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EXISTENCE OF ENTIRE SOLUTIONS FOR k" DERIVATIVE
OF CERTAIN TYPE OF NON-LINEAR
DIFFERENTIAL-DIFFERENCE EQUATIONS

JAYASHRI PATTAR'* AND SHILPA N.2

ABSTRACT. The paper discusses the existence of entire solutions for k" deriv-
ative of certain type of non-linear differential-difference equations. In addition
to, the paper evaluates some previous results for existence of finite order tran-
scendental entire solutions and extends to the higher order. Particularly, we
obtain the conditions for occurrence and attainable forms of entire solutions.

1. INTRODUCTION AND PRELIMINARIES

So far, we have seen the existence of entire solution of some non-linear differential-
difference equations, difference polynomials, differential-difference polynomials
and linear equations. But, the present paper reviews some research on non-
linear differential-difference equations and work on the higher order derivative of
these equations. We assume that the reader is well known the fundamentals of
Nevanlinna theory([16], [2], [8]), such as the first and second fundamental the-
orems. We indicate the characteristic, proximity and counting function of f as
T(r, f),m(r, f), N(r, f) respectively. Also we have S(r, f) = o(T(r, f)) asr — oo,
possibly outside of any set E of finite logarithmic measure. We say that b(z) is a
small function of f if and only if 7'(r,b) = S(r,b) and p(f) is order of growth of f.

A theorem proposed by Tumura[6] was proved by Clunie[4] on non-linear dif-
ferential equation is known as Tumura-Clunie theory has been studied by many
researchers over the years. In 1964, Hayman[16] extended this theory by consid-
ering a non-linear differential equation

f"+Gal(f) = H(z) (1.1)

where d is a degree of differential polynomial G4(f). Sequentially, numerous stud-
ies have been done on (1.1). One can get from [12, 11, 10] in detail.

In 2006, Li and Yang[14] further investigated on (1.1), when H(z) is of the form
r1(2)eM ) 4 ry(2)e2(®) and proved the following.
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Theorem 1.1. [14] Letd < n—3 (n > 4) be the degree of differential polynomial
Ga(f) and ri,7m9 be non-zero polynomials and hy, hy be non-zero constants with
hi/hs (not rational). Then,

[+ Ga(f) = Tl(z)ehl(z) + Tz<z)€h2(z) (1.2)
has no transcendental entire solution.

Later on, Yang and Li[21], Li[13], and Liao et al.[11] worked on the solution of
(1.2) for n =3,n > 2,n > 3,d < n — 2 respectively.

In 2011, Qi[17] improved the results of Yang and Laine[9] and obtained the exis-
tence of finite order entire solution of the following equation
"+ h(z)(Af(z4+¢)™ = R(z), n>m>0. (1.3)

In 2012, Wen et al.[23] examined the results on finite order entire solution of the
equation

"+ h(2)ePD f(z 4 ¢) = Q(2). (1.4)
In 2014, Qi et al.[18] improved (1.3), when R(z) is replaced by p(z)e?®) and
obtained the following.

Theorem 1.2. [18] Let m,n € Z*, h(# 0),p,q are polynomials. Then a non-
linear difference equation

[ RS+ )™ = p(2)er), > m (15)
has no entire solution.

Definition 1.3. [15] Let by, bo,...b,(5# 0) be small functions of f with n > 1.
Then L(z, f) is defined as

n

L(z, f) = Zb,(z)f(z +¢)(#0)

i=0
where ¢o(# 0),¢; € C—{0},i=0,1,2,... n.

In 2016, Dyavanal and Mathai[5] examined the results for (1.5), by considering
m =1 and Af(z + ¢) is replaced by L(z, f).

In 2019, X. Qi and L. Yang[20] considered the existence of entire solutions of
some differential-difference equations and proved the below theorem.

Theorem 1.4. [20] Let py, ps be non-zero polynomials and qy,qs be non-constant
polynomials. If

+1
lim,_ o ki #* (@) , Mg >mq+2
q2 ma
then
™4 (f(2 4 ¢)™ = pre® + poe® (1.6)

with finite order has no transcendental entire solution.
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In 2021, T. Biswas and A. Banerjee[15] studied the existence of entire solution
non-linear shift equation instead of non-linear difference equation in (1.5) to get
the following.

