where li, pj ∈ N ;1 ≥ i ≥ m, 1 ≥ j ≥ n. ei, fj are
commuting idempotents then for every k ∈ R we have

{k−(l1+l2+...+lm)}{k−(l1+l2+...+lm−1)}....(k−1)k(k+1)....{k+(p1+p2+...+pn)} = 0

Also in this ring we have (l1 + l2 + ....+ lm + p1 + p2 + ....+ pn + 1)! = 0.
Using Proposition 3.4 we get the result.

Till now, ring in which every element is sum of 2, 3, 4 commuting idempotents
are studied. So we study the rings in which every element is sum of n(n ≥ 5)
commuting idempotents.
Lemma 3.1[2]. Let a ∈ R. If a2− a is nilpotent,then there exists a monic polyno-
mial θ(t) ∈ Z[t] such that θ(a)2 = θ(a) and a− θ(a) is nilpotent.
Lemma 3.2[6]. Let p be a prime. The following are equivalent for a ring R:

(1) p ∈ Nil(R) and ap − a is nilpotent for all a ∈ R.
(2) J(R) is nil and R/J(R) is a subdirect product of Zp’s.

Lemma 3.3[1]. [Theorem 2.7] A ring R is strongly nil-clean iff R/J(R) is Boolean
and J(R) is nil.

Now we have to find the general properties of SIn ring R where n ∈ N. Clearly
for a SIn ring R we have n! = 0. The other properties of SIn ring is given below
the proposition.
Proposition 3.6. IfR is a SIn (n > 2) ring with unity and (n+1)! = 2a13a25a37a311a4 ...pi

aj ...pm
am .

Then we have

(a) For every k ∈ R we have (k−n){k− (n− 1)}{k− (n− 2)}...(k− j)...(k−
2)(k − 1)k = 0.

(b) R ∼= R1 ×R2 ×R3 × ...×Rj × ...×Rm where
(1) R1 is zero or SIn ring with 2a1 = 0 and for every k ∈ R1 we have

(k2−k)a1 = 0; 2a1−1(k2−k) = 0 and k2
a1 = k2

a1−1
. R1 is periodic. For

every n ∈ Nil(R1) we have na1 = 0, 2a1−1n = 0. R1/J(R1) is Boolean.
For every j ∈ J(R1) we have ja1 = 0; 2a1−1j = 0. U(R1) is a group
of exponent 2a1−1 For every u ∈ U(R1) we have 2a1−1u = 2a1−1.

(2) R2 is zero or SIn ring with 3a2 = 0 and for every k ∈ R2 we have

(k3 − k)a2 = 0; 3a2−1(k3 − k) = 0 and k3
a2 = k3

a2−1
. R2 is periodic.

For every n ∈ Nil(R2) we have na2 = 0; 3a2−1n = 0. R2/J(R2)
is subdirect product of Z3’s. For every j ∈ J(R2) we have ja2 =
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0; 3a2−1j = 0. U(R2) is a group of exponent 2 × 3a2−1 For every
u ∈ U(R2) we have 3a2−1u2 = 3a2−1.
If a2 = 1 then R2 is zero or subdirect product of Z3’s.

... ............................................ .....................
(i) Ri is zero or SIn ring with pi

ai = 0 and for every k ∈ Ri we have

(kpi − k)ai = 0; pi
ai−1(kpi − k) = 0 and kpi

ai = kpi
ai−1

. Ri is periodic.
For every n ∈ Nil(Ri) we have nai = 0, pi

ai−1n = 0. Ri/J(Ri)
is subdirect product of Z ′pis. For every j ∈ J(Ri) we have jai =

0; pi
ai−1j = 0. U(Ri) is a group of exponent (pi − 1)pai−1i . For every

u ∈ U(Ri) we have pi
ai−1uai−1 = pi

ai−1.
If ai = 1 then Ri is zero or subdirect product of Zpi ’s.

... ............................................
(m) Rm is zero or SIn ring with pm

am = 0 and for every k ∈ Rm we have

(kpm − k)am = 0; pm
am−1(kpm − k) = 0 and kpm

am
= kpm

am−1
. Rm

is periodic. For every n ∈ Nil(Ri) we have nam = 0, pm
am−1n = 0.

Rm/J(Rm) is subdirect product of Z ′pms. For every j ∈ J(Rm) we

have jam = 0; pm
am−1j = 0. U(Rm) is group of exponent (pm −

1)pam−1m . For every u ∈ U(Ri) we have pm
am−1uam−1 = pm

am−1.

