
Annals of Mathematics and Computer Science ISSN: 2789-7206

Vol 21 (2024) 79-98 https://doi.org/10.56947/amcs.v21.250

EXISTENCE OF ENTIRE SOLUTIONS FOR kth DERIVATIVE
OF CERTAIN TYPE OF NON-LINEAR

DIFFERENTIAL-DIFFERENCE EQUATIONS

JAYASHRI PATTAR1∗ AND SHILPA N.2

Abstract. The paper discusses the existence of entire solutions for kth deriv-
ative of certain type of non-linear differential-difference equations. In addition
to, the paper evaluates some previous results for existence of finite order tran-
scendental entire solutions and extends to the higher order. Particularly, we
obtain the conditions for occurrence and attainable forms of entire solutions.

1. Introduction and preliminaries

So far, we have seen the existence of entire solution of some non-linear differential-
difference equations, difference polynomials, differential-difference polynomials
and linear equations. But, the present paper reviews some research on non-
linear differential-difference equations and work on the higher order derivative of
these equations. We assume that the reader is well known the fundamentals of
Nevanlinna theory([16], [2], [8]), such as the first and second fundamental the-
orems. We indicate the characteristic, proximity and counting function of f as
T (r, f),m(r, f), N(r, f) respectively. Also we have S(r, f) = o(T (r, f)) as r →∞,
possibly outside of any set E of finite logarithmic measure. We say that b(z) is a
small function of f if and only if T (r, b) = S(r, b) and ρ(f) is order of growth of f .

A theorem proposed by Tumura[6] was proved by Clunie[4] on non-linear dif-
ferential equation is known as Tumura-Clunie theory has been studied by many
researchers over the years. In 1964, Hayman[16] extended this theory by consid-
ering a non-linear differential equation

fn +Gd(f) = H(z) (1.1)

where d is a degree of differential polynomial Gd(f). Sequentially, numerous stud-
ies have been done on (1.1). One can get from [12, 11, 10] in detail.

In 2006, Li and Yang[14] further investigated on (1.1), when H(z) is of the form
r1(z)eh1(z) + r2(z)eh2(z) and proved the following.
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Theorem 1.1. [14] Let d ≤ n−3 (n ≥ 4) be the degree of differential polynomial
Gd(f) and r1, r2 be non-zero polynomials and h1, h2 be non-zero constants with
h1/h2 (not rational). Then,

fn +Gd(f) = r1(z)eh1(z) + r2(z)eh2(z) (1.2)

has no transcendental entire solution.

Later on, Yang and Li[21], Li[13], and Liao et al.[11] worked on the solution of
(1.2) for n = 3, n ≥ 2, n ≥ 3, d ≤ n− 2 respectively.

In 2011, Qi[17] improved the results of Yang and Laine[9] and obtained the exis-
tence of finite order entire solution of the following equation

fn + h(z)(∆f(z + c))m = R(z), n > m ≥ 0. (1.3)

In 2012, Wen et al.[23] examined the results on finite order entire solution of the
equation

fn + h(z)eP (z)f(z + c) = Q(z). (1.4)

In 2014, Qi et al.[18] improved (1.3), when R(z) is replaced by p(z)eq(z) and
obtained the following.

Theorem 1.2. [18] Let m,n ∈ Z+, h(6= 0), p, q are polynomials. Then a non-
linear difference equation

fn + h(z)(∆f(z + c))m = p(z)eq(z), n > m (1.5)

has no entire solution.

Definition 1.3. [15] Let b1, b2, . . . bn( 6= 0) be small functions of f with n ≥ 1.
Then L(z, f) is defined as

L(z, f) =
n∑
i=0

bi(z)f(z + ci)(6= 0)

where c0(6= 0), ci ∈ C− {0}, i = 0, 1, 2, . . . , n.

In 2016, Dyavanal and Mathai[5] examined the results for (1.5), by considering
m = 1 and ∆f(z + c) is replaced by L(z, f).

In 2019, X. Qi and L. Yang[20] considered the existence of entire solutions of
some differential-difference equations and proved the below theorem.

Theorem 1.4. [20] Let p1, p2 be non-zero polynomials and q1, q2 be non-constant
polynomials. If

limz→∞

∣∣∣∣q1

q2

∣∣∣∣ 6= (m1

m2

)±1

, m2 > m1 + 2

then

fm1 + (f ′(z + c))m2 = p1e
q1 + p2e

q2 (1.6)

with finite order has no transcendental entire solution.
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In 2021, T. Biswas and A. Banerjee[15] studied the existence of entire solution
non-linear shift equation instead of non-linear difference equation in (1.5) to get
the following.

Theorem 1.5. [15] Consider L(z,f) as in definition(1.3) and let m,n ∈ Z+, h(6=
0), φ1, φ2 be polynomials. Then, the non-linear shift equation

fn(z) + h(z)(L(z, f))m = φ1(z)eφ2(z), n > m (1.7)

has no transcendental entire solution of finite order.

In the above results one can observe that, left side of the equation along
with fn as a dominating term has a difference polynomial, linear combination
of shifts, differential-difference polynomial, and a function with its derivative or
shift. Hence it is natural to ask the question, what happens when the function is
of kth derivative? In this paper we tried to answer this question by proving the
following results.

2. Lemmas

Lemma 2.1. [15] Let c ∈ C and f be a finite order meromorphic function. Then,

m

(
r,
f(z + c)

f(z)

)
+m

(
r,

f(z)

f(z + c)

)
= S(r, f).

Lemma 2.2. [15] Consider a meromorphic function fi(z), i = 1, 2, 3 satisfying∑3
i=1 fi(z) ≡ 1. If f1 in not a constant and T (r) = max1≤i≤3T (r, fi) and

3∑
i=1

N

(
r,

1

fi

)
+ 2

3∑
i=1

N

(
r,

1

fi

)
< (α + o(1))T (r)

where α < 1, then f2(z) ≡ 1 or f3(z) ≡ 1.

Lemma 2.3. [9, 7] Let f be a finite order non-constant meromorphic solution of

fnP (z, f) = Q(z, f)

where P (z, f), Q(z, f) are difference polynomials in f with small meromorphic
function as coefficients and let c ∈ C, δ < 1. If the total degree of Q(z, f) as a
polynomial in f and its shift are at most n, then

m(r, P (z, f)) = o

(
T (r + |c|, f)

rδ

)
+ oT (r, f))

for all r outside a possible exceptional set with finite logarithmic measure.