Theorem 1.5. [15] Consider L(zf) as in definition(1.3) and let m,n € Z*, h(#
0), ¢1, 2 be polynomials. Then, the non-linear shift equation

F(2) + h(2)(L(z, )™ = d1(2)e”@ n > m (1.7)
has no transcendental entire solution of finite order.

In the above results one can observe that, left side of the equation along
with f" as a dominating term has a difference polynomial, linear combination
of shifts, differential-difference polynomial, and a function with its derivative or
shift. Hence it is natural to ask the question, what happens when the function is
of k' derivative? In this paper we tried to answer this question by proving the
following results.

2. LEMMAS

Lemma 2.1. [15] Let ¢ € C and f be a finite order meromorphic function. Then,

Lemma 2.2. [15] Consider a meromorphic function fi(z),i = 1,2,3 satisfying
S fi(z) =1 If i in not a constant and T(r) = max<;<sT(r, f;) and

23: N (r, fl) +2 gﬁ (r, %) < (a+o(1))T(r)

i=1
where a < 1, then fo(z) =1 or f3(z) = 1.

Lemma 2.3. [9, 7] Let f be a finite order non-constant meromorphic solution of

[Pz, f) = Q(z, f)

where P(z, f),Q(z, f) are difference polynomials in f with small meromorphic
function as coefficients and let ¢ € C,6 < 1. If the total degree of Q(z, f) as a
polynomial in f and its shift are at most n, then

m(r, P(z, f)) = o (W) +oT(r, f))

for all r outside a possible exceptional set with finite logarithmic measure.

Lemma 2.4. [ [19], Corollary 1.6] Let f be a finite order transcendental entire
Junction, my,my € Z* so that my > mo+2 and G(2) be a meromorphic function
which satisfies N (r,1/G) = S(r, f). Then f is not a solution of

fz+o)™ + (f(2)™ = G(2).
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Lemma 2.5. [ [1], Theorem 1] Let m,n € Z" satisfying =~ + = < 1, then f(z)
and g(z) are not transcendental entire solutions which satisfy

a(z) f(2)" + ax(2)g(2)" = 1
where ay(2),as(z) are small functions of f and g.

Lemma 2.6. [22] Let f be a non-constant meromorphic function and Ay, Ay be
two complex numbers such that \y # X\y. Let f be a meromorphic function with
order o, then for each € > 0

(FE) o

Lemma 2.7. [3] If fr(2),1 < k < m and gx(2),1 < k < m,m > 2 are entire
functions that meet the below conditions:

(1) Sohey fe(2)e ) =0
(i1) The orders of fi are not more than that of e9*)=9) for 1 <k <m,1 <i <
Jj<m then fi(2) =0 for 1 <k <m.

Lemma 2.8. [3] Consider a non-zero meromorphic function f. Then

m (r, fT/) = O(logr)asr — oo

when f is of finite order and

m (n f7) = O(logr(T(r, f)))asr — oo

possibly outside a set E of finite logarithmic measure of r, when f is of infinite
order.

3. MAIN RESULTS

Theorem 3.1. Let n,m be positive integers and o, B be polynomials. Then for
n > m a non-linear differential-difference equation

M@+ (FPE+e)" = az)e’ (3.1)
has no transcendental finite order entire function f(z) as a solution.

Proof. Let us consider the following two cases.
Case 1: Suppose [(z) is a constant or a(z) = 0 then (3.1) becomes,

F'(2) + (P +e)" = R(z) (3.2)

where R(z) is a polynomial.
If f is a finite order transcendental entire solution of (3.2). For our reference we
take f(z +¢) = f.
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WT(r, f) = T(r, ") = T (r. R(z) — (§")")

<T(r,R(2)+T (7’, (fc(k))m> +5(r, f)
(k)

<T(r,R(2)+T (r, ( ;, > ) +T(r, f") + S(r, f)

<mT(r, f) +S(r, f).
Which becomes contradiction for n > m.
Case 2: Suppose ((z) (non-constant) is a polynomial or a(z) # 0. Let f(2)

is a finite order transcendental entire solution of (3.1).
Differentiating (3.1)

nf" ' +m (fc(k))n%1 fED — (of + af)e”. (3.3)

From (3.1) and (3.3) eliminate ¢®) then

f"_l {”f’ B (a/ . W) f} = (/)" (d . &ﬁ/) —m (fO)" T FE. (3.4)

! o
If nf — (%) f =0 then

" = kae? (3.5)

where k 1s a non-zero constant.
Let H"(z) = ka(z), then (3.5) will be

Using (3.5) in (3.1)
k—1ae’ + (fc(k))m = 0. (3.7)

m

(
If kK =1, then clearly < fc(k)> = 0, a contradiction. Therefore xk Z 1.
Let h(z) = e, then (3.6) becomes, f(z) = H(z)h(2).

