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STRUCTURAL STABILITY OF p(z)-LAPLACIAN KIND
PROBLEMS WITH MAXIMAL MONOTONE GRAPHS AND
NEUMANN TYPE BOUNDARY CONDITION

KPE KANSIE! AND STANISLAS OUARO2*

ABSTRACT. In this work, we study the convergence of a sequence of solutions
of degenerate elliptic problems with variable coercivity and growth exponents.
The functional setting involves Lebesgue and Sobolev spaces with variable ex-
ponent which varies also with n.

1. INTRODUCTION

Let 2 be an open bounded domain of RY (N > 3) with smooth boundary 9§ and
7 is the outer unit normal to 2. Our aim is to study the structural stability (i.e.,
the continuous dependence on coefficients) of solutions of the following elliptic
problems

(Pb,) : Bn(uy) — diva,(z, Vu,) = f, in Q,
n) an(x,Vu,)n =0 on 02,

where (3, )nen+ is an associated sequence of the Yosida regularisation of a max-
imal monotone graph f = 0j defined in R such that dom(/3) is bounded on R,
dom(B) = [m, M] C R with m <0 < M and 0 € 3(0); (an(x,§)),cn- is a family
of applications which verify the classical Leray-Lions hypotheses but with a vari-
able summability exponent p,(.) converging in measure to some exponent p(.)
such that 1 < p_ < p,(.) < py < 00, (fu)nens C LY(2). The result is known in
the case where 3, = b (independent of n) is a continuous, onto and nondecreasing
function such that b(0) = 0 (see [12]). But, one loses stability (strictly speaking)
when one has maximal monotone graphs.

In this paper, we use a maximal monotone graph g with a bounded domain that
reveals a bounded Radon diffuse measure in order to take into account the border
of the domain. We denote by M,(€2) the space of bounded Radon measure in €2,
equipped with its standard norm [|.[| v, ). Given v € M, (€2), we say that v is dif-

fuse with respect to the capacity WP (Q)( p(.)—capacity for short) if v(E) = 0
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for every set I/ such that Cap,y(E, ) = 0, where the Sobolev p(.)—capacity of
FE is defined by

Capy)(B.Q) = _inf / (P + [Vul"®) da,
Q

u€S,()(E)
with
Spy(E) = {u e W'L(Q) : uw> 1 in an open set containing £ and u > 0 in Q} .
In the case where S,)(E) = 0, we set Capy)(E,) = co. The set of bounded

Radon diffuse measure in the variable exponent setting is denoted by Mi(')(Q).

Problems with variable exponents p(z) and p,(z) were appeared and studied by
Zhikov in the pioneering paper [19]. The use of p(.)-Laplacian operator in models
of electrorheological and thermorheological fluids dynamics (see [6, 15, 16, 17])
and in models of image processing (see [5]) has significantly contributed to boost
the fields. The structural stability results that we prove in this paper are useful,
in particular, for the study of convergence of numerical approximations of the
p(z)—Laplacian. Indeed, it is necessary, for such a numerical study, to approach
p(z) by some piecewise constant or piecewise polynomial functions p,(z), h being
the discretization parameter (see e.g. [L1]).

Let us give the outline of the paper. In Section 2, we make some useful assump-
tions and preliminary for the sequel. In Section 3, we tackle the question of
continuous dependence for renormalized solutions.

2. ASSUMPTIONS AND PRELIMINARY

The model problems for our study are

f b(u) —diva(z, Vu) = f in Q,
(Pb) - { a(x,Vu).n =0 on 012,

where b : R — R is continuous, onto, non-decreasing such that (0) = 0 and

| Bu) —diva(x,Vu) > f in Q,
(PHT) { a(x,Vu)n =0 on 0€),

where f is a maximal monotone graph § = Jj defined in R such that dom(p)
bounded on R, dom(f) = [m, M] C R with m <0 < M and 0 € 5(0), a(.,.) is a
Leray-Lions operator which involves variable exponents.

For every ¢ > 0, we consider the Yosida regularisation . of 8 defined by

fo= (1= (T +ep)™).

The function f. is a nondecreasing, surjective, Lipschitz-continuous and verifies

B&(O) = 0.

(2.1)

(2.2)

p: Q — R is a continuous function such that 1 < p_ < p, < oo, (2.3)
where p_ := inf p(z) and p; := sup p(z).
e r=te)

a(.,.): Qx RY — RY is a Carathéodory function satisfying, for a.e. x € €, the
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strict monotonicity assumption

(a(z,&) — a(z,n)).(€ —n) >0 for all £,n € RY such that £ #n (2.4)

and the following growth and coercivity assumptions with respect to €.
la(z, €)| < Cr(M() + [¢[=), (2.5)
a(z,€)-£ = ColéP™, (2:6)

where C and Cy are positive constants, M is a nonnegative function in L) ()
with 1/p(z) +1/p/(x) = 1.
As consequence to the continuity and the coercivity of a(z,.), one has

a(z,0) =0 for a.e. z € . (2.7)

For any exponent p(.), we denote by p/(.) its conjugate exponent such that
1/p(x) +1/p(x) = 1 and by p*(.) its optimal Sobolev embedding exponent such

that
Np(.)/(N =p(.)) ifp(.) <N,
p*(.) :== ¢ any real value if p(.) =N,
00 if p(.) > N.

For any given k > 0, we define the truncation function 7 : R — R by
Ty(r) = max(min(r, k), —k).
One denotes by

1 ifz>0,
signg(z) = ¢ 0 if 2 =0,
-1 ifz<0.

The truncation function 7}, has the following properties.
1
Ty(2)| = min(|z|, k), lim Ty(z) = z and lim =T} (2) = signo(2).
k—00 k—0 k

For a Lebesgue measurable set A C €2, x4 denotes its characteristic function and
meas(A) denotes its Lebesgue measure.
Let u : © — R be a function and k € R, we write {|u| < k} for the set
{z € Q; Ju(z)| < k}, (respectively, >, =, <,>). We will also need to truncate
vector-valued functions with the help of the following maps.
A if |A] < m,
RN N _

for m > 0, hy, : RY — RY, h,,(N) = %)\ if |\ > m.