Lemma 2.4. [ [19], Corollary 1.6] Let f be a finite order transcendental entire
function, m1,m2 ∈ Z+ so that m1 ≥ m2 + 2 and G(z) be a meromorphic function
which satisfies N (r, 1/G) = S(r, f). Then f is not a solution of

f(z + c)m1 + (f ′(z))m2 = G(z).
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Lemma 2.5. [ [1], Theorem 1] Let m,n ∈ Z+ satisfying 1
m

+ 1
n
< 1, then f(z)

and g(z) are not transcendental entire solutions which satisfy

a1(z)f(z)n + a2(z)g(z)m = 1

where a1(z), a2(z) are small functions of f and g.

Lemma 2.6. [22] Let f be a non-constant meromorphic function and λ1, λ2 be
two complex numbers such that λ1 6= λ2. Let f be a meromorphic function with
order σ, then for each ε > 0

m

(
r,
f(z + λ1)

f(z + λ2)

)
= O(rσ−1+ε).

Lemma 2.7. [3] If fk(z), 1 ≤ k ≤ m and gk(z), 1 ≤ k ≤ m,m ≥ 2 are entire
functions that meet the below conditions:
(i)
∑m

k=1 fk(z)egk(z) ≡ 0;
(ii) The orders of fk are not more than that of egi(z)−gj(z) for 1 ≤ k ≤ m, 1 ≤ i <
j ≤ m then fk(z) ≡ 0 for 1 ≤ k ≤ m.

Lemma 2.8. [3] Consider a non-zero meromorphic function f . Then

m

(
r,
f ′

f

)
= O(logr)asr →∞

when f is of finite order and

m

(
r,
f ′

f

)
= O(logr(T (r, f)))asr →∞

possibly outside a set E of finite logarithmic measure of r, when f is of infinite
order.

3. Main results

Theorem 3.1. Let n,m be positive integers and α, β be polynomials. Then for
n > m a non-linear differential-difference equation

fn(z) +
(
f (k)(z + c)

)m
= α(z)eβ(z) (3.1)

has no transcendental finite order entire function f(z) as a solution.

Proof. Let us consider the following two cases.
Case 1: Suppose β(z) is a constant or α(z) = 0 then (3.1) becomes,

fn(z) +
(
f (k)(z + c)

)m
= R(z) (3.2)

where R(z) is a polynomial.
If f is a finite order transcendental entire solution of (3.2). For our reference we
take f(z + c) = fc
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nT (r, f) = T (r, fn) = T
(
r, R(z)−

(
f (k)
c

)m)
≤ T (r, R(z)) + T

(
r,
(
f (k)
c

)m)
+ S(r, f)

≤ T (r, R(z)) + T

(
r,

(
f

(k)
c

fc

)m)
+ T (r, fmc ) + S(r, f)

≤ mT (r, f) + S(r, f).

Which becomes contradiction for n > m.

Case 2: Suppose β(z) (non-constant) is a polynomial or α(z) 6≡ 0. Let f(z)
is a finite order transcendental entire solution of (3.1).
Differentiating (3.1)

nfn−1f ′ +m
(
f (k)
c

)m−1
f (k+1)
c = (α′ + αβ′)eβ. (3.3)

From (3.1) and (3.3) eliminate eβ(z) then

fn−1

[
nf ′ −

(
α′ + αβ′

α

)
f

]
=
(
f (k)
c

)m(α′ + αβ′

α

)
−m

(
f (k)
c

)m−1
f (k+1)
c . (3.4)

If nf ′ −
(
α′+αβ′

α

)
f ≡ 0 then

fn = καeβ (3.5)

where κ is a non-zero constant.
Let Hn(z) = κα(z), then (3.5) will be

f(z) = H(z)e
β
n . (3.6)

Using (3.5) in (3.1)

(κ− 1)αeβ +
(
f (k)
c

)m ≡ 0. (3.7)

If κ = 1, then clearly
(
f

(k)
c

)m
≡ 0, a contradiction. Therefore κ 6≡ 1.

Let h(z) = e
β
n , then (3.6) becomes, f(z) = H(z)h(z).

Now, we can explicit
(
f

(k)
c

)m
as

(
f (k)
c

)m
=

N∑
r=0

(
N

r

) m∏
t=0

(
f (k)
c

)t
=

N∑
r=0

(
N

r

) m∏
t=0

(
(Hchc)

(k)
)t
.
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In addition, from Lemma 2.1 we have

T
(
r,
(
f (k)
c

)m)
= T

(
r,

N∑
r=0

(
N

r

) m∏
t=0

(
(Hchc)

(k)
)t)

≤ m

r,
∑N

r=0

(
N
r

)∏m
t=0

(
(Hchc)

(k)
)t

(Hchc)
m

+m(r, (Hchc)
m) + S(r, f)

≤ m(r, hmc ) + S(r, f)

≤ T (r, hmc ) + S(r, f)

≤ mT (r, h) + S(r, f).

Hence

nT (r, h) = T (r, hn)

= T (r, eβ)

= T (r, (κ− 1)αeβ) + S(r, f)

≤ T
(
r,
(
f (k)
c

)m)
+ S(r, f)

≤ mT (r, h) + S(r, f).

Which contradicts n > m. Hence we can conclude that

nf ′(z)−
(
α′ + αβ′

α

)
f 6≡ 0.

Next, we will have the following cases.

Case I: Let n > m+ 1, then from (3.4) we have

fn−m−1

[
nf ′ −

(
α′ + αβ′

α

)
f

]
=

(
f

(k)
c

)m−1

fmc

[(
α′ + αβ′

α

)
f (k)
c −mf (k+1)

c

]
and

fn−m−2

[
nff ′ −

(
α′ + αβ′

α

)
f 2

]
=

(
f

(k)
c

)m−1

fmc

[(
α′ + αβ′

α

)
f (k)
c −mf (k+1)

c

]
.

Whereas f is an entire function, from Lemmas 2.1 and 2.3, we have

T

(
r,

(
nf ′ −

(
α′ + αβ′

α

)
f

))
= m

(
r,

(
nf ′ −

(
α′ + αβ′

α

)
f

))
+ S(r, f)

= S(r, f)

and

T

(
r, f

(
nf ′ −

(
α′ + αβ′

α

)
f

))
= m

(
r, f

(
nf ′ −

(
α′ + αβ′

α

)
f

))
+ S(r, f)

= S(r, f).
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Hence T (r, f) = S(r, f), which is contradiction.