)
Now, we can explicit fék)) as

()" =y (]f)
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In addition, from Lemma 2.1 we have

T(n()") =T ( > ) 1l (<Hchc><k>)t>
N /N\ Tym "\’
<m ( 2o (1) g:hgfh) ) ) +m(r, (Hoho)™) + 5(r, )

< m(r,h") + S(r, f)
<T(r,h") + S(r, f)
<mT(r,h) + S(r, f).

Hence

T (r, (fc(k))m) + S(r, f)
mT(r,h) + S(r, f).

Which contradicts n > m. Hence we can conclude that
o +a 6/
of) - () s 20

Q@
Next, we will have the following cases.

Case I: Let n > m + 1, then from (3.4) we have

(k)™
fn—m—l |:nf/ o (Oé/—FOéﬁ/) f:| _ (fc > |:(O/+aﬁl> fc(k) _mfék+l)1

a fm a
and
() m—1
fnfmf2 |inff/ B <O/ —;aﬁ/> f21 _ (fcfl {(O/ —;aﬁl) fc(k) _ mfc(k+1):| )

Whereas f is an entire function, from Lemmas 2.1 and 2.3, we have

(b (52)0) oo (52 )

=50 f)

and

o= (52)) oo for-(22) )

=5(r, f)-
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Hence T'(r, f) = S(r, f), which is contradiction.

Case II: Let n = m + 1, then (3.1) and (3.4) respectively will become

S (P = ael (3.8)
And
prlons g = (e s) g = (4 0) 19 - mit) . s9)
Denote
Uiz)=(m+1)f — <%/ + 5’) f. (3.10)

As f(z) is entire, by Lemmas 2.1 and 2.3 we can conclude that,
T(r,U)=m(r,U)+ S(r,U)=S(r,U). (3.11)

From (3.10) we have
U'z)=(m+1)f" - (% + ﬁ’) [ = (% + ﬁ’) f. (3.12)

Using (3.10) and (3.12)
(m+1)f" = Kif — Kz f =0,

(m + 1) (ﬂ)/+ (L’)zl —xd _kg—o (3.13)

f f f

where K1 = [(£ 4+ 8) + (m+ DY), Ko=[(£+68) - (£+08)%].
Suppose zp is a zero of f with multiplicity p and also a zero of a(z), then
N <r, %) = S(r, f). Now will discuss the two subcases by assuming z; is not

a zero of a(z).
Subcase 1: Suppose z; is a zero of U(z) with multiplicity g.

Let f(2) = (2 = 20)"¥(2),¢(20) # 0 and U(z) = (2 — 20)%(2), £(20) # 0.
From (3.10) we have

(s=aa)16(2) = =20 [+ 1) ) + = 20/ ) = (548 ) (=)

That is p = 1 + q < 2q, then by (3.11) implies that zy contribution to N (7‘, %)
is S(r, f).

Subcase 2: Suppose 2 is not a zero of U(z).
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Then from (3.13) we have

(m+1) [(0* = p)v +20(2 — 20)¢" + (2 — 2)°]

o/ , U ,

- {E + 6+ (m+ 1)7} [p(2 = 20)9 + (2 — 20)*¢']
[(Lap) - (Lep) S cmnpv-0.
o o U z 20 = U. .

That is p? = p, then it must be a simple zero of f(z). Hence f(z) will take the
form f(2) = (z — 20)¥(2). By lemma of logarithmic derivative we get

f__1r ¥
7—Z_ZO+E.

