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SOME COMMON FIXED POINT THEOREMS ON
TRICOMPLEX VALUED PARAMETRIC METRIC SPACE

S. POORNAVEL* N. BALAMURUGAN! AND HASANEN A. HAMMAD??

ABSTRACT. The goal of this manuscript is to present the concept of tricomplex-
valued parametric metric space. In this space, some common fixed-point the-
orems are introduced. Our results unify and generalize many papers in the
same direction. Moreover, some illustrative examples are presented to support
the theoretical results. Finally, our results are applied to find the existence of
a solution to a linear system of equations.

1. INTRODUCTION AND PRELIMINARIES

Serge [1] made a pioneering attempt at improving special algebras. He con-
ceptualized the commutative generalization of complex numerals as bicomplex
numerals, tricomplex numerals, etc. as elements of an infinite set of algebra.
Subsequently, during the 1930s, other investigators also contributed to this field
(2, 3, 4]. But unfortunately, the next fifty years failed to witness any advance-
ment. After that, Price [5] improved the function theory and bicomplex algebra.
Afterward, renewed interest in this subject finds few more significant applications
in different branches of mathematical sciences as well as other fields of science and
technology. Also, one can see the attempts in [6]. An impressive body of work has
been developed by a number of researchers. Among them an important work on
the basic functions of bicomplex numerals has been done by Luna-Elizaarrards
et al. [7] and Choi et al. [8]. They proved few CFPTs (common fixed point
theorems) in connection with two weakly compatible maps in bicomplex valued
metric spaces. Jebril [9] proved some CFPTs under rational contractions for a
pair of maps in bicomplex valued metric spaces. In 2021, Beg et al. [10] proved
the following fixed point theorems on bicomplex valued metric spaces. In 2022,
Gunaseelan et al. [11] introduced the concept of tricomplex valued metric space
and proved CFPTs. In 2022, Ramaswamy et al. [12] proved fixed point results
in tricomplex-valued metric spaces using control functions. Very recently, many
papers concerned with the field of fixed points and their applications have been
published, for more details see [13, 14, 15, 16, 17, 18].
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In this study, we use the Cy, C;, Cy and C3 as the family of real, complex,
bicomplex and tricomplex numerals respectively. Price [5] defined the tricomplex
number as:

3‘? =0 + Clgil + Cl3i2 + Cl4j1 + Cl5’i3 + Cl6j2 + Cl7j3 + Clgi4,

where ay, as, as, ay, u5, ag, a7, ag € Cy, and independent units 41, 29, 23, 14, j1, j2, J3
are s. t (SUCh that) Zl = Zi = 1,i4 = iljg = iligig,jg = ilig = i3i1,j22 = ]_,jl =

i119 = iyi; and j7 = 1, C3 be the set of tricomplex number is defined as:
Cy = {R: R = a1 + aziy + agiz + aqji + asiz + dgjz + arjs + agiy,
ai, dg, A3, Ay, A5, dg, a7, ag € Co},
ie.,
= {9% R = 21 + i329, 21, 29 € Csy},

where Z1 = a1 + agiy € CQ and Zo = O3 + Q49 € (CQ. If §R = 21 + ’i322 and
¥ = 1o;+i3toy be any two tricomplex numerals then the sum is R+19 = (21 +iz22)+
(101 +i3109) = 21101 +13(22t05) and the product is R = (z1+1i322) (101 +i3109) =
(211‘01 — ngg) + i3(21m2 + ngl).

There are four idempotent elements in Cs, they are 0,1, ¢ = , g = % out
of which e; and ey are nontrivial s. t e; + e; = 1 and e;e; = 0. Every tricomplex
number z; + 1325 can be uniquely be expressed as the combination of e¢; and ey,
namely

1473
2

5}} =2z + igZQ = (21 — i222)€1 + <21 + i222)62.

Here R is saying that the idempotent representation of a tricomplex number and
its coefficients R, = (21 —iz22) and Ry = (21 + i229) are idempotent elements of
the bicomplex numeral R.

An element R = 2, + 325 € Cs is called invertible if 3 another element 9 € Cj s.
t R = 1 and ¥ is called inverse(multiplicative) of ®. Consequently R is called
the inverse(multiplicative) of ¥. An element which has an inverse in Cs is called
a nonsingular element of C3 and an element which does not have an inverse in
Cjs is called a singular element of Cj.