Case II: Let n = m+ 1, then (3.1) and (3.4) respectively will become

fm+1 +
(
f (k)
c

)m
= αeβ. (3.8)

And

fm
[
(m+ 1)f ′ −

(
α′

α
+ β′

)
f

]
=
(
f (k)
c

)m−1
[(

α′

α
+ β′

)
f (k)
c −mf (k+1)

c

]
. (3.9)

Denote

U(z) = (m+ 1)f ′ −
(
α′

α
+ β′

)
f. (3.10)

As f(z) is entire, by Lemmas 2.1 and 2.3 we can conclude that,

T (r, U) = m(r, U) + S(r, U) = S(r, U). (3.11)

From (3.10) we have

U ′(z) = (m+ 1)f ′′ −
(
α′

α
+ β′

)
f ′ −

(
α′

α
+ β′

)′
f. (3.12)

Using (3.10) and (3.12)

(m+ 1)f ′′ −K1f
′ −K2f = 0,

(m+ 1)

[(
f ′

f

)′
+

(
f ′

f

)2
]
−K1

f ′

f
−K2f = 0.

(3.13)

where K1 =
[(

α′

α
+ β′

)
+ (m+ 1)U

′

U

]
, K2 =

[(
α′

α
+ β′

)′ − (α′
α

+ β′
)
U ′

U

]
.

Suppose z0 is a zero of f with multiplicity p and also a zero of α(z), then

N
(
r, 1

f

)
= S(r, f). Now will discuss the two subcases by assuming z0 is not

a zero of α(z).

Subcase 1: Suppose z0 is a zero of U(z) with multiplicity q.
Let f(z) = (z − z0)pψ(z), ψ(z0) 6= 0 and U(z) = (z − z0)qξ(z), ξ(z0) 6= 0.
From (3.10) we have

(z−z0)qξ(z) = (z−z0)p−1

[
(m+ 1) (pψ(z) + (z − z0)ψ′(z))−

(
α′

α
+ β′

)
(z − z0)ψ(z)

]
.

That is p = 1 + q ≤ 2q, then by (3.11) implies that z0 contribution to N
(
r, 1

f

)
is S(r, f).

Subcase 2: Suppose z0 is not a zero of U(z).
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Then from (3.13) we have

(m+ 1)
[
(p2 − p)ψ + 2p(z − z0)ψ′ + ψ′′(z − z0)2

]
−
[
α′

α
+ β′ + (m+ 1)

U ′

U

] [
p(z − z0)ψ + (z − z0)2ψ′

]
−
[(

α′

α
+ β′

)′
−
(
α′

α
+ β′

)
U ′

U

]
(z − z0)2ψ = 0. (3.14)

That is p2 = p, then it must be a simple zero of f(z). Hence f(z) will take the
form f(z) = (z − z0)ψ(z). By lemma of logarithmic derivative we get

f ′

f
=

1

z − z0

+
ψ′

ψ
.

And

N

(
r,
ψ′

ψ

)
= S(r, ψ) = S(r, f),

as left side has simple pole at z = z0.
From (3.13) we have[

(m+ 1)

(
ψ′′

ψ
− U ′

U

ψ′

ψ

)
−
(
α′

α
+ β′

)
ψ′

ψ

]
(z − z0)−

[
α′

α
+ β′ + (m+ 1)

U ′

U

]
−
[(

α′

α
+ β′

)′
−
(
α′

α
+ β′

)
U ′

U

]
(z − z0) + 2(m+ 1)

ψ′

ψ
= 0.

From above we have

N(r, 0 : f) ≤ N

(
r, 0 : 2(m+ 1)

ψ′

ψ
−
(
α′

α
+ β′ + (m+ 1)

U ′

U

))
,

≤ N

(
r, 0 :

ψ′

ψ

)
+N

(
r, 0 :

(
α′

α
+ β′ + (m+ 1)

U ′

U

))
,

≤ T

(
r,
ψ′

ψ

)
+ S(r, f),

= S(r, ψ) + S(r, f) = S(r, f).

From the above two cases we get N(r, 1
f
) = S(r, f). Hence by Hadamard factor-

ization theorem, let f(z) = G(z)eν(z), where ν(z) is a non-constant polynomial
and G(z) being an entire function satisfies N

(
r, 1

G

)
= T (r,G) = S(r, f). Substi-

tute this in (3.8)

Gm+1(z)e(m+1)ν(z) +
[(
G(z + c)eν(z+c)

)(k)
]m

= αeβ

Gm+1(z)e(m+1)ν(z) +
N∑
r=0

(
N

r

) m∏
t=0

[(
G(z + c)eν(z+c)

)(k)
]t

= αeβ

Gm+1(z)e(m+1)ν(z) +
N∑

r=0,r 6=N

(
N

r

) m∏
t=0

[(
G(z + c)eν(z+c)

)(k)
]t

+ [G(z)eν(z)]m = αeβ.
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Divide completely by −[G(z)eν(z)]m,

−G(z)eν(z) +

∑N
r=0,r 6=N

(
N
r

)∏m
t=0

[(
G(z + c)eν(z+c)

)(k)
]t

−[G(z)eν(z)]m
+

αeβ

[G(z)eν(z)]m
= 1.

In view of Lemma 2.2, we have

f2(z) =
αeβ

[G(z)eν(z)]m
= 1

and

f3(z) =

∑N
r=0,r 6=N

(
N
r

)∏m
t=0

[(
G(z + c)eν(z+c)

)(k)
]t

−[G(z)eν(z)]m
= 1.

From f2(z) = 1 we have αeβ = [G(z)eν(z)]m.

From (3.8) and using Lemma 2.1 we get

(m+ 1)T (r, f) = T
(
r, f (m+1)

)
= T

(
r, αeβ −

(
f (k)
c

)m)
= T

(
r, (Geν)m −

(
f (k)
c

)m)
= T (r, fm) + T

r,
(
f

(k)
c

)m
fm

+ S(r, f)

≤ mT (r, f) + S(r, f)

a contradiction.

From f3(z) = 1, we have

∑N
r=0,r 6=N (Nr )

∏m
t=0

[
(G(z+c)eν(z+c))

(k)
]t

−[G(z)eν(z)]m
= 1

⇒ 1
−[G(z)eν(z)]m

[∑N
r=0

(
N
r

)∏m
t=0

[(
G(z + c)eν(z+c)

)(k)
]t
−
(
G(z)eν(z)

)m]
= 1

⇒ 1
−[G(z)eν(z)]m

[∑N
r=0

(
N
r

)∏m
t=0

[(
G(z + c)eν(z+c)

)(k)
]t]

+ 1 = 1

⇒ 1
−[G(z)eν(z)]m

(
f

(k)
c

)m
= 0

⇒
(
f

(k)
c

)m
= 0.