One has the following property (see [1, Lemma 2.1]).

Lemma 2.1. Let h,,(.) be defined by (2.8) and a(x,.) be monotone in the sense (2.4).
Then, for all X\ € RN, the map m —— a(x, hy(N)).hn () is nondecreasing and
converges to a(x, \).\ as m — o0.

(2.8)

The exponent p(.) appearing in (2.5) and (2.6) depends on the spatial variable
x and then requires so to work with Lebesgue and Sobolev spaces with variable
exponents.
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We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable function w : 2 — R for which the convex modular

Py (u) = /Q JulP® dz

is finite. If the exponent is bounded, i.e., if p, < oo, then the expression
. u
el = el ooy = inf {1 > 0; gy (5) <1}

defines a norm in L) (), called the Luxembourg norm. The space (Lp(')(Q), -1l >

is a separable Banach space. Moreover, if 1 < p_ < p, < oo, then Lp(')(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to LP'¢)(€Q).
Moreover, one has the Holder type inequality

1 1
wodz) < (27 oy ) el 190y 2.9
| (o + ) Bl Tl 2.9

for all u € LP)(Q) and v € LP'O(Q).

WL () denotes the space of all functions u € LPM) () such that their gradients
Vu, taken in the sense of distributions, belong to (LP¢)(Q))"N. This space is a
Banach space equipped with the following norm.

[elly iy = Nellprae @) 7= Tl + 1Vully -

The space <W1*7’(')(Q), ||.||17p(')> is a separable and reflexive Banach space. For

more details on the generalized Lebesgue and Sobolev spaces, see [13]. In the
sequel, we will use the same notation LP¢)(Q) for the space (LP¢)(Q))Y of vector-
valued functions.

In manipulating the generalized Lebesgue and Sobolev spaces, the following
lemma (cf.[10]) permits to pass from norm to convex modular and vice-versa.

Lemma 2.2. If u,,u € LY (Q) and p; < oo, then the following properties hold
true.

() P (u/uuup( ) =1 ifurto.
" < 1 (respectively = 1;> 1) <= |ju < 1 (respectively = 1;>1).
1 tivel 1;>1 () 1 tivel 1;>1
(m) ( ) S 1= lullyly < ppy(w) < flullye)-
(w) ( ) 2 1= lully) < ppy(w) < Hlullyfy-
un ) respectively — 00) < pp)(Uy) — 0 (respectively — 00).
0 vel p(.) 0 el

For a measurable function u :  — R, we introduce the function

o) = [ P+ [ [Tupt

Then, one has the following lemma (see [18]).

Lemma 2.3. If u,,u € W' (Q) and p, < 0o, then the following properties
hold true.

(1) prp(y(w) <1 (respectively = 1;> 1) <= |lul|, , ) <1 (respectively = 1;> 1).
(i) prp(y(u) < T => i) < prpo (@) < Jlullfy)-
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(#84) prpy(w) = 1= [lully ) < prpo)(w) < [lullif)-
(1) |lunlly ) — O (respectively — 00) <= p1y()(un) — 0 (respectively — o).

One has below, imbedding result between Lebesgue and Sobolev spaces with
varible exponent (see [8, 10]).

Proposition 2.4. Let p,q € C(Q) withp_ > 1. Assume that q(z) < p*(z) for all
x € Q. Then, there is a compact imbedding W) (Q) — LI(Q). In particular,
there is a compact imbedding W1PL) () — LPL) ().

The following result (a corollary of Lebesgue dominated convergence theorem) is
useful to prove strong convergence results.

Lemma 2.5 (Lebesgue generalized convergence theorem). Let (f,)nen be a se-
quence of measurable functions and f a measurable function such that f, — f
a.e. in . Let (gn)nen C L) such that for alln € N, |f,]| < gn a.e. in Q and
Gn — g in LY(Q). Then,

/andx—>/9fdz.

Lemma 2.6. (Cf.[14]) Let (Bn)n>1 be a sequence of mazimal monotone graphs
such that 8, — B in the sense of graphs (i.e. for (x,y) € B, there exists (x,,y,) €
By such that x,, — x and y, — y). We consider two sequences (z,),>1 C L'(Q)
and (wy)p>1 C LY(Q). We suppose that: ¥n > 1, w, € Bu(2,), (wy)n>1 is bounded
in LY(Q) and z, — z in L'(Q)). Then z € dom(p).

For the applications we have in mind, we will need the following theorem (cf.
[1]) in which the results of (i7) and (ii7) express measure convergence of some
sequences.

Theorem 2.7 (Young measures and nonlinear weak-* convergence).
(i) Let @ C RY, N € N, and (v,)nen an equi-integrable sequence in € of
functions to values in R, d € N. Then, there exists a subsequence (vy, )ren
and a parametrized family (v,).cq of probability measures on R?, weakly

measurable in x with respect to the Lebesque measure on €1, such that for
all Carathéodory function F : Q x RY — R!, t € N, one has

lim QF(x,Unk(x))da; = /Q/Rd F(z, \)dv,(\)dz, (2.10)

k—o0

whenever the sequence (F(.,v,(.)))nen s equi-integrable in Q. In particu-
lar,

v(x) = /Rd Adv,(N) (2.11)

is the weak limit of the sequence (vy, Jken i L*(S2), as k — oo.
The family (v,)zeq is called the Young measure generated by the subse-
quence (U, Jken-

(13) If Q is of finite measure, and (v,)cq s the Young measure generated by
a sequence (U, )nen, then

(Vw = 5v(x) a.e.x € Q) <= (v, converges in measure on ) to v as n — 00).
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(231) IfQ is of finite measure, (un,)nen generates a Dirac Young measure ((SU(QC))IEQ

on R4 and (v,)nen generates a Young measure (v)qcq on R%, then
the sequence ((un, vy))nen generates the Young measure (Oy@) ® vy)

on Rdr1+dz,

e

Whenever a sequence (vy,),en generates a Young measure (V,)qcq, following the
terminology of [9] we will say that (v,),eny nonlinear weak-* converges, and
(V2)zeq is the nonlinear weak-* limit of the sequence (v, )nen. In the case (vy,)nen
possesses a nonlinear weak-* convergent subsequence, we will say that it is non-
linear weak-* compact. Theorem 2.7—(i) thus means that any equi-integrable
sequence of measurable functions is nonlinear weak-* compact on 2.