An element R = 2y 4 ig2, € Cg is non-singular if and only if |2 + 22| # 0 and
singular if and only if |27 + 23| = 0.

The inverse of R is define by

S )
22 4 23
The norm ||.]| of Cs is a positive real valued function and ||| : C3 — C{ is define

by
IRI] = |21 + d320]| = {|2]* + |2}

(21 — i222)]? + (21 +1220) ] 2
2

=@+t +al+ad+ai+a+altad)e,
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where 3% = a1 + a9i1 + agio + a4 + 503 + agJo + a7J3 + agiy = 21 + i329 € Cg.
A norm linear space is the linear space C3 with respect to a defined norm; also,
Cs is complete; as a result, Cs is the Banach space. If ®, 9 € Cs then HERQ9|| <
2|[R][|9]] true instead of ||| < ||R]|||9]|, hence Cj is not the Banach algebra.
The partial order relation =<;, on Cj is defined as follows: Let C; be the family

of tricomplex numerals and R =2 + 1322, ¥ = 10y + 13109 € C3 then R =i, U if
and only if z; < tv; and 25 =< 1oy, i.e., 8 =i, U if one of the given conditions is
hold:
(a) 21 = 101, 29 = 109,
(b) 21 <101, 29 = 109,

(C) Z1 = W01, 29 < 109, and

(d) 21 <101, 29 < 109,
Specifically, we may write R Sis U if R <;, ¥ and R # 9, that is, one of (b),(c)
and (d) is hold, and we will write R <;, ¥ if only (d) is hold.
For any two tricomplex numerals R, 9 € Csy. The following can be validated:
1) R =, 0 = [|R]] < [|9]],
2) ||®+ 2 < |[R[| + 9],
3) ||laR|| = a||R||, where a is a non negative real number,
4) [|R0]| < 2/|R]][]9]| and the equality holds only when at least one of 3¢ and

19 is nonsingular,
(5) [|R7Y] = [|R||"" if R is a nonsingular,

(6) H%H = %, if ¥ is a nonsingular.

Now, we review some fundamental ideas and notations that will be utilized in the
sequel.

(
(
(
(

Definition 1.1. [L1] Let ¥ be a nonempty set where as C3 be the family of
tricomplex numerals. Assume that the map 0 : U x ¥ — Cj, satisfies the following
conditions:

(A1) 0 =<, 5(,5) YV, 0, €V and 5(@, e) = 0 if and only if o = ¢;

(A2) d(0,¢) =6(c,0) V o,e € V;

(A3) 0(0,¢) < (0, 2) +0(z,6) ¥V 0,6,2 € V.
Then § is called the tricomplex valued metric on ¥, and (\If,gb) is called the
tricomplex valued metric space.

Definition 1.2. Let ¥ be a nonempty set whereas C3 be the set of tricomplex
numerals. Suppose that the mapping 60 x U x (0,00) — Cj, satisfies the
following conditions:
(A1) 0 =y, 5(@,5, p), for all g, € ¥ and 5(@,8, p) = 0 if and only if p = &;
(A2) 5(@,5, p) = i(e, o, p)V 0,6 €V andp >0
(A3) 5(@,6, p) < 0(0,2,p) +0(z,e,p), V 0,6,z € ¥ and p > 0.
Then 4 is called the TCVP on ¥, and (¥, d) is called the TCVPS.

Example 1.3. Let ¥ = [0,1] and ¢ : ¥ x W x (0,00) — C3 be defined by

5(0,e,p) = plo—¢le®s, ¥V p > 0. Then (¥,0) is a TCVPS.
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Definition 1.4. Let (U, ) be a TCVPS and B8 C U,
(B1) a € B is said to be an interior point of 8 whenever for each 0 <;, s € C3
s. t
N(a,s,p) C B,

where N(a,s,p) = {e € ¥ : o(a,e,p) =i, 5} and p > 0.
(B2) A point p € VU is called limit point of B whenever there is 0 <;, s € Cs,

N(Q757 p) U <% - \II) 7é Q)u

for all p > 0.