Which is contradiction. Hence, any finite order transcendental entire function
is not a solution of (3.1). �

Theorem 3.2. Let α1, α2 be non-zero polynomials and β1, β2 are two non-constant
polynomials. Let m,n ∈ Z+, with n > m+ 2. Then

fn(z) +
(
f (k)(z + c)

)m
= α1(z)eβ1(z) + α2(z)eβ2(z) (3.15)

has no transcendental finite order entire function.
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Proof. Let the given equation (3.15) can be written as,

fn +
(
f (k)
c

)m
= α1e

β1 + α2e
β2 . (3.16)

Let f(z) be a finite order transcendental entire solution of (3.16). We consider
the following two case.
Case 1: If β1(z)− β2(z) is a constant, then (3.15) becomes

fn +
(
f (k)
c

)m
= R1e

β1 (3.17)

where R1(z) is a polynomial. From Lemma 2.4, we get a contradiction when
R1(z) 6≡ 0. And for R1(z) ≡ 0, (3.17) takes the form

fn +
(
f (k)
c

)m
= 0. (3.18)

Since f(z) is entire, then from (3.18)

nT (r, f) = T (r, fn) = T
(
r,
(
f (k)
c

)m)
≤ m

(
r,

(
f

(k)
c

f

)m)
+m(r, fm) + S(r, f)

≤ mm(r, f) + S(r, f)

≤ mT (r, f) + S(r, f).

Which is a contradiction to our assumption n > m+ 2.
Case 2: If β1(z)− β2(z) is not constant.
Differentiating (3.16) on both sides.

nfn−1f ′ +m
(
f (k)
c

)m−1
f (k+1)
c = (α′1 + α1β

′
1)eβ1 + (α′2 + α2β

′
2)eβ2 . (3.19)

Eliminating eβ2 from (3.16) and (3.19).

(α′2 + α2β
′
2)fn − nα2f

n−1f ′ +D1(f) = Aeβ1 (3.20)

where

D1(f) = (α′2 + α2β
′
2)
(
f (k)
c

)m − α2m
(
f (k)
c

)m−1
f (k+1)
c . (3.21)

And

A = α1(α′2 + α2β
′
2)− α2(α′1 + α1β

′
1). (3.22)

Differentiating (3.20)

(α′2 + α2β
′
2)′fn + (α′2 + α2β

′
2)nfn−1f ′ − n(n− 1)α2f

n−2(f ′)2 − nα2f
n−1f ′′

+ (D1(f))′ = (A′ + Aβ′1)eβ1 . (3.23)

Eliminating eβ1 from (3.20) and (3.23)

[(A′ + Aβ′1)(α′2 + α2β
′
2)− A(α′2 + α2β

′
2)′] fn − [n(α2A)′ + nα2A(β′1 + β′2)] fn−1f ′

+Aα2n
[
(n− 1)(f ′)2 + ff ′′

]
fn−2 = R2(f).

(3.24)

Where

R2(f) = A(D1(f))′ − (A′ + Aβ′1)D1(f) (3.25)
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is a differential-difference polynomials in f(z).
Let

D = [(A′ + Aβ′1)(α′2 + α2β
′
2)− A(α′2 + α2β

′
2)′] f 2 − [n(α2A)′ + nα2A(β′1 + β′2)] ff ′

+ Aα2n
[
(n− 1)(f ′)2 + ff ′′

]
. (3.26)

Then, from (3.24), (3.26) and Lemma 2.3, we get

T (r,D) = m(r,D) = S(r, f), m(r, fD) = S(r, f).

If D 6≡ 0 then

T (r, f) = m(r, f) ≤ m(r, fD) +m(r,
1

D
) = S(r, f)

which is a contradiction. And if D ≡ 0 then T (f) ≡ 0.
Now, we will have the following two cases.

Subcase 2.1: If D1(f) 6≡ 0, we claim A 6≡ 0 or else, from (3.22) we get

$α2e
β2 = α1e

β1 (3.27)

where $ 6≡ 0 is a constant. Using (3.27) in (3.16), we get

fn +
(
f (k)
c

)m
= (1 +$)α2e

β2 . (3.28)

If $ 6= −1, then from Lemma 2.4, we get a contradiction.
If $ = −1, then from (3.28)

fn +
(
f (k)
c

)m
= 0. (3.29)

As in the above argument, we get a contradiction as well.
Hence, A 6≡ 0. In addition, from (3.25)

D1(f) = ΓAeβ1 (3.30)

where Γ 6= 0 is a constant. Using (3.30) in (3.20), we get

fn−1 [(α′2 + α2β
′
2)f − nα2f

′] =

(
1− Γ

Γ

)
D1(f). (3.31)

Denote
D2 = (α′2 + α2β

′
2)f − nα2f

′. (3.32)

Then, from (3.31), (3.32) and Lemma 2.3, we get

T (r,D2) = m(r,D2) = S(r, f), m(r, fD2) = S(r, f).

If D2 6≡ 0, then

T (r, f) = m(r, f) ≤ m(r, fD2) +m(r,
1

D2

) = S(r, f)

which is a contradiction. Hence, D2 ≡ 0 and Γ = 1.
Therefore

fn = ςα2e
β2 , D1(f) = Aeβ1 (3.33)

where ς is a non-zero constant. Bringing together (3.16) and (3.33) one can get(
ς − 1

ς

)
fn =

α1

A
D1(f)−

(
f (k)
c

)m
.
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From this and Lemma 2.3, together gives that ς = 1.
Hence

fn = α2e
β2 (3.34)(

f (k)
c

)m
= α1e

β1 (3.35)

From (3.34), we get

f (k)
c = h(z)e

β2(z+c)
n (3.36)

where h(z) =

[
α2(z + c)

1
n

(
e
β2(z+c)

n

)(k)

+
(
α2(z + c)

1
n

)(k)

e
β2(z+c)

n

]
is the kth de-

rivative of differential-difference polynomial.
Hence (

f (k)
c

)n
= hn(z)eβ2(z+c)

which implies that

nT (r, f (k)
c ) =

|σβ2|
π
|z|deg(β2)(1 + o(1)), |z| → ∞ (3.37)

where σβ2 is the coefficient of the highest term of β2(z). On other side, from
(3.35), it implies that

mT (r, f (k)
c ) =

|Υβ1|
π
|z|deg(β1)(1 + o(1)), |z| → ∞ (3.38)

where Υβ1 is the coefficient of the highest term of β1(z). From (3.37) and (3.38),
we have

m

n
=
|Υβ1|
|σβ2 |

|z|deg(β1)−deg(β2). (3.39)

If deg(β1) 6= deg(β2), then by (3.39), we get a contradiction as |z| → ∞.
If deg(β1) = deg(β2), then from (3.39), we get

m

n
= limz→∞

∣∣∣∣β1(z)

β2(z)

∣∣∣∣
which is a contradiction.