3. RENORMALIZED SOLUTIONS

We define 7570 (Q) as the set of functions u : @ — R measurable such that
Ty (u) € WHO(Q), for any k > 0.

The following proposition (see e.g. [2]) is useful because it allows us to give a
sense to the definition of the solutions for problems (2.1) and (2.2).

Proposition 3.1. Let u € T (Q). Then, there exists a unique measurable
function v : Q — RY such that

VT (u) = vX{jul<k}, for all k >0,

where xg is the characteristic function of a measurable set E. The function v is
a generalized gradient and is denoted by Vu (weak gradient of ). If, moreover,

u belongs to WPL(Q), then v belongs to (Lp(')(Q))N and coincides with the
standard distributional gradient of u.

We define 7;_1[”’(')({2) (see [3]) as the set of functions u € TP (Q) such that there
exists a sequence (u,) C WP (Q) satisfying the following conditions.

(i) up, — w a.e. in
(i) VTi(u,) — VTi(u) in LY(Q) for any k > 0.

The symbol H in the notation is related to the fact that we consider here homo-
geneous Neumann boundary condition.

We define also S as the set of W functions S : R — R having a compact
support.

The following function,

1 if 2] <k — 1,
for k>0,S,:2€Q+—<¢ k—|z| itbk—1<]z| <k, (3.1)
0 if |z| > k,

is an example of function in S that will be used a lot in the sequel. Note that
this function is nonnegative with suppSy = [k, k| and suppS), is contained in
[—k, —k+1]U[k — 1, k] and that the sequences Sy and S, are uniformly bounded
by one.
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Definition 3.2. A measurable function u : 2 — R is a renormalized solution to

problem (2.1) if Tj,(v) € WHPO(Q), b(u) € LY(S),
lim a(x, Vu).Vudr =0, (3.2)
k=00 Jrkcju|<k+1}

and, for all S € S and for all ¢ € WO (Q) N L®(Q),

/ (S(u)a(a:, Vu).Vo+ S (u)a(x, Vu).(Vu)o + b(u)S(u)qzﬁ) dz = / fS(u)pde.

! ! (3.3)

Definition 3.3. A solution of problem (2.2) is a couple (u, b) € 7;_11”7(')((2) x L1(Q),
such that

u € dom(B)LY —a.e. in Q, b e Bu)LY —a.e. inQ,
there exists p € Mf(')(Q) with g L LV,
pt is concentrated on {u = M}, u~ is concentrated on {u = m},

and

/ a(z, Vu).Vodr + / bopdx + / pdp = / fodz, Yo € WHPO(Q) N L=(Q).
Q Q Q Q (3 4)

One has the following results.

Theorem 3.4. ([12]) Assume (2.3) — (2.6) and f € L'(Q). Then, there exists a
unique renormalized solution to problem (2.1).

Theorem 3.5. ([14]) Assume (2.3) — (2.6) and f € L'(Q). Then, there exists a
unique solution to problem (2.2).

4. CONTINUOUS DEPENDENCE FOR RENORMALIZED SOLUTIONS

We consider elliptic problems

(Pb ) . ﬁn(un> - divan<$, Vun) = fn n Q,
" an(z, Vuy,)n =0 on 012,

where the assumptions (2.3) — (2.6) are verified, for all n € N*, with the diffusion

flux functions a,(.,.), the exponents p,(.) : @ — [p_,p,] and the nonnega-
tive functions M, in LP»()(Q) are such that the sequence (HMnHLp;L(.)(Q))

eN=
is uniformly bounded, with C;, C5, p, and p_ independent of n. Moreover,

1 \!
Bn=mn ]—(I—i——ﬂ) ),fornZl.
n

Note that, for f, € L*(Q2) and under assumptions (2.3) —(2.6), the problem (Pb,,)
admits a unique renormalized solution wu,, according to Theorem 3.4.
The purpose of this section is to prove that the sequence of solutions (u,,),en+ to
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problems (Pb,) converges to a function u which is a solution of the limit prob-
lem (2.2) with the exponent p(.) under the following convergence assumptions.

for all bounded subset K of RV,
sup |an (., &) — a(.,£)| converges to zero in measure on 2, (4.1)
¢eK

where a(x, ) verifies the assumptions (2.4) — (2.6) with the exponent p(.) verify-
ing (2.3) such that

pn(.) converges to p(.) in measure on ). (4.2)
One assumes also that
[ converges to f weakly in L'(Q). (4.3)

One further assumes that the exponents p(.) and p,(.) verify the following log-
Holder continuity assumption.

Remark 4.1. Note that several regularity results for Sobolev spaces with variable
exponents can be obained thanks to log-Hélder continuity condition (4.4); in
particular, C*°(Q) is dense in W) (Q) (for more details, see [7]).

Now, through the theorem below, we establish a structural stability result for the
renormalized solutions.

Theorem 4.2. Under the assumptions (4.1) — (4.3), let (up)nen= be the sequence
of renormalized solutions of the problems (Pb,,) associated to a,(.,.), fn. and the
exponents p, with a(.,.), f and p as limits of an, f, and p,(.) respectively in (4.1)—
(4.3).