And

N (r, %) — S(r,4) = S(r, f),

as left side has simple pole at z = 2.
From (3.13) we have

{(mﬂ) <%ﬂ_%%) <QE/+5/) %/] (2 = 20) = {%+ﬁ’+(m+1)%’

(Er) - (L) S -z ramen <o

From above we have

N(r,0: f) < ( 0:2(m+1) £/—(O‘E,+ﬁ’+(nz+1)%/)),

< ) (r0:<%+5'+(m+1)%))>
< )+Srf)

S(r,

f) =
From the above two cases we get N (r, %) =

)-
S(r
ization theorem let f( ) = G(z)e”( ,Where v
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Divide completely by —[G(2)e’®)]™,
m v k)7t
27]"\/:0,7“7&N (]X) | [(G(Z +cle (Z+C))( )] ael
—[G(z)er@]m

In view of Lemma 2.2, we have

fo(2) =

—G(2)e’® +

aeﬁ

G~

and
i vizteny (0]
falz) = ZiV:Om#N () TT [(G(z+ c)er =t ))( >]
—[G(z)er)]m
From fy(z) = 1 we have aeP = [G(Z)eu(z)]m‘

=1.

From (3.8) and using Lemma 2.1 we get
(m+ DTG, f) =T (r, f49)
=T (r,ae” = (f)")
1 (n @ — (79)")

(1)
=T(r,f"+T r,f—m + S(r, f)

<mT(r, f)+S(r, f)
a contradiction.

S oy (V) T [(G(z+c)el/(z+c))(k):|

—[GEe ™ =1

From f3(z) = 1, we have

= Se@e

S0 () T [ (G + ertr) ] (G(z)e”@)m} =1

t
= G [Zf»vzo ()T [(G(Z + c)e”(ﬁc))("’)} ] +1=1
0

1 \™ _
= e \fe > 0
= (fc(k)) =
Which is contradiction. Hence, any finite order transcendental entire function
is not a solution of (3.1). O]

Theorem 3.2. Let o, ag be non-zero polynomials and By, Po are two non-constant
polynomials. Let m,n € Z, with n > m + 2. Then

F12) + ([P +0)" = i (2)eP® + ay(2)e™) (3.15)

has no transcendental finite order entire function.
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Proof. Let the given equation (3.15) can be written as,
£+ (f)" = are + age®. (3.16)

Let f(z) be a finite order transcendental entire solution of (3.16). We consider
the following two case.
Case 1: If §;(2) — B2(2) is a constant, then (3.15) becomes

4 (f9)" = Ry (3.17)

where R;(z) is a polynomial. From Lemma 2.4, we get a contradiction when

Ryi(z) #0. And for Ry(z) =0, (3.17) takes the form
4 (f)" =o. (3.18)
Since f(z) is entire, then from (3.18)

WT(r, f) =T ") =T (1, ()"

AN
o (£) )iyt

< mm(r, f) + S(r, f)
<mT(r,f)+S(r, [).
Which is a contradiction to our assumption n > m + 2.

Case 2: If 51(2) — f2(2) is not constant.
Differentiating (3.16) on both sides.

nft T m ()Y = (0] +aaf)e” + (0 +agB)e. (3.09)
Eliminating ¢* from (3.16) and (3.19).
(ah + asfBy) f* — nas f* 1 f' + Di(f) = Ae™ (3.20)
where
Da(f) = (0 +aaf) (1) — agm (1) £040. (3:21)
And
A = oq (g + af5y) — as(a) + a1 7). (3.22)

Differentiating (3.20)
(o + azfBy) f" + (ay + aof)nf " f = n(n — Daof"*(f')* — naa f"~' f"
+(Di(f)) = (A" + AB)e™. (3.23)
Eliminating e from (3.20) and (3.23)
[(A"+ ABL) (0 + azf) — Al + cnBy)] " — [n(azA) + nanA(B) + By)] /"'

+Aasn [(n —1)(f)*+ ff”] 772 = Ra(f).
(3.24)

Where
Ry(f) = A(Di(f)) — (A" + AB) Di(f) (3.25)
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is a differential-difference polynomials in f(z).
Let

D = [(A"+ AB;)(0h + a2fy) — Alah + as)] f* = [n(02A4) + nas A(B) + B3)] [ [
+ Aaon [(n = 1)(f")* + ff"] . (3.26)
Then, from (3.24), (3.26) and Lemma 2.3, we get
T(r,D)=m(r,D)=S(r, f), m(r,fD)=S(r,f).
If D 20 then

1
T(Taf) :m(T,f) < m(TafD)_’_m(r)E) - S(Taf)
which is a contradiction. And if D =0 then T'(f) = 0.

Now, we will have the following two cases.