Subcase 2.2: If D1(f) ≡ 0, then from (3.21), we have

α′2 + α2β
′
2

α2

=

[(
f

(k)
c

)m]′
(
f

(k)
c

)m .

Hence (
f (k)
c

)m
= cα2e

β2 (3.40)

where c 6= 0 is a constant. Using (3.40) in (3.16), we get

fn + (c− 1)α2e
β2 = α1e

β1

that is
1

α1

(
fe
−α1
n

)n
+

(c− 1)α2

α1

e(
β2−β1
t )

t

= 1
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where t ≥ 3. β2 − β1 is not a constant, then from Lemma 2.5,c = 1. Hence, one
can have,

fn = α1e
β1

and (
f (k)
c

)m
= α2e

β2 .

Similar to above case, we get a contradiction. �

Theorem 3.3. Let n ≥ 2 be an integer and L(z, f) =
∑l

i=1 ai(z)f(z + λi) with
a1, a2, . . . , an(6= 0) be small functions of f and λi ∈ C, i = 0, 1, 2, . . . , n, λ0 6= 0.
Let P1, P2, Q1, Q2, q be polynomials such that deg(Q1) 6= deg(Q2). If f is a tran-
scendental finite order entire solution of the equation:

fn(z) + eq(z)L(k)(z, f) = P1(z)eQ1(z) + P2(z)eQ2(z) (3.41)

then the following holds:
(i) If deg(Q1) < deg(Q2) and ρ(f) = deg(Q1) then every solution of f satisfies
ρ(f) < max{deg(Q1), deg(Q2)} = deg(q).
(ii) If deg(Q1) < deg(Q2) and ρ(f) ≥ deg(Q2) then every solution of f satisfies
ρ(f) = deg(q) ≥ max{deg(Q1), deg(Q2)}.
Also, for deg(Q2) < deg(Q1), ρ(f) ≥ deg(Q1).

Proof. Suppose f(z) be a transcendental entire solution of finite order to equation
(3.41). In order to prove the theorem, we consider the following two cases.

Case 1: If ρ(f) < max{deg(Q1), deg(Q2)} then from (3.41) and Lemma 2.6
it follows that

T (r, eq) = m(r, eq) = m

(
r,
P1e

Q1 + P2e
Q2 − fn

L(k)

)
≤ m(r, P1e

Q1 + P2e
Q2) +m(r, fn) +m

(
r,

1

L(k)

)
+O(1)

≤ T (r, P1e
Q1 + P2e

Q2) + nT (r, f) + T (r,L(k))−N
(
r,

1

L(k)

)
+ S(r, f)

≤ T (r, P1e
Q1 + P2e

Q2) + nT (r, f) + T

(
r,
L(k)

L

)
+ T (r,L)−N

(
r,

1

L

)
− kN(r,L) + S(r, f)

≤ T (r, P1e
Q1 + P2e

Q2) + nT (r, f) +m

(
r,
L(k)

L

)
+N

(
r,
L(k)

L

)
+ T (r, f)−N

(
r,

1

L

)
+ S(r, f)

≤ T (r, P1e
Q1 + P2e

Q2) + (n+ 1)T (r, f) +N(r,L(k)) + S(r, f)

≤ T (r, P1e
Q1 + P2e

Q2) + (n+ 1)T (r, f) + S(r, f).
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Therefore T (r, eq) ≤ T (r, P1e
Q1 + P2e

Q2) + S(r, f).
This implies

deg(q) ≤ max{deg(Q1), deg(Q2)} (3.42)

Simultaneously, from Lemma 2.6 and (3.41) we have

T (r, P1e
Q1 + P2e

Q2) = m(r, P1e
Q1 + P2e

Q2)

= m(r, fn + eqL(k))

≤ m(r, fn) +m(r, eq) +m(r,L(k)) +O(1)

≤ nT (r, f) + T (r, eq) + T (r, f) + S(r, f)

≤ (n+ 1)T (r, f) + T (r, eq) + S(r, f)

≤ T (r, eq) + S(r, f).

This implies
max{deg(Q1), deg(Q2)} ≤ deg(q). (3.43)

From (3.42) and (3.43)

max{deg(Q1), deg(Q2)} = deg(q) and ρ(f) < deg(q).

Let us rewrite the (3.41) as

fn + eqL(k) = P1e
Q1 + P2e

Q2 . (3.44)

Differentiating (3.44)

nfn−1f ′ + eq[q′L(k) + L(k+1)] = [P1Q
′
1 + P ′1]eQ1 + [P2Q

′
2 + P ′2]eQ2 . (3.45)

Eliminating eQ1 and eQ2 from (3.44) and (3.45)

A1f
n − nfn−1f ′ + (A1 − A0)L(k)eq = P2(A2 − A1)eQ2 . (3.46)

A2f
n − nfn−1f ′ + (A2 − A0)L(k)eq = P1(A2 − A1)eQ1 . (3.47)

Where, A0 = q′ + L(k+1)

L(k) , A1 =
P ′1
P1

+Q′1 and A2 =
P ′2
P2

+Q′2.

Since deg(Q1) 6= deg(Q2). Clearly A2−A1 6= 0. We have deg(Q1) = deg(Q2) and
deg(Q1) = ρ(f).
Differentiating (3.46) and eliminating eQ2

B1 +B2e
q = 0. (3.48)

Where
B1 = fn−2 [(A′1 − A1A3)f 2 + (A1 + A3)nff ′ − n(n− 1)(f ′)2 − nff ′′]

B2 =
[

(A1−A0)′

A1−A0
+ q′ + L(k+1)

L(k) − A3

]
(A1 − A0)L(k),

A3 =
P ′2
P2

+ (A2−A1)′

A2−A1
+Q′2.