Assume also that the exponents p(.), pu(.) satisfy the log-Hélder continuity
assumption (4.4).

Then there exists a measurable function u on ) such that u,, Vu, converge to
u, Vu, respectively, a.e. in ), as n — co. The function u is, in fact, a solution
of the problem (2.2) associated to the diffusion fluzx a(.,.) and the source term f.

Proof of Theorem 4.2. We divide the proof into several steps. Throughout
the proof, we reason up to an extracted subsequence of (u,)nen+ (still denoted
(tn)nen+) and all constant independent of n will be denoted by C'.

Lemma 4.3. (i) Forallk > 0, the sequence (HTk(Un)Hlp ()> is bounded.
WA ) neN*

(17) The sequence of renormalized solutions (uy)nen< of the problems (Pb,)
verifies, for k > 0 large enough,

C [ full s
meestin = B) S S (306 18, (R )
sup meas({|u,| > k}) — 0, as k — oo, (4.6)

neN*
and

lim sup / |V, [P*®dz = 0. (4.7)
{k<|un|<k+1}

k—o00 neN*
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(1i1) There ezists a measurable function u on € such that uw € dom(f) a.e. in
Q and, up to a subsequence, Ty(u,) — Tj.(u) in WHP=(Q), for all k > 0.
Moreover, u, — u a.e. in Q, VTi(u,) converges to a Young measure
(V) oeq on RY in the sense of the nonlinear weak-* convergence and

VT(u) = /R M), (4.8)

(iv) For all k > 0, |\P®@ is integrable with respect to the measure dvF(\)dz
on RN x Q and Ty,(u) € WHO(Q).

Proof. (i) In the renormalized formulation (3.3) of the problem (Pb,,), we choose
S = Spir € S defined in (3.1) with h,k > 0, h large enough. Since u, is a
renormalized solution of the problem (Pb,,), it follows that Ty (u,) € W'P»()(Q)N
L>(Q) and so, one can take ¢ = Tj(u,) as test function in the renormalized
formulation (3.3) to obtain (as the term [, 8, (tn)S (tn) Tk (u, )da is nonnegative),

/Q n(, VT (1)) V T (1) dw + /

S (un)an(x, Vug,).(Vuy) T (u,)de < k:/ | fn]da.
0 Q

While £ is fixed, h can be sent to infinity. By (3.2), the second integral vanishes,
as h — 0o, since

‘/QS/(“”)an@’Wn)-(Vun)Tk(un)dx

< k/ an(z, Vuy,). Vu,dz.
{h+k—1<|un|<h+k}

So, by using the coercivity condition (2.6), as h — oo one has

0/ VT () [P @ da < k:/ | fo|d.
Q Q

Since the sequence (fy,)nen: converges weakly to f in L'(Q), then the right-hand
side of this last inequality is uniformly bounded. So, one obtains

/Q VT (1) [P @ da < CE. (4.9)

Moreover,

/|Tk(un)]7’"(“’”)dx§/kp”(x)dx
Q 0
max(kP*, kP~ )meas(Q). (4.10)

IN

From (4.9) and (4.10), one deduces that the sequence p p,, () (T%(uy,)) is uniformly
bounded. By the Lemma 2.3 and the fact that p,(.) € [p—, p+], one has

T3 ()l ) < 08X (P10 (T ()27 P10 (T (1)) /7).

Therefore, the sequence ||Tj(un)l|;,, ) is uniformly bounded.
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(47) In the renormalized formulation (3.3) of problem (Pb,,), one takes S = Sy € S
and ¢ = T% (uy,) as test function, with k£ > 0 large enough, to get

/S(un)an(x, Vun).VTi(un)dx—l—/S'(un)an(a:,Vun).(Vun)Ti(un)dx
Q Q

[ Anun)S )Ty ) = [ 1,807 ()

which gives

/Qan (:c,VT%(un)> .VTi(un)dx—l-/QS'(un)an(x,Vun).(Vun)Ti(un)dx

1
n / () S ()T ()2 < 1 | a3

or again

/{:/QS/(un)an(x, Vun).(Vun)T% (u,)dx + /Qﬂn(un)S(un)k:Ti (up)dz < | fall prq) -

The term k/ S'(un)an(x,Vun).(Vun)T%(un)dx vanishes, as k — oo, due to

Q
(3.2). Note also that one has kT (un) — signo(u,) as k — oo. So, by using
Fatou’s lemma, one gets, as k — oo,

NGOl EE TA (4.11)
Therefore, for k£ > 0,

[ il < Ul (412)
{lun|>k}

Since |Bn(uyn)| > min(B,(k), |Bn(—k)|) on {|u,| >k}, then the relation (4.12)
gives

min (B, (k), |Bn(=k)[)meas({|un| > k}) < [ fall 11 (o)

or again

1 fall 2y ey

< .
el = 5 S .
Being weakly convergent in L' (Q), the sequence ( f,,)nen- is bounded, so the right-
hand side of (4.13) tends to zero as k — oo, then meas({|u,| > k}) tends to zero
as k — oo uniformly in n and (4.6) is proved.
For the proof of (4.7), let’s take ¢ = Tji1(u,) — Ti(uy,) as test function and
S € S such that S = Sy in the renormalized formulation (3.3). The function
Tis1(upn) — Ty (uy,) has a support contained in the set {|u,| > k} and is bounded
by one. One obtains by (2.6),

C/ \Vun|p"($)dx+/S’(un)an(x,Vun).(Vun)qbdx§/ | fnld.
{k<|un|<k+1} Q {lun|>k}
(4.14)

(4.13)
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By the property (3.2) and by the equi-integrability of f,,, and according to (4.6),
for kK — oo, one deduces, from (4.14), the estimate (4.7).

(77i) From Lemma 4.3 — (i), one gets

T gy = [ TP do+ [ [9Tiun)Pdo

g/ (1 + [T () [P ) dx—ir/ (1 + [VT(u,) "™ da
Q Q

<2meas(Q) + p1p, ) (Tk(tn))
<const(k).