Proof. As R is SIn ring then by Proposition 3.1 for every k ∈ R we have
(k − n){k − (n− 1)}{k − (n− 2)}...(k − j)...(k − 2)(k − 1)k = 0.
Putting k = n+ 1 we have (n+ 1)! = 0⇒ 2a13a25a37a311a4 ...pi

aj ...pm
am = 0. Us-

ing Chinese Remainder Theorem we have R ∼= R1×R2×R3× ...×Ri× ...×Rm

where R1
∼= R

2a1R
; R2

∼= R
3a2R

; R3
∼= R

5a3R
;... ;Ri

∼= R
piaiR

;...;Rm
∼= R

pmamR
.

Suppose R1 6= 0. In R1 we have 2a1 = 0. Now for every k ∈ R1 we have
k =

∑n
i=1 ei ⇒ k2 − k = 2

∑
cyc e1e2 ⇒ (k2 − k)a1 = 0; 2a1−1(k2 − k) = 0.Again

k2
2

= k2 + 22F2, where F2 is a function of ei’s. Similarly we get k2
3

= k2
2

+ 23F3,
k2

4
= k2

3
+ 24F4,...,k

2i = k2
i−1

+ 2iFi,...and finally k2
a
1 = k2

a1−1
+ 2a1Fa1 = k2

a1−1

where F1, F2, ...Fi, .., Fai are functions of ei’s.

As k2
a
1 = k2

a1−1
for every k ∈ R1 so R1 is periodic. Now for every n ∈ Nil(R1) we

have 1−nα ∈ U(R1) for α ∈ N . Now (n2−n)a1 = 0⇒ na1(n−1)a1 = 0⇒ na1 = 0.
Again 2a1−1(n2 − n) = 0⇒ 2a1−1n(n− 1) = 0⇒ 2a1−1n = 0.
Again k2 − k is nilpotent for every k ∈ R1 so by Lemma 3.1 and Corollary 3.1
there exist idempotent e = θ(k) ∈ R1 and a nilpotent b = k − θ(k) = k − e ∈ R1

such that eb = be. So k = e+b is sum of idempotent and nilpotent that commute
each other. So k is strongly nil clean. Hence R1 is strongly nil clean, so by Lemma
3.3[1] , R1/J(R1) is Boolean and J(R1) is nil.

For j ∈ J(R1) we have 1 ± j ∈ U(R1). Now (j2 − j)a1 = 0 ⇒ ja1 = 0. Also
2a1−1j(j − 1) = 0⇒ 2a1−1j = 0.
Again for u ∈ U(R1) we have 2a1−1u(u − 1) = 0 ⇒ 2a1−1u = 2a1−1. Again

u2
a1 = u2

a1−1 ⇒ u2
a1−1

(u2
a1−1 − 1) = 0 ⇒ u2

a1−1
= 1. So U(R) is group of

exponent2a1−1.
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Suppose Ri 6= 0. In Ri we have pi
ai = 0. Now for every k ∈ Ri we have

k =
∑n

i=1 ei ⇒ kpi−k = piP ({ei|1 ≥ i ≥ n})⇒ (kpi−k)ai = 0; pi
ai−1(kpi−k) = 0

where P ({ei|1 ≥ i ≥ n}) is a polynomial in commuting ei, 1 ≥ i ≥ n.
Now for every n ∈ Nil(Ri) we have 1 − nα ∈ Nil(Ri) for α ∈ N . Again
(npi − n)ai = 0 ⇒ nai(npi−1 − 1)ai = 0 ⇒ nai = 0. Also pi

ai−1(npi − n) = 0 ⇒
(pi)

ai−1n(npi−1−1) = 0⇒ pi
ai−1n = 0. Again kp

2
i = kpi+p2iF2, k

p3i = kp
2
i +p3iF3,...,

kp
j
i = kp

j−1
i + pjiFj,..and finally kp

ai
i = kp

ai−1
i + paii Fai ⇒ kp

ai
i = kp

ai−1
i where Fi’s

are functions of ei’s.

As kp
ai
i = kp

ai−1
i for every k ∈ Ri so Ri is periodic.

Using Lemma 3.2 we have Ri/J(Ri) is subdirect product of Zpi ’s and J(Ri) is nil.

For j ∈ J(Ri) ⇒ jpi−1 ∈ J(Ri) we have 1 − jpi−1 ∈ U(Ri). Now (jpi − j)ai =
0⇒ jai(jpi−1 − 1)ai = 0⇒ jai = 0. Also pi

ai−1j(jai−1 − 1) = 0⇒ pi
ai−1j = 0.