Since ρ(f) < deg(q), then by Lemma 2.7 and (3.48) we get B1 ≡ B2 ≡ 0. There-

fore B2 ≡ 0. We must have neither A1−A0 = 0 nor (A1−A0)′

A1−A0
+q′+ L(k+1)

L(k) −A3 = 0.



EXIST OF ENTR SOLNS FOR kth DER OF CERT TYPE OF NON-LIN DIFF-DIFF EQNS93

Subcase 1.1: Suppose A1 − A0 = 0, then on integrating,

P1e
Q1 = C1L

(k)eq, C1 6= 0 a constant. (3.49)

If C1 ≡ 1, then using (3.49) in (3.44),

fn = P2e
Q2 .

Since ρ(f) < deg(Q2). Which is a contradiction.

If C1 6≡ 1, then from (3.49) and (3.44)

fn + (1− C1)L(k)eq = P2e
Q2 . (3.50)

Differentiate (3.50) to eliminate eQ2 ,

nfn−1f ′ + (1− C1)L(k+1)eq + (1− C1)L(k)eqq′ = (P ′2 + P2Q
′
2)eQ2 . (3.51)

A2f
n − nfn−1f ′ + (A2 − A0)(1− C1)L(k)eq = 0. (3.52)

This can be written as

B3 +B4e
q = 0

where, B3 = fn−1(A2f − nf ′), B4 = (A2 − A0)(1− C1)L(k).
Similar to subcase 1.1, we get B3 ≡ B4 ≡ 0. From B4 ≡ 0, we must have
A2 − A0 = 0. Since C1 6= 1 and L(k) 6= 0, A1 = A2. Hence, it becomes contra-
dictory to A2 − A1 6= 0.

Subcase 1.2: Suppose (A1−A)′

A1−A0
+ q′ + L(k+1)

L(k) − A3 = 0, then

(A1 − A0)L(k)eq = C2P2(A2 − A1)eQ2 , C2 6= 0. (3.53)

We claim that C2 = 1, otherwise from (3.53) we have

L(k)(z) = H(z)eu(z) (3.54)

where, H(z) =
(
A2(z−c)−A1(z−c)
A1(z−c)−A0(z−c)

)
P2(z − c)C2 and u(z) = Q2(z − c)− q(z − c).

Since C2 6= 1 we have deg(u) = deg(Q2), which is contradiction. Therefore
C2 = 1.
Substituting (3.54) in (3.46) we get

fn = C3P1e
Q1 , C3 6= 0. (3.55)

We claim C3 = 1. Otherwise, using (3.55) in (3.44) and after simplification we
get,

eqL(k) − P2e
Q2 = (1− C3)P1e

Q1 . (3.56)

Since deg(Q2) = deg(q) > deg(Q1) and by Lemma 2.7 we get (1 − C3)P1 = 0.
Since P1 6= 0, therefore we must have C3 = 1.
Similarly we can prove another case as well.
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Case 2: If ρ(f) > max{deg(Q1), deg(Q2)}, it follows from Lemma 2.6 and eqn
(3.44) that,

T (r, eq) = m(r, eq)

= m

(
r,
P1e

Q1 + P2e
Q2 − fn

L(k)

)
+ S(r, f)

≤ m(r, eQ1) +m(r, eQ2) + (n+ 1)m(r, f) + S(r, f)

≤ (n+ 1)T (r, f) + S(r, f).

Which intend to deg(q) ≤ ρ(f).
Now, we will prove deg(q) = ρ(f). Otherwise, if deg(q) < ρ(f), we will ex-
hibit the contradiction. Denote M1(z) = L(k)eq and M2(z) = P1e

Q1 + P2e
Q2

then T (r,M2) = S(r, f) and T (r,M1) = S(r, f). Equation (3.44) becomes
fn = M2(z)−M1(z) and from Lemma 2.3 we get m(r, f) = S(r, f) and N(r, f) =
S(r, f). Therefore T (r, f) = S(r, f), Which is a contradiction.
∴ deg(q) = ρ(f) > max{deg(Q1), deg(Q2)}.

Case 3: If ρ(f) = max{deg(Q1), deg(Q2)}, it follows from Lemma 2.6 and (3.44)

T (r, eq) = m(r, eq) = m

(
r,
P1e

Q1 + P2e
Q2 − fn

L(k)

)
+ S(r, f)

≤ m

(
r,

1

L(k)

)
+m(r, P1e

Q1 + P2e
Q2) +m(r, fn) +O(1)

≤ (n+ 1)T (r, f) + T (r, eQ1) + T (r, eQ2) + S(r, f).

Which implies that

deg(q) ≤ ρ(f).

We now prove deg(q) = ρ(f). Otherwise, if deg(q) < ρ(f) and denoting M3(z) =
L(k)eq then T (r,M3) = S(r, f) and (3.44) becomes

fn +M3 = P1e
Q1 + P2e

Q2 . (3.57)

Differentiating (3.57) and eliminating eQ1 and eQ2 we get

A1f
n − nfn−1f ′ +G1(z, f) = P2A3e

Q2 (3.58)

A2f
n − nfn−1f ′ +G2(z, f) = −P1A3e

Q1 (3.59)

where A3 = A1 − A2, G1(z, f) = A2M3 −M ′
3 and G2(z, f) = A1M3 −M ′

3.
Again differentiating (3.58) and eliminating eQ2 , we get

fn−2φ(z) = G3(z, f) (3.60)

where G3(z, f) = G1A4 − G′1, A4 =
(
A′3
A3

+ A2

)
and φ(z) = (A′1 − A1A4)f 2 +

n(A1−A4)ff ′−n(n−1)(f ′)2−nff ′′. SupposeG3 = 0 then we haveG1A4−G′1 = 0.
If G1 = 0 then L(k)eq = C4P1e

Q1 and degQ1 = ρ(f). Since deg(Q2) = ρ(f) >
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deg(Q1), which is a contradiction. Therefore G3 6= 0 then we have G1A4 −G′1 =
0⇒ G1 = C5A3P2e

Q2 . Substituting this in (3.58)

fn−1(A1f − nf ′) =

(
1

C6

− 1

)
G1, C6 6= 0.