So, the sequence Tj(u,) is uniformly bounded in W= (). Therefore, up to a
subsequence, one can assume that the sequence T}, (u,,) converges to a certain func-
tion o}, weakly in W1P-(Q), and by the compact imbedding theorem of W= (Q)
in LP-(Q), one has Ty(u,) which converges strongly to o in LP~(£2) and so a.e.
in 2. Now, it remains to prove that o, = Ti(u) a.e. in Q where u,, — u a.e. in

Q.
Let s > 0 and define the sets

E, = {|lu,| >k}, E, = {|un| >k} and E,,, = {|Tk(un) — Ti(um)| > s},

with & > 0.
One has {|u, — un,| > s} C E, U E,, U E,,, which gives

meas({|tun, — um| > s}) < meas(E,) + meas(E,,) + meas(E, ).

Let € > 0. According to (4.6), one can choose k = k(e) to get
meas(E,) < % and meas(E,,) < %
Since T (u,,) converges strongly in LP-(€2), then it is a Cauchy sequence in LP- ().
Hence, there exists ng = ng(e, s) € N such that for all n,m > ny,
meas(Epm) < L /Q | Tk (un) — Ti(up)|[P~dz <

sP—

Wl M

So,
meas({|un, — um| > s}) <e, for all n,m > ny.

Finally, the sequence (u,)nen+ is a Cauchy sequence in measure. Hence, by ex-
traction of subsequence, there exists a mesurable function u such that u, — u
a.e. in €. Since T}, is continuous, then Ty(u,) — Tj(u) a.e. in £ and, by the
uniqueness of the limit, one has o = Ti(u) a.e. in  because Ty(u,) — o} a.e.
in Q2. From the Lemma 2.6, one deduces that, for all k£ > 0, Ty(u) € dom(5) a.e.
in 2 and as dom(f3) is bounded, then v € dom(f) a.e. in €.

Also, the weak convergence of T (u,,) to Ty (u) in W= (Q) as n — oo leads to the
weak convergence of VTj(u,) to VT(u) in LP-(£2) as n — oo. Thanks to The-

orem 2.7—(7), VT(u,) nonlinear weak-* converges to a Young measure (Vﬁ)xeﬂ
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and since its weak limit is VT (u), then VT (u) verifies the equality (4.8) accord-
ing to (2.11).

(1v) By assumption (4.2), p, — p in measure on €2, and since VT (u,) — VT (u)
in LP-(£2), then, according to Theorem 2.7—(ii),(7ii), for all k € N, the sequence
(Pns VTi(un)), e+ converges to the Young measure 6, @ dvr on R x RY.

Let us now consider the Carathéodory function

Fp:(x, (M, N) € Q2 x (R xRYY — |h, (M), m €N,
where h,, is defined by (2.8). The sequence (F,,(., (pn(.), VIk(tn))))nen+ is equi-

),
integrable in €2 since it is uniformly bounded in Ll(Q) according to (4.9). Then,
we apply the nonlinear weak-* convergence property (2.10) to the function F,, to
get
lim [ F,.(z, (pu(x), VI (u,)( dx—// 2, (Aoy A)) () (Ao)dvE (N da
n=oo Jao RxRN
/ / ), \))drF(\)dw
RN
= [ P ()

QxRN

Moreover,

lim | F,.(z, (pu(z), VI (u,)(x)))dz = lim |h (VT ()P da

n—o0 9] n—oo

< hHlL/jPVJ% ’p"

n—oo

according to (4.9).
So,

/ B (V) [P@drE(N)dz < Ck.
QxRN

Since the sequence (|Any|)men is increasing and h,,(A\) — A as m — oo, then by
the monotone convergence theorem, we deduce that

/ IAP@ Ak (N dx < Ck.
QxRN

By the formula (4.8) and Jensen inequality, one has

/Q VT (w)|P@da = /Q /R i Advk(\)

Hence, VT, (u) € LPM(Q) and so Ty (u) € WhrO(Q).

p(z)
dz < / IAP@ Ak (N de < Ck.
QxRN

O

Lemma 4.4. (i) For all k > 0, the sequence (V¥),en+ such that Y*(z) :=
an (2, VTi(un(2))), is equi-integrable in Q and its weak limit Y* € L") (Q)
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15 such that
VF(x) ::/ a(z, \)dvE(N), a.e. v € Q. (4.15)
RN

(73) For all k> k>0, one has V¥ = ygx{‘ukk}.

Proof. (i) We first show that the sequence (V¥),en+, V¥ = a,(x, VTi(u,)), is
equi-integrable in €2. The assumption (2.5) applied on a,(.,.) with exponent
pn(z) implies, for all measurable subset E C (2,

E E
SC/L; (1 + Mn) dx + 2C H ‘VTk(uann(x)*l||LP4L(4)(Q) HXEHLPn(~)(Q)

SO/E (14+ M,)dz + C'max ((Ppn(XE))l/m, (ppn(XE))l/pi)
<C [ (14 Moo + C'ma (meas(E) 7, meas(E)'), - (1.10)

by using Holder type inequality and Lemma 2.2, where 2C H IV T} (uy, ) [Pr@) 1 HL%(-)(Q)
is upper bounded by C" according to (4.9).
The whole right-hand side of (4.16) tends to zero when meas(E) tends to zero
because the sequence (M,, ) en- is equi-integrable in Q. So, the sequence (VF),,en-
is equi-integrable in Q. By Theorem 2.7—(i), there exists a weak limit ¥ of the
sequence (Y¥),en- in L1(9).
In the following lines, we prove that the weak limit Y* verifies the formula (4.15)
and belongs to LP'()(Q).
We put the set