Again for u ∈ U(Ri) we have pi
ai−1u(u − 1) = 0 ⇒ pi

ai−1u = pi
ai−1. Again

up
ai
i = up

ai−1
i ⇒ up

ai−1
i (u(pi−1)p

ai−1
i − 1) = 0⇒ u(pi−1)p

ai−1
i = 1. So U(Ri) is group

of exponent (pi − 1)pai−1i .

Again if ai = 1 then pi = 0. Now if k2 = 0 where k =
∑n

i=1 ei ⇒ kpi − k =
piP ({ei|1 ≥ i ≥ n}) ⇒ kpi − k = 0 ⇒ k = 0 where P ({ei|1 ≥ i ≥ n}) is a
polynomial in commuting ei, 1 ≥ i ≥ n. So Ri is reduced ring.So Ri is subdirect
product of the domains {Rα}. But Rα has only trivial idempotents 0, 1. We infer
that Rα = {0, 1, 2, 3, ..., pi− 1} as pi = 0 in Rα. Hence Ri is subdirect product of
Zpi ’s.

Similarly we can prove the results for R2, ...., Rm.
Examples. In SI5 we have 6! = 0⇒ 24× 32× 5 = 0.

∏
α∈∧Rα ,where Rα = Z5 is

SI5 ring. Similarly
∏

α∈∧Rα ×
∏

β∈∧Rβ, where Rα = Z5 and Rβ = Z7 is a SI6

ring.
Proposition 3.7. If the ring R is subdirect product of Zp where p is prime then
every element of R is a sum of p− 1 commuting idempotents.
Proof. Here R is subdirect product of {Rα : α ∈ ∧} where Rα = Zp for all
α ∈ ∧. So R is a subring of

∏
α∈∧Rα. Let x = (xα) ∈ R. Then ∧ is a

disjoint union of ∧0,∧1,∧2, ...,∧p−2,∧p−1 such that xα = i if and only if α ∈ ∧i
for i = 0, 1, 2, 3, ...., p − 1. Without loss of generality , we can denote x =
(0∧0 , 1∧1 , 2∧0 , ..., i∧i , ..., (p− 1)∧p−1). Now

e1 = (0∧0 , 1∧1 , 1∧2 , ..., 1∧i , ..., 1∧p−1) ∈ R,
e2 = (0∧0 , 0∧1 , 1∧0 , ..., 1∧i , ..., 1∧p−1) ∈ R,

.........................................

ei−1 = (0∧0 , 0∧1 , 0∧2 , ...1∧i−1
, 1∧i , 1∧i+1

..., 1∧p−1) ∈ R,
ei = (0∧0 , 0∧1 , 0∧2 , ..., 1∧i , 1∧i+1

..., 1∧p−1) ∈ R,
ei+1 = (0∧0 , 0∧1 , 0∧0 , ..., 0∧i , 1∧i+1

..., 1∧p−1) ∈ R,
...........................................

ep−1 = (0∧0 , 0∧1 , 0∧2 , ..., 0∧i , ..., 1∧p−1) ∈ R.



20 K. N. DEKA, HELEN K. SAIKIA

Clearly we can see that e2i = ei, eiej = ejei∀1 ≤ i, j ≤ p − 1 and x = e1 + e2 +
... + ei + ... + ep−1. This shows every element of R is a sum of p− 1 commuting
idempotents.

4. Rings in which every element is sum of n1 and difference of m1

commuting idempotents / or sum of n2 and difference of m2

commuting idempotents / or........./or sum of ni and difference
of mi commuting idempotents / or......../or sum of nt and

difference of mt commuting idempotents

From the Corollary 3.2 we get if R is a SIn ring then every element can be
express as sum of l idempotents and difference of m idempotents which commute
each other such that l +m = n. i.e the elements of of a SIn ring can be express
as ±e1 ± e2 ± e3...± en. For example if we take SI3 ring R then it’s element can
be express as ±e1 ± e2 ± e3.
But there is a difference, i.e if we take a ring in which every element can be
express as sum of three commuting idempotents or/ sum of two and difference
of one commuting idempotents or/ sum of one and difference of two commuting
idempotents or/ difference of three commuting idempotents then it does not mean
that it is SI3 ring. Because if we take k is sum of 3 commuting idempotents then
k+1 may not sum of three commuting idempotents. Let’s first find the structure
of this ring.
Proposition 4.1. If every element of a ring R is of the type e1+e2+e3 or e1+e2−e3
or e1− e2− e3 or −e1− e2− e3 where ei(1 6 i 6 3) are commute each other then
R satisfies