Subcase 2.1: If Dy(f) # 0, we claim A # 0 or else, from (3.22) we get

wage® = a1 (3.27)
where w # 0 is a constant. Using (3.27) in (3.16), we get
£ ()" = (14 w)ase (3.29)

If w # —1, then from Lemma 2.4, we get a contradiction.
If w = —1, then from (3.28)

4 (f)" =o. (3.29)

As in the above argument, we get a contradiction as well.
Hence, A # 0. In addition, from (3.25)

Di(f) =T Ae™ (3.30)
where I' # 0 is a constant. Using (3.30) in (3.20), we get
1-T
P + s —nasf] = (S5 ) Dilo) (3.1
Denote
Dy = (ay + a2f3y) f — naa f'. (3.32)

Then, from (3.31), (3.32) and Lemma 2.3, we get

T(r,Dy) =m(r,Ds) = S(r,f), m(r,fDsy)=S(rf).
If Dy # 0, then

1

T(r, f) =m(r, f) < m(r, fD2) +m(r, D_Q) = 5(r, f)
which is a contradiction. Hence, Dy =0 and ' = 1.
Therefore

[ =coe™,  Di(f) = Ae (3.33)

where ¢ is a non-zero constant. Bringing together (3.16) and (3.33) one can get

(c— 1) fm=SDi(f) = (£9)".

S
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From this and Lemma 2.3, together gives that ¢ = 1.
Hence

"= aze™ (3.34)
(f¥N)™ = are® (3.35)
From (3.34), we get

Ba(z+c)
n

B = h(z)e (3.36)

1

2 zZTc (k)
where h(z) = {ag(z +c)n (ew> + (ag(z +¢)

rivative of differential-difference polynomial.
Hence

3=

(k) 2t
) o )} is the k" de-

(19" = (z)eie+0
which implies that

n(r, 1) = 122l 200 (1 1 (1)) 2] — o0 (3.37)

where g, is the coeflicient of the highest term of f5(z). On other side, from
(3.35), it implies that

T
m(r, 1) = T2l zjaeon (1 4 o1)), 2] - oc (3.38)

where Ypg, is the coefficient of the highest term of 51(z). From (3.37) and (3.38),
we have

n |052|
If deg(p1) # deg(Bz), then by (3.39), we get a contradiction as |z| — oc.
If deg(51) = deg(Pa), then from (3.39), we get

Bi(2)
Ba(2)

T o |T51| |Z’deg(ﬁl)*d€g(52)_ (339)

m .
— = ZZTnz—mo
n

which is a contradiction.

Subcase 2.2: If D;(f) =0, then from (3.21), we have

oy + a3 _ [(fc(k)>m]/
(e (fc(k‘)>m )

(f(k))m = cape™ (3.40)

c

where ¢ # 0 is a constant. Using (3.40) in (3.16), we get
4 (e — 1age™ = aje™

Hence

that is

AT
aq aq
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where t > 3. 5 — (31 is not a constant, then from Lemma 2.5,c = 1. Hence, one
can have,

"= aze™
and
(fék))m — 012652.
Similar to above case, we get a contradiction. 0

Theorem 3.3. Let n > 2 be an integer and £(z, f) = S°i_, ai(2)f(z + \;) with
ai, g, ..., a,(# 0) be small functions of f and N\; € C,i =0,1,2,...,n, g # 0.
Let Py, Py, Q1,Q2,q be polynomials such that deg(Qy) # deg(Q2). If f is a tran-
scendental finite order entire solution of the equation:

(2) + eq(z)g(k)(27f> — P1(Z)6Q1(Z) + PQ(Z)QQQ(Z) (3.41)

then the following holds:

(i) If deg(Q1) < deg(Q2) and p(f) = deg(Q1) then every solution of f satisfies
p(f) < max{deg(Q1), deg(Q2)} = deg(q).

(i1) If deg(Q1) < deg(Q2) and p(f) > deg(Q2) then every solution of [ satisfies
p(f) = deg(q) > max{deg(Q1), deg(Q2)}-

Also, for deg(Q2) < deg(Q1), p(f) = deg(Q1).

Proof. Suppose f(z) be a transcendental entire solution of finite order to equation
(3.41). In order to prove the theorem, we consider the following two cases.