Roi= o € i ple) — palo)] < 1/2}
and we consider auxiliary functions V¥ := a(z, (VTi(un))XR,)-
Let’s show that the sequence (ﬂﬁ) is equi-integrable in €2. Indeed, we ap-

neN*

ply (2.5) with the exponent p(.) on a(.,.) to get
/j?,’:dx < (J/ (1+ M)dz + c/ |V T (1) [P@) . (4.17)
E E ENRy,

The first term of the right-hand side of (4.17) tends to zero when meas(E) tends
to zero. Also, for x € R,,, one has p(x) < p,(x) + 1/2 and, by using Hélder type
inequality, it follows that

/ VT (1) [P~ g/ (1 + [ VT () [P2@ 1) dae
ENR, s

<meas(E) + O ||V Te(wn) 7| oy 1XE Dm0
(4.18)
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But, by (4.9), one has
pepny (VL) [P 7Y2) = py,, (VT(un)) < Ck. (4.19)
Also, by Proposition 2.3, one has

IXE L2pn() < max ((pzpn (xe) ™% (pap, (XE))”(?”)*)
< max ((meas(E))l/(Qp)ﬂ (meas(E))l/(Qp)—) _ (4.20)

From (4.18) — (4.20), the second term of the right-hand side of (4.17) is uniformly

small for meas(E) small, and the equi-integrability of (jiff) follows.
neN

Now, we assert that, by extraction of a subsequence, the sequence j/,’f converges
weakly to some function Y* in L'(Q) as n — oo thanks to Theorem 2.7— (7).

It remains to prove that V¥ = 5)’“ For that, it is sufficient to prove that y,’: — 575
converges strongly to zero in L'(().

Indeed, let € > 0. By the Chebyshev inequality, one has

meas((VTiw) > 29 < ([ 1Tl de ) /1
g/ﬂ (1 + |V Ty (un) ™) dx/L

<(meas(?) + Ck) /L,

by inequality (4.9).

It follows that sup (meas({|VTg(u,)| > L})) — 0 as L — oo. The sequence
neN*

VE — Y¥ is equi-integrable in , so there exists Ly = Lo(¢) such that for L > Ly,
one has

/ |VE— Yk|dz < e/4, forall n e N. (4.21)
{IVTy(un)|>L}

By the assumption (4.1), one has for all o > 0,

lim meas ({x € Q; sup |ay(z,A) —a(z, \)| > a}) =0.

n—oo |)\‘§L

Hence, by the equi-integrability of Y* — Y on Q, there exists ng = ng(o, Ly) € N
such that for all n > ny,

/ |VE— YE|dz < /4. (4.22)
{er; sup |a,(xz, A) —a(x, )| > a}

<L
By definition, one has Y* = a(z, VT}(uy,)) on the set R, and we consider the
following set

<L

RE7 = {:B € Ry; sup |ay(z, A) — a(z, )| < o, |[VTi(u,)| < L} :
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Since |VT}(u,)| < L on RE7. then one has
\an (2, VTi(un)) — a(z, VI (u,))| < o on RE7,

and so, for all n,
/L |VE— Y¥|dx < omeas(Q) < /4, (4.23)
REe

by taking o = o(e) < £/(4meas()).
Also, by (4.21) and (4.22), one has

/ \VE— YE|dz < £/2, for all n > ng(o(e), L(e)). (4.24)
Rp\Ryi"?

Since p,(.) converges to p(.) in measure on {2, one has
meas(Q\ R,) = meas({|p — p.| > 1/2})

which converges to zero as n — oo and the equi-integrability of V* gives, for
sufficiently large n,

/ VE = Vf|da = / |VE|dz < e/4. (4.25)
ON\R, Q\Rn,
Now, by using (4.23), (4.24) and (4.25), one gets, for n > ng(o(e), L(g)),
[ = tar <<
Q

Hence, the sequence Y* — Y* converges strongly to zero in L'(Q), as n goes to
infinity, and so, V¥ = Yk,

Let us show the representation formula (4.15) for Y*. Since meas(Q\ R,) — 0
as n — 00, so, by the equi-integrability of VTi(u,) in Q, VT (u,)(1 — xr,)
converges to zero as n — oo. Therefore, the sequence VT (u,)xr, converges
to the same Young measure v* as the sequence VT (u,). Now, fix » € D()
and let’s consider the Carathéodory function af(.,.).7b. Since the sequence 5),? =
a(x, VTi(u,)xr,) is equi-integrable in €2, then we can use the nonlinear weak-*
convergence property (2.10) to get

lim [ a(z, VTi(u,)xr,) de = / a(x, \).pdvk(\)dz. (4.26)

n—=eo Jo QxRN

Since a(x, VT (un)xr,) converges weakly to V¥, (4.26) becomes

/Qjﬂf.wdx = /MN a(z, \).pdvF(N)dz = /Q (/RN a(z, )\)dz/jj()\)) Wdx

which means that

Y=Yk = / a(z, \)dvF()\) in D'(Q) and so, a.e. in €.
RN
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Now, we end the proof with Y* € LP()(Q). One uses Jensen inequality, the
assumption (2.5) and Lemma 4.3—(v) to obtain

/ VE ()P @ de = / / a(z, \)dvE(N)
Q Q RN
< / la(z, AP @diE(A)da
QxRN

p'(x)

dx

< / CM(z) + POk (V) de < .
QxRN

(1) Let k> k> 0 and let’s put 9% = a,(x, VT;(un)) X {juj<k}- According to (i),
(9%) ey converges weakly to VEX{juj<ky in L'(Q). If we prove that the sequence
(g"

gr ) e converges weakly to V¥ in LY(Q), we can conclude that Y* = yﬁx{‘u,@},
by the uniqueness of the limit. Let’s put

R = an (2, V() )X {un | <k}
Since k > k, one has
T (un) = Ti(Ty(un)),
and so
V() = VT (1, oy = VTR0 X )
Moreover, from assumption (2.7), one has a,(z,0) = 0 a.e. x € 2. Hence,
(2, V5 (un)) X (fun| <k} = an(x, Vi (un))

and the sequence (h,’j) converges weakly to V¥ in LY(Q), according to ().

neN*
Consider the sequence (dﬁ)neN* such that
dry = g = iy = an(@, VT (un)) (X(ui<ky = Xtual<hy) -

The function x(_xx)(.) is continuous on the image of Q by u(.) for a.e. k >
0. Indeed, one has meas ({|u| = k}) = 0 for a.e. k > 0. Therefore, since u,
converges to u a.e. in €2, then

X{lunl<k} = X(—kk) (Un) = X(—kh) (U) = X{juj<k} a-€. in £ as n — oo.
So,
dk — 0 a.e. in €.