(B3) A subset A C ¥ is said to be a open whenever every element of A is an
interior point of A. A subset B C W is called closed whenever each limit
point of ‘B belongs to B. The family

F ={N(p,5,p) : 0€ V,0 <y, 5,p > 0}

is a sub-basis for a topology on ¥. We denote this tricomplex topology
by Tips. Indeed, the topology 74, is Hausdorff.

Definition 1.5. Let (¥,0) be a TCVPS. A sequence {g¢} in ¥ is said to be a
convergent to o € W if for each 0 <;,5€ Cj there exists &) € N's. t (e, 0, p) <is g,
VE>E, p>0.

Lemma 1.6. Let (\11,5) be a TCVPS. A sequence {o¢} € U is converges to p € ¥
if and only if lim |16(or, 0,p) | = 0.
—00

Proof. Let {0¢} is a convergent sequence and converges to a point ¢ and let 3> 0
be any real number. Suppose
= = ) .2 ) .2 > >
Y R ARV Ry RV - ov - v v+
Then 0 <;, q € C; and for this q there is a natural number & € N s. t

d(0e, 0,p) <is q, ¥V € > . Therefore
10(0¢, 0,p) < |lal| =3, Ve > &.

+ 1 + J3 + 1y

Hence elgglo 116(0¢, 0,p)|| = 0.
Conversely, let Elgg [|0(0e, 0,p)|| = 0. Then for each 0 <;, q € Cs, there exists a
real number > 0 s. t for all ® € Cs,
IR|] <= R <, q.
Then, for this 3> 0, there exists ¢; € N s. t
116(0e, 0,P)|| <3, ¥ &> &

Therefore,

6(@37 0, p) _<i3 q, Ve Z EO'

Hence {g¢} converges to a point p. O
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Definition 1.7. Let (\11,6) be a TCVPS. A sequence {g} in V¥ is said to be
a Cauchy sequence in (¥,¢) if for any 0 <;,2€ Cg, there exists h € N s. ¢

5(0¢, Orins P) <isD, VENEN, p>0and €&n> h.

Definition 1.8. Let (¥, 0) be a TCVPS, and {g¢} be any sequence in W. Then,

if every Cauchy sequence in W is convergent in W then (U, 0) is called a complete
TCVPS.

Lemma 1.9. Let (¥,0) be a TCVPS and {oe} be a sequence in W. Then {oe} is
a Cauchy sequence in V if and only if Blim 16(0¢, 0e1n, P)|| = 0.
—00

Proof. Let {g¢} is a Cauchy sequence in ¥ and > 0 be any real number. Suppose

+ 1 + J2 + J3

3 ,.,2,,2 .3 .3 .3 .3 .5
TR TIR TR TR TR TR TR T
Then 0 <;, q € C; and for this q there is a natural number & € N s. t

5(0e, Oe1n, P) <is Q, V € > . Therefore,
\\5(Q3,Q3+n,p)|] <|lq|| =3, V &>y, and p > 0.
And this implies,
lim ||5(937 Ot+n, p)|| = 0.
t—o0

Conversely, let Elg]élo ‘|5(Q3, Otin;P)|| = 0. Then for each 0 <;, q € C5, there exists
a real number 3> 0s. t, VR € C5,
IR|] <= R <, q.

Then, for this > 0, there exists a natural number ¢, € N s. t

|16 (0¢, 064, P)|| <2, V € > & and p > 0.
Therefore,

(08, Oesns P) <4y 40 ¥ € > £, andp > 0.
Hence {g¢} is a Cauchy sequence. O

Definition 1.10. Let S and T be self maps of non-void set W. A point ¢ € V is
said to be a CFP of S and T if o = Sp= To.

2. MAIN RESULTS

In this part, we use the rational type contraction condition to illustrate the

CFP theorem in TCVPS.