Case 1: If p(f) < max{deg(Q1),deg(Q2)} then from (3.41) and Lemma 2.6
it follows that

T(r,e%) = m(r,e) = m (r,

Plte + P2€Q2 — fn
o)

1
< e, P 4 Puc®) (e ) 4 m (1 g ) + O

1
< T(r, Pe® + Poe®) +nT(r, f) + T(r, €M) — N (7"7 W) +S(r, f)

k)
< T(r, Pe® + P2€Q2) +nT(r,f)+T (7’, T)

+T(r,&) — N (n %) — EN(r, &) + S(r, f)

o) (®)
< T(r, Pe® + P2€Q2) +nT(r, f)+m (T, T) + N (r, T)

T f) = N (r, %) + S0, 1)

< T(r, Pe® + Pye®) + (n+ D)T(r, f) + N(r, £8) + S(r, f)
< T(r, Pre®t + Pye®?) + (n+ DT (r, f) + S(r, f).
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Therefore T(r,e?) < T(r, Pie®t + Poe®2) + S(r, f).
This implies

deg(q) < mazx{deg(Q1),deg(Q2)} (3.42)
Simultaneously, from Lemma 2.6 and (3.41) we have

T(r, Pie@ + Pye®?) = m(r, Pe? 4 Pye2)
=m(r, f* + e1e®)
< m(r, f*) +m(r,e?) + m(r, £%) + 0(1)
<nT(r,f)+T(r,e’)+T(r, f)+S(r, f)
<(n+1)T(r,f)+T(r,e?)+S(r, f)
<T(r,e?)+ S(r, f).

This implies
max{deg(Q1),deg(Q2)} < deg(q). (3.43)
From (3.42) and (3.43)

max{deg(Q1),deg(Q2)} = deg(q) and p(f) < deg(q).
Let us rewrite the (3.41) as
fr4ete®) = pe@ 4 Py, (3.44)
Differentiating (3.44)
nfr et 28 1 g0 D) = [PLQY 4+ Ple? + [PQhy + Pyle®2. (3.45)
Eliminating e?! and e?? from (3.44) and (3. 45)
Aft = nfr T 4 (A= AWt = Py(Ay — A)e®. (3.46)
Agf" —nfr L 4 (Ay — Ag) gl Pi(Ay — Ap)er. (3.47)
Where, Ag = ¢' + g’“(;”, A= ﬁ—FQ’l and A, = F§+Ql2‘
Since deg(Q)q) # deg(Q2). Clearly Ay — Ay # 0. We have deg(Q1) = deg(Q)2) and

deg(Q1) = p(f)-
Differentiating (3.46) and eliminating €%

Bl + Bgeq = 0. (348)
Where
By = f"2[(A} = AvAg) f2 + (A + Ag)nf f/ = n(n = 1)(f')* = nf f"]

By = |G + ¢ + 55 — As] (A1 - Ag)e®,
Ay =g+ YA 4 Q)

Since p(f) < deg(q), then by Lemma 2.7 and (3.48) we get By = By = 0. There-
fore B, = 0. We must have neither A; — Ag = 0 nor %4— + S(km — A3 =0.
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Subcase 1.1: Suppose A; — Ag = 0, then on integrating,

Pe? = eWet. # (0 a constant. (3.49)
If Cy =1, then using (3.49) in (3.44),
fn == PQGQZ.

Since p(f) < deg(Q2). Which is a contradiction.

If C) # 1, then from (3.49) and (3.44)
U4 (1= eWet = pyel2, (3.50)
Differentiate (3.50) to eliminate e92,

nft 4+ (1= C)Le* Vet 4 (1 — ) LeWely' = (P + PQ)Y)e?2. (3.51)
Agf™ —nf" L' 4 (Ay — Ag)(1 — Cy)£Ret = 0. (3.52)

This can be written as

B3—|—B4€q =0

Where, Bg = fn_l(Azf — nf/), B4 = (AQ — AQ)(l — 01)2(’“)

Similar to subcase 1.1, we get By = B, = 0. From B; = 0, we must have
Ay — Ay = 0. Since C; # 1 and £% £ 0, A; = A,. Hence, it becomes contra-
dictory to Ay — Ay # 0.

Subcase 1.2: Suppose % +4q + % — A3 =0, then
(A; — Ag) LW el = CLPy(Ay — Ay)e®, Oy #0. (3.53)
We claim that Cy = 1, otherwise from (3.53) we have
20 (2) = H(z)e"® (3.54)

where, H(z) = (%) Py(z — ¢)Cy and u(z) = Q2(z — ¢) — q(z — ¢).