(k − 3)(k − 2)(k − 1)k(k + 1)(k + 2)(k + 3) = 0

for every k ∈ R and R satisfy the same properties as SI6 ring as in the Proposition
3.4.
Proof. Using Proposition 3.2 we have When if k ∈ R with k = e1 + e2 + e3,where
ei(1 6 i 6 3) are commute each other then

(k − 3)(k − 2)(k − 1)k = 0 (4.1)

When if k ∈ R with k = e1 + e2− e3,where ei(1 6 i 6 3) are commute each other
then

(k − 2)(k − 1)k(k + 1) = 0 (4.2)

When if k ∈ R with k = e1− e2− e3,where ei(1 6 i 6 3) are commute each other
then

(k − 1)k(k + 1)(k + 2) = 0 (4.3)

When if k ∈ R with k = −e1 − e2 − e3,where ei(1 6 i 6 3) are commute each
other then

k(k + 1)(k + 2)(k + 3) = 0 (4.4)

Combining all the equations (4.1),(4.2),(4.3),(4.4) we have

(k − 3)(k − 2)(k − 1)k(k + 1)(k + 2)(k + 3) = 0

which is nothing but the equation of a ring in which every element is sum of 3
and difference of 3 commuting idempotents. Now if k ∈ R then (k − 3) ∈ R so
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k−3 = e1+e2+e3−e4−e5−e6 ⇒ k = e1+e2+e3+(1−e4)+(1−e5)+(1−e6) which
is the sum of 6 commuting idempotents (as 1− ei is also idempotent 1 6 i 6 3).
As k ∈ R is arbitrary, so every element of the ring R is sum of 6 commuting
idempotents. So R is SI6 ring. Putting k = 4 we get 7! = 0⇒ 24×32×5×7 = 0.
So using Chinese Remainder Theorem R ∼= R1×R2×R3×R4 where R1, R2, R3, R4

have same properties as in Proposition 3.4.
Now we going to prove the generalized version.
Proposition 4.2. If in a ring R every element is sum of n1 and difference of m1 com-
muting idempotents / or sum of n2 and difference of m2 commuting idempotents
/ or........./or sum of ni and difference of mi commuting idempotents / or......../or
sum of nt and difference of mt commuting idempotents. Then R satisfies

(k − n)k − (n− 1).....{k + (m− 1)}(k +m) = 0

where (k − n)k − (n− 1).....{k + (m− 1)}(k +m) = L.C.M{(k − n1){k − (n1 −
1)}...{k+(m1−1)}(k+m1), (k−n2){k−(n2−1)}...{k+(m2−1)}(k+m2), ........, (k−
ni){k − (ni − 1)}...{k + (mi − 1)}(k + mi), ........, (k − nt){k − (nt − 1)}...{k +
(mt − 1)}(k +mt)}.
R is a SIm+n ring and satisfies the properties as in the Proposition 3.6.
Proof. Using Proposition 3.2 we have If k ∈ R is sum of n1 and difference of m1

commuting idempotents then

(k − n1){k − (n1 − 1)}...{k + (m1 − 1)}(k +m1) = 0

If k ∈ R is sum of n2 and difference of m1 commuting idempotents then

(k − n2){k − (n2 − 1)}...{k + (m2 − 1)}(k +m2) = 0

...........................................................
If k ∈ R is sum of ni and difference of mi commuting idempotents then

(k − ni){k − (ni − 1)}...{k + (mi − 1)}(k +mi) = 0

.......................................................
If k ∈ R is sum of nt and difference of mt commuting idempotents then

(k − nt){k − (nt − 1)}...{k + (mt − 1)}(k +mt) = 0

Now if we take L.C.M of all the right hand side equations and letting (k −
n)k − (n− 1).....{k+(m−1)}(k+m) = L.C.M{(k−n1){k−(n1−1)}...{k+(m1−
1)}(k+m1), (k−n2){k−(n2−1)}...{k+(m2−1)}(k+m2), ........, (k−ni){k−(ni−
1)}...{k+(mi−1)}(k+mi), ........, (k−nt){k−(nt−1)}...{k+(mt−1)}(k+mt)}.
Then we have

(k − n)k − (n− 1).....{k + (m− 1)}(k +m) = 0

So R is a SIm+n ring. Therefore (m + n + 1)! = 0. We get get the properties of
the ring R using the Proposition 3.6. For example if if every element of a ring
R is sum of 200 and difference of 100 commuting idempotents /or sum of 80 and
difference of 500 idempotents then R is a SI200+500 = SI700 ring and 701! = 0
and we get the result of the ring using Proposition 4.2.
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