Theorem 2.1. Let (\11,5) be a complete TCVPS and a self map S and T are
satisfies:

. .. vd(o,So,p)o(e, Te,p) + 55,8 .p)o(o, Te,
5(S0.Te. p) < ub(o.e.p) + 22(&52:P)(e Te,p) +19(e, Se, p)o(e, T, p)
1+4(o,e,p)

forall p,e € ¥ and p > 0, where ji, v,y are non-negative reals with p+2v+2vy < 1,
then S and T have a UCFP (unique common fized point).
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Proof. Let g9 be an arbitrary point in ¥ and define 0,01, = S0, 01, =
T0y41,8=0,1,2,---. Then

0(0st 11, 0212, P) = 0(S0us TOsr1, P) =iy 110(0at, Ost 41, P)

i Vg(@ze,SQz%, P)5(Qze+u T 02641, P) + 75(&%, T 02641, P)5(Qze+l7392e, P)
1 + (S(sz Ozt+1, p)

Since g,p11 = So,¢ implies b (02641, S0, p) = 0, therefore

IN IN 1/5 , 0 ) 5 0 Y )
5(@12-{-17 02842, p) jig ,U(S(sz’ 02841, p) + (QZB ZH_'l' p) ( e p)
1+ 6(0.¢, 0211, P)

I

which implies that

27/| |5(Qze, 02641, P)||||5(Qzé+la Q2642 P)||
|1+ (0s¢, 0s641P)]|

Since Hl + 5(9287 Ozt+1; p)H > Hg(gz{h O2t+415 p)H, therefore

||5(QZE+17 Oz26+2, p>|| S H’Hg(gzéa Oz¢+1, p)|| +

”5(928+17 O2t+25 p)H < ,UH('S.(QZ& Q241 p)H + 2VH£(Q7.€+1: Q242 p)H7

so that

1
1—2v

|‘5(Qzé+1a 02842, p)|| S ||5(Q287 O2t+1, p)“

Also,

5(Qzé+z> 02643, p) = 5(ngg+l, [ 02642, p)
- 5(892E+17 TQzE—I—la p)
jig ﬂd(QZEJrZa Q2641 p)

+ VS(QZ{’+27 SQzE—l—za p)é(QzE—Ha TQZE+17 p) + 75(9284-17 8923—&—27 p>5(QzE+za TQZE—H, P)
1+ 5(QZB+Z> O2t+1, p)

Since g,p1, = T Qe implies 0 (Qat42; T 0a1a,P) = 0, therefore

. . l/5 QZE 29 SQZE 2 p 5 QZE s TQZE , p
5(QZE+27 O2e+35 p) ——<i3 /“L(;(Qlé-i-la O2t+1, p) + ( + ..+ ) ( t 1 )
1+ 5(Qz€+17 Q2641 P)

)

which implies that

2v| |5<sz+2: 0243, P)||||5(sz+l, 02642, P)||

110(0at 12> 0at135 P)|| < 11l|0(0at 12, Oae 1, P)|| + -
|14+ 602642, Ost41, P)|]

AS Hl + 5(QZE+Z7 O2t+1, p)H > “5(QZE+27 O2t+1, p)H7 therefore

M .
)
1—21/H

|‘5(Q2E+27 QzE+3a p)” S (sz—i—la Q2642 p)”

Putting h = —£-, we have ( V £)

1-2v7

| < P20 0PI < - < W15 (00, 00, D)

110(0e, 0641, P)|| < B[6(0e—1, 00, P)
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Therefore, for any n > £, we have

||5<QE7 On, p)H S H(;(QE? O¢+1, p)“ + ||5(QE+17 O¢+2, p)H + |‘5(Qe+2’ O¢+3, p)|| ey ||5<Qm—17 On, p)||
< B B B (s 01,

< [1?h}ll5(90,91,p)ll,

which implies that

.. E
18ee. en Pl < |77

From Lemma 1.9, the sequence {g;} is Cauchy. Since ¥ is complete, 3 w € ¥
. t ¢ = w as £ — oo. On the contrary, assume that @ # Sw, thus 0 <;; 2z =
d(w, Sw, p) and henceforth we can have

]||5(90,Q1,p)|| —0as t— oo.

z = (S(ZU, Sw7 p) ji3 6(@, TQZE—FD p) + 5'(—|—QZE+17 Sw, p)
jig, 5(’@, 02842, P) + ,LL(S(W, 02841, P)

+ Vg(w,Sw, P)S(Qzeﬂ, TQZE+17"p) + 75(Qze+1,5w7 p)g(w, T 02641, P)
1+ 6(w, 02¢41,P)
<is 0(, 02042, P) + HO(, Oae 11, P)
4 VZ-5(023+17 T 02641, P) +“'75(02E+17 Sw, p)g(w, T 0s641,P)
14 0(ew, 0241 P)