We get A1f − nf ′ = 0 ⇒ fn = C7P1e
Q1 . C7 6= 0 and ρ(f) = deg(Q1), which is

a contradiction.
∴ G3(z, f) 6= 0 and it follows that φ(z) 6= 0.
Consider

φ(z) = l1f
2 + l2ff

′ + l3(f ′)2 + l4ff
′′ (3.61)

where, l1 = A′1−A1A4, l2 = n(A1−A4), l3 = −n(n− 1), l4 = −n and l1, l2
be meromorphic functions that are non-zero with T (r, li) = S(r, f), i = 1, 2.
We now consider the following cases.

Subcase 3.1: If f has finite number of zeros then, f is of the form f(z) =
S1(z)eS2(z), where S1, S2 are polynomials, S1 6= 0 and deg(S1) = deg(Q2), deg(S2) >
deg(q). Substituting f(z) in (3.58), we get[

A1S
n
1 − nSn−1

1 (S ′1 + S1S
′
2)
]
enS2 +G1(z, f) = A3P2e

Q2 . (3.62)

If A1S
n
1 − nSn−1

1 (S ′1 + S1S
′
2) = 0 then C8P1e

Q1 = Sn1 e
nS2 , c8 6= 0 and since

deg(Q1) < deg(S2), it follows from Lemma 2.7 that P1 = 0 which is illogical.
Therefore A1S

n
1 − nSn−1

1 (S ′1 + S1S
′
2) 6= 0.

Suppose

S2(z) = anz
n + an−1z

n−1 + · · ·+ a0

α2 = bnz
n + bn−1z

n−1 + · · ·+ b0

where ai, bi0 ≤ i ≤ n are constants and anbn 6= 0.

Sn−1
1 [A1S1 − n(S ′1 + S1S

′
2)] enan−bnz

n+···na0−b0 +
[
A1L

(k)eq − (L(k)eq)′
]
·

ean−bnz
n+···+(a0−b0) = A3P2.

From (3.62), we get a contradiction.

Subcase 3.2 If f has infinitely many zeros, then from (3.61) we get simple
zeros of f are infinite. On differentiating (3.61) we get

φ′(z) = l′1f
2 + (2l1 + l′2)ff ′ + l2(f ′)2 + (2l3 + l4)f ′f ′′ + l2ff

′′ + l4ff
′′′. (3.63)

From (3.61) and (3.63), we obtain

f ′ [(l2φ− l3φ′)f ′ + φ(2l3 + l4)f ′′]

= f [(φ′l1 − φl′1)f + (φ′l2 − 2l1φ− φl′2)f ′ + (φ′l4 − l2φ)f ′′ − φl4f ′′] (3.64)

If f has simple zero at z0 and not the zero and pole of the coefficients of (3.64).
Substituting z0 in (3.64), we note that z0 is zero of (l2φ− l3φ′)f ′ + φ(2l3 + l4)f ′′.
Let

Ψ(z) =
(l2φ− l3φ′)f ′ + φ(2l3 + l4)f ′′

f
. (3.65)
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Clearly T (r,Ψ) = O(logr) by Lemma 2.8 we can conclude that Ψ is not irrational
function. It follows from (3.65)

f ′′ =
Ψf

n(1− 2n)φ
−
(

l2
n(1− 2n)

+
n− 1

(1− 2n)

φ′

φ

)
f ′ (3.66)

By substituting (3.66) in (3.61)

φ = v1f
2 + v2ff

′ + v3(f ′)2 (3.67)

where v1 = l1− Ψ
(1−2n)φ

, v2 = (2−2n)l2
(1−2n)

+ n(n−1)
(1−2n)

φ′

φ
, v3 = −n(n−1), vj, j = 1, 2

are rational functions and

T (r, vi) = S(r, f), i = 1, 2, 3. (3.68)

By the similar arguments from (3.61) and (3.67)(
v3
φ′

φ
+ v2 + v′3

)
η − v3η

′ = 0 (3.69)

where η = v2
2 − 4v1v3 is a rational function.

Now we will have the following cases.

Subcase 3.2.1: If η 6= 0. Then (3.69) becomes

v2

v3

=
η′

η
− φ′

φ
− v′3
v3

.

On integration, eQ1+Q2 = κ
P1P2A3

η
1−2n

2 φn−1 ∈ S(r, f), only when Q1 = −Q2, which

is a contradiction, since deg(Q1) < deg(Q2).

Subcase 3.2.2: If η = 0 then (3.67) becomes

φ = v3

[
f ′ +

v2

2v3

f

]2

. (3.70)

Let γ = f ′ + v2
2v3
f, γ 6= 0 and T (r, φ) = S(r, f), we have

T (r, γ) = S(r, f) and f ′ = γ − v2

2v3

f. (3.71)

Put (3.71) in (3.58) and (3.59)(
A1 +

v2

2v3

n

)
fn − nγfn−1 +G1(z.f) = A3P2e

Q2(
A2 +

v2

2v3

n

)
fn − nγfn−1 +G2(z.f) = A3P1e

Q1

(3.72)
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If A1 + v2
2v3
n ≡ 0 and A2 + v2

2v3
n ≡ 0 then we get A3 = 0 which is absurd.

Consequently,
(
A1 + v2

2v3
n
)(

A2 + v2
2v3
n
)
≡ 0. Otherwise, set

H1 =

(
A1 +

v2

2v3

n

)
fn − nγfn−1 +G1(z, f)

H2 =

(
A2 +

v2

2v3

n

)
fn − nγfn−1 +G2(z, f).

Since A3 6= 0 and P2 6= 0 then from (3.72), we haveN(r, 1
Gt

)+N(r, f) = N(r, 1
A3

)+

N(r, f) = S(r, f), t = 1, 2. From (3.68) and (3.71) there exists two small functions
Q1, Q2 of f such that

H1 =

(
A1 +

v2

2v3

n

)
(f −Q1)n = P2A3e

Q2 (3.73)

and

H2 =

(
A2 +

v2

2v3

n

)
(f −Q2)n = −P1A3e

Q1 . (3.74)

Based on Nevanlinna second fundamental theorem concerning to that Q1 = Q2

then from (3.73) and (3.74) we get

eQ1−Q2 = −

(
A2 + nv2

2v3

)
(
A1 + nv2

2v3

) ∈ S(r, f)

this is possible only when Q1 = Q2 which becomes contradiction to deg(Q1) <
deg(Q2).

∴ ρ(f) = deg(q) = max{deg(Q1), deg(Q2)}.
�

References

1. Chung-chun Yang. (1970). A generalization of a theorem of p. montel on entire functions.
Proceedings of the American Mathematical Society, 26(2):332–334.

2. Chung-Chun Yang and Hong-Xun Yi. (2003). Uniqueness theory of meromorphic functions,
volume 557. Springer Science & Business Media.