Since Cy # 1 we have deg(u) = deg(Q2), which is contradiction. Therefore
Cy=1.
Substituting (3.54) in (3.46) we get

"= CsPe, Cs5#0. (3.55)

We claim C5 = 1. Otherwise, using (3.55) in (3.44) and after simplification we
get,

1™ — P2 = (1 — C5)Pre?. (3.56)

Since deg(Q2) = deg(q) > deg(Q1) and by Lemma 2.7 we get (1 — C5)P; = 0.

Since P # 0, therefore we must have C5 = 1.
Similarly we can prove another case as well.
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Case 2: If p(f) > maz{deg(Q1),deg(Q2)}, it follows from Lemma 2.6 and eqn
(3.44) that,

T(r,e?) =m(r,e?)
P16Q1 P26Q2 — f"
( ’ +£(k) ! >+S<r’f)
m(r,e?) +m(r,e?) + (n+ )m(r, f) + S(r, f)
(n+ )T (r, f)+ S(r, f).

Which intend to deg(q) < p(f).

Now, we will prove deg(q) = p(f). Otherwise, if deg(q) < p(f), we will ex-
hibit the contradiction. Denote M;(z) = £®e? and My(z) = P + Pye??
then T'(r,Ms) = S(r,f) and T(r,M,) = S(r,f). Equation (3.44) becomes
f™ = My(2) — M;(z) and from Lemma 2.3 we get m(r, f) = S(r, f) and N(r, ) =
S(r, ). Therefore T'(r, f) = S(r, f), Which is a contradiction.

odeg(q) = p(f) > maz{deg(Q1), deg(Q2)}.

Case 3: If p(f) = max{deg(Q1), deg(Q2)}, it follows from Lemma 2.6 and (3.44)

<
<

Q1 Q2 _ fn
() = mret) = m (r ST s )
1
<m (7“, W) + m(r, Pe® + PzeQQ) +m(r, f*)+ 0O(1)

< (n+DT(r, f) + T(r,e?) + T(r, %) + S(r, f).
Which implies that

deg(q) < p(f).

We now prove deg(q) = p(f). Otherwise, if deg(q) < p(f) and denoting M3(z) =
£®ed then T(r, Ms) = S(r, f) and (3.44) becomes

"4+ My = Pe® + Pye®. (3.57)
Differentiating (3.57) and eliminating ¢? and 92 we get
Aft —nfr 4+ Gz, f) = PyAse® (3.58)

Aof™ = nf" U 4 Go(z, ) = — Py Age® (3.59)

where A3 = Al - AQ, Gl(Z, f) = AgMg - M?I) and GQ(Z, f) = A1M3 - Mé
Again differentiating (3.58) and eliminating e%2, we get

fr20(2) = Gs(z, f) (3.60)

where Gy(z, f) = GiAy — G, Ay = (j— n Ag) and ¢(2) = (A, — A1A)F? +

n(A1—Ay) ff—n(n—=1)(f")?—nff". Suppose Gz = 0 then we have G; A;—G = 0.
If G; = 0 then £¥e? = CyPe? and degQ; = p(f). Since deg(Q2) = p(f) >
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deg(Q1), which is a contradiction. Therefore G5 # 0 then we have G1 A, — G| =
0 = G = C5A3Pe?2. Substituting this in (3.58)
1

f“%&f—wﬁz(a;%>0b Co £ 0

We get Aif —nf' =0= f"=CrPe?. C;#0and p(f) = deg(Q,), which is
a contradiction.

. Gs(z, f) # 0 and it follows that ¢(z) # 0.

Consider

O(z) = W+ Lf '+ 1s(f)? + Lff" (3.61)
Where, ll = All — A1A4, l2 = Tl(Al — A4), l3 = —n(n — 1), l4 = —n and ll, 12
be meromorphic functions that are non-zero with T'(r,l;) = S(r, f),i = 1, 2.
We now consider the following cases.