Also, for every €, we have
16(, 8@, p)I| < 116(, 02612, P)I| + 11l|0(, 02t14, P)]|

’/Z‘ ‘5(Qzé+1a O2t+2, p)H + 27‘ ‘S(QZEJrl? Sw)HH(S(w, Q2642 p)“
H]' + 5(@, O26+1, p)H

+

As £ — 0o, we have
16(w, Se,p)|| = 0,

which is a contradiction so that @w = Sw. Similarly, one can also show that
w=Tw.
To prove the uniqueness of CFP, let w*(in ¥) be another CFP of S and T
iew” =Sw* = Tw*. Then
6(w, w*, p) = 0(Sw, Tw*,p) =y, ud(w, ", p)
N vo(w, Sw, p)d(w*, Tw*, p) + 70 (w*, Sw, p)d(w, Tw*, p)

1+5(w,w*,p)

_ ,LL5(W, w*’ p) + 75(@ 7w“a p)é(wu w 7p>
1+ (w, w*, p)

Y

which implies that
29|10 (", w, p)||]0 (e, =", p)|

16(w, @, p)|| < palld (e, =", p)|| + ;
|11+ 6(ew, @, p)|
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Since ||1 + 6(w, @*, p)|| > ||0(ww, @*, p)||, therefore
|6(ww, @, PII < (1 + 27)6(ww, @™, Pl
which is a contradiction, thus w = w* (as u + 2y < 1). Hence, complete the
proof. O
By taking & = T in Theorem 2.1, one conclude that the given results :

Corollary 2.2. Let (\IJ,(S) be a complete TCVPS and a self map T : ¥ — U
which satisfies:

. . vo(0, To,p)d(e, Te,p) +d(g, To,p)d(o, Te,
§(To T, p) =i u¥(0,c,p) + L2\ €. P Tep) £79(6, To,p)o(e: Te,p)
1+6(o,¢,p)

forall o,e € U and p > 0, where i, v,y are non-negative reals with p+2v+2y < 1,
then T has a UFP (unique fized point).

Theorem 2.3. Let (V, 5) be a complete TCVPS, and a map S, T : ¥ — VU satisfy
the inequality

N 5(0,50,p)d(2,Te,p)+6(e,S0,p)d(0,T<,p)
. ’U(S(?’g P) ,,+V . 0(S0,0.p)+(Tze,p)

- 6(0,50,p)0(0, Te,p)+0(s,50,p)0(g, Te,p) :
0(So, Te,p) =iy § + T e , ifD+0,D #0

0, if D=0orD; =0

(2.1
for every o,e € U and p > 0, where D = 6(So,0,p) + 0(Te,e,p) and Dy =

6(So,e, p) + S(Ta, 0,p) and p,v,7y are non-negative reals with p + 2v + v < 1.
Then S and T have a UCFP.

Proof. Consider gy be an arbitrary point in W. Define g,p1; = So,¢ and 0,61, =
T 041, 8=0,1,2,--- Now, we will classify the following cases.

Case I : if (fOI‘ £ = 071727"' )5<SQ287Q237P) + 5(TQZE+1>QZE+1>p) 7£ 0 and

6(‘8@23) O2t+1, p) + 5(TQ28+1> Oz, P) 7& O, then

5(Qzé+1a Q2642 p) = (5(59287 T 02641, P) =is ,Ug(Q;_e, Q2641 P)

V5(02E7 SQzE; p)5(928+17 TQZE+17 p) + 5(9284—17 ‘59237 p>5<9287 TQzé—i—u p)

5(80237 02¢, P) + 5(—|—Q2{2+1a 02841, P)

+ 76(Q2E7 ‘SQzéa p)(s(Qzéy TQzéJru p) + 5<Qz€+17 SQZB; p)é(Qz€+17 TQzéJrl)

5(89287 Q2641 P) + 5(TQzE+1> 02t p)

Since 0,p11 = S0, and g1, = T 0,641, therefore

5(@2?-&-1, 02842, P) =is NS(sz 02841, P)

+ V(S(sz O2t+1, p>(5(Q7_B+1> O2t+2, P) + 5(@2?4—1, Q2641 p)(5<Q23, Q26425 P)

5(@234—17 02zt p) + 5(@23—%—27 Q2641 P)