3. Chung-Chun Yang and Hong-Xun Yi. (2004). Uniqueness theory of meromorphic functions,
volume 557. Springer Science & Business Media.

4. J. Clunie. (1962). On integral and meromorphic functions. Journal of the London Mathe-
matical Society, 1(1):17–27. https://doi.org/10.1112/jlms/s1-37.1.17

5. RS Dyavanal and MM Mathai. (2016). Entire and meromorphic solutions of linear
difference equations. Fasciculi Mathematici, (56):43–59. http://dx.doi.org/10.1515%

2Ffascmath-2016-0003

6. Gerd Weissenborn.(1986). On the theorem of tumura and clunie. Bulletin of the London
Mathematical Society, 18(4):371–373.

7. RG Halburd and RJ Korhonen. (2006). Difference analogue of the lemma on the logarithmic
derivative with applications to difference equations. Journal of Mathematical Analysis and
Applications, 314(2):477–487. https://doi.org/10.1016/j.jmaa.2005.04.010

8. WK Hayman.(1959). Picard values of meromorphic functions and their derivatives. Annals
of Mathematics, pages 9–42.

https://doi.org/10.1112/jlms/s1-37.1.17
http://dx.doi.org/10.1515%2Ffascmath-2016-0003
http://dx.doi.org/10.1515%2Ffascmath-2016-0003
https://doi.org/10.1016/j.jmaa.2005.04.010


98 J. PATTAR, N. SHILPA

9. Ilpo Laine and Chung-Chun Yang. (2007). Clunie theorems for difference and q-difference
polynomials. Journal of the London Mathematical Society, 76(3):556–566. https://doi.
org/10.1112/jlms/jdm073

10. Liang-Wen Liao.(2015). Non-linear differential equations and hayman’s theorem on dif-
ferential polynomials. Complex Variables and Elliptic Equations, 60(6):748–756. https:

//doi.org/10.1080/17476933.2014.972390

11. Liang-Wen Liao, Chung-Chun Yang, and Jian-Jun Zhang.(2013). On meromorphic solu-
tions of certain type of non-linear differential equations. Ann. Acad. Sci. Fenn. Math,
38(2):581–593. https://doi.org/10.5186/aasfm.2013.3840

12. E Mues and N Steinmetz.(1981). The theorem of tumura-clunie for meromorphic functions.
Journal of the London Mathematical Society, 2(1):113–122.

13. Ping Li. (2011). Entire solutions of certain type of differential equations ii. Journal of
mathematical analysis and applications, 375(1):310–319. http://dx.doi.org/10.1016/j.
jmaa.2010.09.026

14. Ping Li and Chung-Chun Yang.(2006). On the nonexistence of entire solutions of certain
type of nonlinear differential equations. Journal of mathematical analysis and applications,
320(2):827–835. https://doi.org/10.1016/J.JMAA.2005.07.066

15. Tania Biswas and Abhijit Banerjee. (2021). Finite-order transcendental entire solutions of
generalized non-linear shift equations. Mediterranean Journal of Mathematics, 18(4):1–25.
https://doi.org/10.55730/1300-0098.3268

16. Walter Kurt Hayman. (1964). Meromorphic functions, volume 78. Oxford Clarendon Press.
17. Xiaoguang Qi.(2011). Value distribution and uniqueness of difference polynomials and entire

solutions of difference equations. In Annales Polonici Mathematici, volume 2, pages 129–142.
http://dx.doi.org/10.4064/ap102-2-3

18. Xiaoguang Qi, Jia Dou, and Lianzhong Yang. (2014). The properties of solutions of certain
type of difference equations. Advances in Difference Equations, 2014(1):1–10. https://

doi.org/10.1186/1687-1847-2014-256

19. Xiaoguang Qi and Lianzhong Yang.(2013). Properties of meromorphic solutions to
certain differential-difference equations. Electronic Journal of Differential Equations,
2013(135):1–9.

20. Xiaoguang Qi and Lianzhong Yang. Entire solutions of some differential–difference equa-
tions. Bulletin of the Iranian Mathematical Society, 46(2):579–591, 2020. https://doi.
org/10.1007/s41980-019-00277-5

21. C-C Yang and Ping Li. (2004). On the transcendental solutions of a certain type of nonlinear
differential equations. Archiv der Mathematik, 82(5):442–448. https://doi.org/10.1007/
s00013-003-4796-8

22. Yik-Man Chiang and Shao-Ji Feng. (2008). On the nevanlinna characteristic of f(z + η)
and difference equations in the complex plane. The Ramanujan Journal, 16(1):105–129.
https://doi.org/10.1007/s11139-007-9101-1

23. Zhi Tao Wen, Janne Heittokangas, and Ilpo Lain.(2012). Exponential polynomials as so-
lutions of certain nonlinear difference equations. Acta Mathematica Sinica, English Series,
28(7):1295–1306. https://doi.org/10.1007/s10114-012-1484-2

1 Department of Mathematics, Maharani’s Science College for Women, Ma-
harani Cluster University, Bengaluru-560001, Karnataka, India.

Email address: jspmcu.2019@gmail.com

2 Department of Mathematics, School of Engineering, Presidency University,
Bengaluru-560064, Karnataka, India.

Email address: shilpajaikumar@gmail.com

https://doi.org/10.1112/jlms/jdm073
https://doi.org/10.1112/jlms/jdm073
https://doi.org/10.1080/17476933.2014.972390
https://doi.org/10.1080/17476933.2014.972390
https://doi.org/10.5186/aasfm.2013.3840
http://dx.doi.org/10.1016/j.jmaa.2010.09.026
http://dx.doi.org/10.1016/j.jmaa.2010.09.026
https://doi.org/10.1016/J.JMAA.2005.07.066
https://doi.org/10.55730/1300-0098.3268
http://dx.doi.org/10.4064/ap102-2-3
https://doi.org/10.1186/1687-1847-2014-256
https://doi.org/10.1186/1687-1847-2014-256
https://doi.org/10.1007/s41980-019-00277-5
https://doi.org/10.1007/s41980-019-00277-5
https://doi.org/ 10.1007/s00013-003-4796-8
https://doi.org/ 10.1007/s00013-003-4796-8
https://doi.org/10.1007/s11139-007-9101-1
https://doi.org/ 10.1007/s10114-012-1484-2

	1. Introduction and preliminaries
	2. Lemmas
	3. Main results
	References