Subcase 3.1: If f has finite number of zeros then, f is of the form f(z) =
S1(2)e%2) where Sy, Sy are polynomials, S; # 0 and deg(S;) = deg(Qs), deg(Ss) >
deg(q). Substituting f(z) in (3.58), we get

[Als? — nS?_l(Si + 5’155)} 6“52 + G1(27 f) = A3P26Q2. (362)

If A)S7 — nSP (S + S1S5) = 0 then CgPe? = SPe™2, ¢y # 0 and since
deg(Q1) < deg(Ss), it follows from Lemma 2.7 that P, = 0 which is illogical.
Therefore A;S? — nS}P—1(S] + 5155) # 0.
Suppose
So(2) = ap2" + ap_12" 7+ -+ ag
Qg = ann -+ bn,lznfl + e+ bo

where a;,b;0 <7 < n are constants and a,b,, # 0.

Sitfl (4,5 — n(si + 5185)] enan=bnz"+-nao—bo [Alg(k)eq _ (S(k)eq)l} .

etn bz 4+ (a0=bo) — AP,

From (3.62), we get a contradiction.

Subcase 3.2 If f has infinitely many zeros, then from (3.61) we get simple
zeros of f are infinite. On differentiating (3.61) we get

&) = 2+ QU L)+ Qs+ L) f f +Lff"+Lff".  (3.63)
From (3.61) and (3.63), we obtain

f(led = 1s¢") f' + 0203 + 1) f]
= [l — QU)) f 4 (¢l — 2L1¢ — Dly) f' + (¢'ls — l2d) [ — @l "] (3.64)

If f has simple zero at zy and not the zero and pole of the coefficients of (3.64).
Substituting zo in (3.64), we note that zq is zero of (la¢p — l3¢') f' + ¢(2l5 + 1y) f".

Let
(12 = lbd)f' + 62l + 1) f”

U(z) = 7

(3.65)
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Clearly T'(r, ¥) = O(logr) by Lemma 2.8 we can conclude that ¥ is not irrational
function. It follows from (3.65)

v
f// o f

l2 n—1 ¢/ ,
T n(l-2n)¢ (n(l o) T 2n)5) /
By substituting (3.66) in (3.61)

(3.66)

where v; =[] — (

¢ =uvif+oaf f +vs(f)?

_(2—2n)ls n(n—1
Ton)yg V2= +
are rational functions and

(3.67)
(1—2n) (17273 %7 U3 = —n(n — 1)7 Uj,j =12

T(r,vi) =S(r, f),i=123
By the similar arguments from (3.61) and (3.67)

(3.68)
le / r
Ugg—i‘?}g—f—vg n—uvsn = 0 (369)
where 1 = v% — 4vyv5 1s a rational function.
Now we will have the following cases.

Subcase 3.2.1: If  # 0. Then (3.69) becomes

On integration, e@1+@2 =

K 1-2n

PipA; !l 2 "t € S(r, f), only when Q1 = —Q», which
is a contradiction, since deg(Q) < deg(Q2).

Subcase 3.2.2: If n = 0 then (3.67) becomes

Let v = f/ + 2

2v3

2
¢ =uvs {f’ + 2@_;4 : (3.70)
f, v #0and T(r,¢) = S(r, f), we have

T(r,7) =5(r,f) and f =v— .
Put (3.71) in (3.58) and (3.59)

2U3

(3.71)

—nyf" 4 Gi(z.f) = AgPye?

(3.72)
—nyfr 4 Gy(z.f) = AgPre®
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If Ay + 5 n =0and Ay + 53> e = 0 then we get A3 = 0 which is absurd.
Consequently, <A1 + 2 - > (Ag + —n) = 0. Otherwise, set

H1 = <A1 + —TL) fn nvf”_l + G1<Z7 f)

Hy = <A2 + —n) =y "+ Ga(z, f).

Since Ay # 0 and Py # 0 then from (3.72), we have N (r, g-)+N(r, f) = N(r, 4;)+
N(r, f)=S(r, f),t =1,2. From (3.68) and (3.71) there exists two small functions
(1, Q2 of f such that

Hl = (Al + 2-371,) (f — Ql)n = P2A3€Q2 (373)

and

H2 = (A2 + 2-71) (f — QQ)” = —PlAgte. (374)
U3

Based on Nevanlinna second fundamental theorem concerning to that Q1 = Qs
then from (3.73) and (3.74) we get

A 4 m}z)
tefQQ I < 2U3 6

(A0 53)
this is possible only when ()7 = ()3 which becomes contradiction to deg(Q);) <
deg(Q2).

S(r, f)

. p(f) = deg(q) = maz{deg(Q1), deg(Q2)}.
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