+ 76(92E7 O2t41, p)é(gz& O2t+2, p) + 5(92?—&-17 O2t41, p)5(92E+17 O2t42, p)

5<Qzé+1: O2t+1, p) =+ 5<Qz€+za 02t p)
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or

. . 0(0st, 0241+ P)O(Ortrs Oatsns P
5(928-1-1’ Q2642 P) =is ILL(S(QZ?’ O2t+1, P) + U= ( S ) ( 2y Catee )
6(@2?-&-1’ Oz, P) + 6(@2E+za O26+1, p)
5 2t 2i bl 5 2t 2 2
i (Q‘& Q"E+1 P) (QE Q2+ P)7
0( 026425 02t P)

which implies that

||6(92E7 O2¢+41, P)||||5(Qze+u O26+2, P)||
Hé(QzEJrla 026, P ) + 5(QZE+7.7 Oz26+41, p)H

|‘5(Qzé+1a Q2642 p)” < NHg(QzEa Q2¢41, P )|| + 2v

+ ’Y| |5<Q237 O2¢+1, p)”
Since ||5(Q7_E+1; 02, p) + 5(Qzé+za O2t+41, p)|| > ||5(Qzé+1a Oz, p)Ha therefore

10 (02t 11 Oat 25 P)|| < 11]|0(02ts 0212y P)|| + 20/|0( 0241, Oae 12, P)|| + V10 (026 02611, P)
so that

116(02 11 02t 125 P)]] < ||5(Qzé, 0641, P)| .

1
Also,

5(Qze+27 0213, P) = 5(802{’+z; T 02641, P) =iy M5(02é+z, 0241, P)

L 0(0at2, S0at42, P)O(Qata, T Oata,P) + 0(Qats, SO0, P)O(Qatsz, T st P)
p)
P)
p)

5($QZE+Z; Ozt+42,P ) + 5(T92E+17 Ozt+1, P
5(@2&—}—27 8@2?—&—2, p>6<gzk+z7 TQz{’—i—la p) + 5(92E+17 SQz{’—i—za
( p)

6(92E+17 TQzE—i—la P)
+ 5(TQ23+17 Q2425 P

+7
5 SQZEJrZa 02641, P

Since Oz¢43 = SQzéJrz and 0,61, = T 0se41, We get

0(02t42, 02643, P) Siy 110( 026425 Oat11,P)
5(@28-&-27 O2t+3, p>5(ng+1> Ozt+25 P
6 Q2€+37 O2t+2, P

)40

( )+
0(02t2, Osts, p)é(@z{%-&-z, Ost42,P) + 0
o( )+

QzE—i—la QZB+3> 5(@2?4—27 Q26425 P)

+ v

p)

Qz€+27 O2e41, P )

QZB+1> O2¢43, P )5(928—&-17 Q242 P)
P)

Q26425 02642, P

+7

I

O26+3, 02641, P

or

5(Qze+z> 02435 P) =i /J(S(szﬂ, 02641, P)
u "5(49224-2; 02643, P)5<4_Qze+1, 0x¢42,P)
(02435 Oat425 P) + 0(0se125 02611, P)
5(Qze+l, 026435 p)5<923+l7 0x¢42,P)
5(@18—5—1» 026+3, p)

+7

Y
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which implies that

18(0se42, 0245, P)I| < p2ll6(at12, 02, P)|
||5(923+m O2t+35 P)||||5(Qze+1, 0st12,P)||
H5<Qz€+3a Ose42,P) + 5(Qzé+z, Oze41,P)||
+[0(0ae 125 0212, P

+ 2v

Since H5<Qzé+3a 0xt42,P) + 5(QZE+Z7 Ose11,P)|| > Hg(Q?_EJrla Oa¢+2,P)||, therefore

10(0se25 02643, P)|| < 1][0(024, 0rt1: P)|

Hg(gzé—l-z; 026435 p)|||’5(glf-‘rla 02642, P)|
11002612, 0261, P)]|

+Y/10( 02415 02t P)II,

+ 2v

or

pA

1 2V‘|5(Qze+1, O2t+2, p)”