Moreover, by (i), the sequence (dk ) nens 18 equi-integrable in €2. Hence, by Vitali’s
theorem, the sequence (dﬁ)neN* converges strongly to zero in L'(€2). Therefore,
gF = hk + d* tends to Y* weakly in L'(Q2). So, this ends the proof of (i4). O

Lemma 4.5. ) For all k > 0,

/yk VT (u)dx > hmmf/yfj.VTk(un)dx (4.27)

n—o0
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and the “div-curl” inequality

/Q . (a(z,\) — a(z, VTi(w))).(A = VT (u))dvi(A)dz < 0 (4.28)
holds true.
(13) For all k >0,
VH(x) = alz, VIi(u(x))) for a.e. x € Q. (4.29)

Proof. (i) Let ¢ € C*=(Q). Since p,(.) is log-Holder continuous, then C*°(Q)
is dense in W1P»()(Q). So, we can take 1) as test function in the renormalized
formulation (3.3) for u,, to get

o (5n<un)s<un)w + S(un)nyQﬂ — fnS(un)iﬂ) dx

< 1l / 1 () VMV Ty (), (4.30)

where S € S with suppS C [-M, M], M > 0.
We are going to pass to the limit in (4.30), as n tends to infinity. By Lemma 4.3—(7i1),
u, converges to u a.e. in 2. Let’s prove now that

/fnS(un)wdxH/fS(u)wdx, as n — 0o. (4.31)
Q Q
One has

/ JaS(un)pdr = / fnS(u)dr + / [n(S(uy) — S(u))yda. (4.32)

On one hand, one has / fuS(u)pdr — /fS Jidx since f, — f in L'(9).
On the other hand, one has, for R > 0,

/Q a8 () — S())pldz = /{ () S

+ / [ Fu(S(un) — S(u))pp|da
{|fn|<R}
<21 1510 / fuldz

{lfn|>R}
R~ /Q S(uy) — S(u)dz.  (4.33)

For R > 0 fixed, the second term of the right-hand side of the inequality (4.33)
tends to zero as n — oo. Indeed, because of the continuity of S and the com-
pactness of suppS, S(u,) converges strongly to S(u) in L'(Q) by the Lebesgue
dominated convergence theorem. By the Chebyshev inequality and since f,, is
bounded in L'(€2), one has

sup | full,

sup meas({|fn| > R}) < TLEN*T < 7 0 as R — oc.
neN*
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Since the sequence f,, is equi-integrable in €2, then the first term in the right-hand
side of (4.33) can be made as small as desired by the choice of R. Hence, the
second term of the right-hand side of (4.32) tends to zero. And so, one deduces
the convergence result (4.31).

Next, we prove that

/ S(up)YM Vipdr — / S(u)YM Vpdr, as n — oo. (4.34)
Q Q

Indeed, for R > 0,

/ S(up) VM Vipda = / S(un) VM Vipda + / S (up) VM Vipd4.35)
Q {IVy|<R}

{IVy =R}

For the first term of the right-hand side of (4.35), one has

/ S(un) VM Vipda = / S(u)YM Vpda
{IVy|<R}

{IVy|<R}

+ / (S(up) — S(u))YM . Vipda.  (4.36)
{IVy|<R}

Since YM — YM in [F'()(Q) by Lemma 4.4— (i), then the first term of the right-

hand side of (4.36) tends to S(u)YM . Vipdr as n — oco.

{IVy|<R}
For a > 0 fixed, we can rewrite the second term of the right-hand side of (4.36)
as follows.

/ (S(u) — S(u) YV Vda
{IVy|<R}

/ (S ) — S())YM Vibldz
{IVy|<RIN{|YM|<a}

T / (S () — S@)PM Vepldz
{IVy|<R}IN{|YM|>a}

< aR/ 1S(uy) — S(u)ldz + 2R HSHLW/ VM |da (4.37)
Q Y3 |>a}

The sequence Y is equi-integrable in  and is bounded in L'(2) as it converges
weakly in L'(£2), so using the same argument which leads to assert that the right-
hand side of (4.33) tends to zero, as n — oo, in the inequality (4.37), then the
second term of the right-hand side of (4.36) tends to zero as n — oo. Thus, the

first term of the right-hand side of (4.35) converges to S(w)YM . Vipda

Vy|<R
as n — oQ. i<y

For the second term of the right-hand side of (4.35), we note that, by Holder type
inequality,

'/ Vol (VS(ug))dz| < C|18]| 1 HyvjszLp%(-)(Q) HX{‘V"MER}vwHLPn(.)(Q§4'38)
{IVy|=R}
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One has Hyfl‘/[HLM)(Q) < C by Lemma 4.3 and the growth assumption (2.5).
Since 1 € C*®(Q), one clearly has meas({|Vt| > R}) — 0 as R — 0 since |V|

is bounded. Therefore,
/ IV [PUde < Cmeas({|Vy| > R})
{IVy[>R}

where C' is independent of R.
So, by Lemma 2.2—(ii7), (iv), sup ||X{|v¢‘ZR}vaLPn(<)(Q) tends to zero as R —

00. Therefore, the second term of the right-hand side of (4.35) tends to zero as
R — oo. Hence, asn — oo and R — oo in the equality (4.35), one deduces (4.34).
Moreover, by (4.11), (8,(un)),cn- is bounded in L'(€2), so