‘ ‘5(Q2E+za Qz€+3p) ‘ | S

Now, with h = 22 we have (V €)

||5(Q{’7 Ot+1, p)|| S h||5<QE—1a O¢, p>|| S T S hEH(S(QOa 01, p)||

So, for any n > ¢, we have

1502, 00, I < 11508, 002, D)l + 1180t 0652, P+ + 15 0m s 2. P)]
< [hE + hH‘l 4+ 4 hm_l]Hg(QO) 01, p)“

< [1 ]fh] ||5(QO,Q1, Pl

and henceforth
¢

1—nh

Hd(Qan?p)H S [ ]”5(@O,Q1,p)u—>0358—>00

From Lemma 1.9, we conclude that {g} is a Cauchy sequence. Since ¥ is a
complete, then there exists @w € U s. t gp — @ as £ — 0o. Now, we assert that
w = Sw, otherwise 0 <;, z = §(w, Sw, p) and we obtain

z :§<w7 Swa p) jig (S(W, TQZEJrla p) =+ 5(—|—QZE+17 Sw? p)

j1136(,w7 02842, p) + /‘L(S(w) O2t41, p)

V(S(w7 Swa p)g(gz{f-‘rla TQZH-M p) + 5(QZE+1a Sw? p)5<w7 TQZE—i—l)

6(8w, w, p) + 5(—|—Qze+l, Ozt+1, P)

+ 75<w, Sw, p)g(zm T 02641, P) + S(QZE—H’ Sw, p)g(gzﬁ—i-la T 02041, P)

5(8@, Ozkt1, p) + S(QzEJrz’ w, p)
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which implies that

12| = 116(z, Sz, p)|| < |10(, 0atra, P)I| + 12l[0(, 02t )|
VZ||5(923+1, Oat+2, p)|| + 2||5(Q3{2+1,3w> p)|[|[6(c, 026, P)|
10(S@, @, p) + (02642, 02641, P)|
Z||5(W792E+17P)|| +2||5(91E+178w7 P)||||5(Qze+1,gze+z,P)H
10(S, 0241, P) + (02t . P

+7

Y

a contradiction, so that ||z|| = ||§(w,Sw,p)|| = 0 ie. @w = Sw. It follows,
similarly, that @w = Tw.

We, show that § and T have a UCFP. Assume that @™ in ¥ is an another CFP
of S and T. Then we get

*

Sw'=Tw" ="

Since D = 5(8@, w, p) —|—5(Tw*, w*, p) = 0, therefore by definition of contraction
condition

d(w,w", p) = 5(8@, Tw*,p) =0,

so that w = @™, which conclude that the uniqueness of CFP.

Case II : if (5(3&&7 0a¢,P) + 5<T92?+1’ O2t+15 P))

X (5(89287 Oz¢+1, p) +5(T925+17 02t P)) =0 (fOl" any E) implies 5(‘8@2%7 T023+l7 P) =

0. Now, if §(S0ae, 026,P) + 0(T 0241, 02641, P) = 0, then oy = S0 = sty =
T 06 = 02042 S0 that, we get 0,61, = S0,6 = 05, S0 there exists €, and ny s. t
£, = Sn; = n;. Using previous arguments, one can also prove that there exist £y
and ny s. t € = Tny =ny. As §(Sny,ny,p)+0(Tng,ng, p) =0, (due to definition)
implies 5(8n1, Tng,p) = 0, thus ¢, = Sny = Tny = & which in turn yields that
£, = Sn; = St;. Similarly, we have ¢, = T¥;. As £ = &, implies St; = T, = £,
therefore ¢, = €5, is a CFP of S and T.

Now, we show that § and T have UCFP. Consider £} in ¥ is an another CFP
of S and T. Then we get

St =Tt =¢.
Since D = 5(8%1, t,p) + 5(TEI, £, p) = 0, therefore
O(t1, €, p) = 0(Sty, T, p) = 0.
This implies that €] = €.

If 5(‘9@2?7 02841, p) + 5(T923+l7 02, p) - 07 lmphes that 5(‘9@2?7 TQZE—i—lJ p) - 07
then the proof can be finished on the before lines. O

Letting & = T, we obtain the below results:
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Corollary 2.4. Consider (\11,6) be a complete TCVPS and a map T : ¥ — ¥
satisfies :

(0, Te.p)o(e, Te,p)+d(c,To,p)d(0,Te,p)
. /M;(Q’ & p) TV _ 0(Toep)+d(Tee,p)
(To,Te,p) Sy § 4 leTenlerosit TopieTen), D40, D, £0
0, if D=0 o0rD; =0

(2.2)
for every o,e € W, where D = 6(Tp,0,p) +0(Te,e,p) and Dy = 6(To,e,p) +

5(T5, 0,p) and p,v,7y are non-negative reals with p+ 2v +~ < 1. Then T has
UFP.

Example 2.5. Let ¥ = {0,3,3}, define a map 6 : U x ¥ x (0,00) — C3 by

6(0,€) = (L4i3)plo—¢|, V, 0,6 € U and p > 0. Then (¥,0) is a complete
TCVPS. Now, we define a self map T : ¥ — U by

T(0) =0, T(%) —0and T(3) = +.

Consider pu = %, v = % and p = %, then pu 4 2v + 2y = %—l—%—i—% < 1. Then,

clearly

vd(0, To,p)d(e, Te, p) +79(e, To,p)d(e, Te, p)
1+0d(0,€,p)

Therefore, all the axioms of Corollary 2.2 are hold. Hence, 0 is the UFP of T.

Example 2.6. Consider U = B(0,5), s > 1, V 0,6 € U, Define 6 : U x ¥ x

(0,00) — C3 by :
Sols)=(c).p) = 22| [ €51 [ 9]

a complete TCVPS, where € is a closed path in W with containing 0. We show
that J is a tricomplex metric space In this,

5(@(075(?)"0):13[)/@ S /ez <
[ L [
e [l [

0=03(To, Te,p) =i 1d(0,6,p) +

g omr o

= 0(0(<), 2(<), p) +8(2(c), (<), p).

Now, we define the map S, T : ¥ — U follows as:
So(s) =<, Te(s)=e* — 1.

The maps & and T are analytical which is using the Cauchy integral formula, we

/ / : ‘

5(Sols), Te ’3p
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Slote)=(c).p) = 22| [ 25— [=9)

5(0ls). So(s). ) ng/@ ok

(), Te (o). “”p/e . / _1‘
2

. ‘3P

Sefe) 56 ;?@” &

$(e(0). Te(e)p) = 5| [ 4~ [2=1]
2

Clearly,

v6(0,S0,p)o(e, Te,p) +7d(c,S0.p)d(0, Te, p)
1+4(0,¢,p)

for all p,e € ¥ and p > 0, where p, v, v are non-negative reals with u+2v+2v < 1.
Hence, all the axioms of Theorem 2.1 are hold, then the maps & and T have a
UCFP in U.

0(So, Te,p) =iy pd(0,6,p) +

b

3. AN APPLICATION

In this part, we apply Corollary 2.2 to discuss the existence solution to linear
integral equation.

Theorem 3.1. Let U = Ct be a TCVPS with
¢

0(0,6,p) =p Y (loi — &l + sl —&il),

i=1

where p,e € ¥ and p > 0. If

¢
Z ’Mzg| __<z'3 n < 1, Vi= 1,2, E,

=1
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then the linear system equations below
b1 = 1101 + A1202 + -+ + A1e0e
by = a2101 + A2202 + - - + A20¢

be = ap 01 + Gpo02 + -+ - + e
has a unique solution.
Proof. Define T : ¥ — WU as
T(o) = Ao +b,
here 90 = (01, 02, 03, ....0¢) € Ct, b = (by, by, ....bg) € C* and

a1 Gq1 -+ Ogg

Qo1 Qoo -+ Og¢
A= = . |

Qgp  Ogg - Ogp

(T (), T(e),p) = p Y (1m0 — £5)| + il i (0 — &5)])

Jj=1

Sis PZ | i (Z(K@j — ;)| +1isl(0j — 6]')\))

j=

=is PH Z(!(@j — &) +i3l(e; —&5)I)

= 1é(0,¢€,p)

— i(o.ep) + vd(0, To,p)o(e, Te,p) +7d(e, To,p)d(o, Te, p)
o 1+4(0,¢,p)
1

Therefore, all the axioms of Corollary 2.2 are hold with u = ¢, v = 0,7 =

0, o+ 2v + 2y < 1. Hence, there is unique solution to the linear system of
equations. (]
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