{ there exists z € M (2) such that

B (i) — 2 in My(Q), as n — oo. (4.39)

Thanks to convergences (4.31), (4.34) and (4.39), one obtains for n large enough

and for ¢ € C*(Q),

/Q S(u)pdz + / (S(w)YM.Vp — fS(u)y)da

Q

< ol sup /Q 1 (1)1 (2, VT (1)), 9 T 11z (4.40)
It follows from (4.40) that z € M’g(')(Q) (C*°(€2) being dense in W0 (Q)).
Now, fix k¥ > 0. By Lemma 4.3—(iv), one has Tj(u) € W0 (Q) N L>(Q). So,
by the density of C=(Q2) in W) (Q), we can replace 1 by T (u) in (4.40).
Let’s take S = Sy, defined in (3.1). According to Lemma 4.4—(i7), for M > k, one
has Y* = YMx(juj<ky- Since VT (u) = 0 outside {|u| < k}, then we can replace
YM VT (u) by Y. VTi(u). Also, one has suppSy, C [-M,—M +1]U[M — 1, M]
and the sequence S}, is uniformly bounded i.e. [Si/ll e < C, where C'is a
positive constant independent of M. So, the term of the right-hand side of (4.40)
is bounded by

C sup / an (2, VT (uy)). VT (uy,)de
{M—1<|un|<M}

neN*

<o | (MnWTM(um ; |VTM<un>|pn<I>)dx
{M—1<|unp|<M}

neN*

< Csup [ MaX{untz 3113 | oo 0y 1V 0 () X a1 -1<gunt <3 | oo 0

neN*

+C sup / I T (1) [P @) (4.41)
{M—=1<]un|<M}

by using the growth condition on a,(.,.) and the Hélder type inequality.
Thanks to Lemma 2.2, the estimates (4.6) and (4.7), and the fact that M,, is
equi-integrable, one has that the term of the right-hand side of (4.40) tends to
zero when M — oo in (4.41).
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As M — oo in (4.40), thanks to Lebesgue dominated convergence theorem, one
obtains

/Q T (u)dz + /Q (VE.VTi(u) = fTi(u))dz = 0. (4.42)

Now, we consider the renormalized formulation (3.3) for u,, where one takes T} (u,,)
as test function and S € S with S = Sy, to get

/Q (sh(un)yg.wk(un) 4 8! () an (2, V). (Vg T () + ﬁn(un)Sh(un)Tk(un)>dx

= /anSh(un)Tk(un)dx. (4.43)

Now, we are going to pass to the limit in (4.43), as h — oo.

One uses the property (3.2) to pass to the limit, as h — oo, in the term containing
the factor S} (u,) and, since Sy, is monotone in h, we use monotone convergence
theorem to pass to the limit in the terms containing the factor S, (u,), to get

/Q (y,’j.VTk(un)+Bn(un)Tk(un))dx: /Q FaTe(uy)de, (4.44)

as h — oo in (4.43).
Since u,, converges to u a.e. in €2, and also as f, — f in L'(Q) and as ||T;|| < oo,
arguing as in (4.32) and (4.33), it follows that

/Q FuT(u)dz = / fuTi(w)ds + / fo (Ti (1) — Tew)) dar — / FTe(u)da,

as n — o0o. In the sequel, since 5, (u, )Tk (u,) > 0, by Fatou’s lemma, one deduces
that

/Q T(u)ds — /Q FTo(u)de < liminf ( /Q (B (1t) Te(atn) — fnTk(un))dx>.

n—oo

So, from the inequality above and by using (4.44) and (4.42), one gets (4.27).
Now, let’s go to the proof of the “div-curl” inequality (4.28). Thanks to Lemma 2.1,
the sequence

(an (. (VT (1)) P (VT )

is upper bounded by Y*. VT (u,) since it converges while growing to Y*.V'T}(u,,),
as m — 00. So, one has, by (4.27),

m>0

/ VP VT (u)dr > lim inf/ an (2, hy (VT (1)) P (VT (uy,))dz, for all m > 0.
0 Q

n—o0

Since / AdrF()\) and / a(x, \)dv¥(\) are, respectively, the weak limits of V7j(uy, )

0 Q
and a,(x, VT (u,)), then using the nonlinear weak-* convergence property (2.10),
it follows that

lm [ an(x, hp(VT(uy))) b (VT (uy))de = / a(, hyn(N). B (V) dvF (M) da.

n=eo Jq QxRN
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Therefore,

/Q YV VT (u)dz > /Q N a(z, (X)) T (V) ¥ (V)

Now, according to Lemma 2.1, we can apply the monotone convergence theorem
on the sequence (a(x, hp(N)).hp(N))mso to deduce that, as m — oo,

/yk.VTk(u)dJ: 2/ a(z, \).AdvF(\)dz. (4.45)

Now using the representation formulas (4.8) et (4.15), and the fact that v*(\) is
a probability measure on RY for a.e. z € Q, we find

/Q (@l = oo V(). (A= VI () vk () da

- /Q - a(z, \) AdvF(\)dz — /Q ( /R ale, A)duj(A)) VTi(u)dz

- [Late.vrion ([ 2ak) as

N /Q (a(z, VTi(w)).VTi(u)) (/RN du;“(A)) da

= /QXRN a(z, \). AdvF(\)dx —/Q (/RN a(z, A)dyj;(A)) (/RN Adyj;(A)) dz

= / a(z, \) AdvF(\)dz — / YV VT (u)da. (4.46)
QxRN Q
From (4.46) and (4.45), we deduce (4.28).

(ii) One proves that Y* = a(z, VT},(u)) a.e. in Q.
Thanks to the “div-curl” inequality (4.28) and the strict monotonicity assump-
tion (2.4) on a(x,.), one has

<a(a:, A) —alx, VT;AU))).()\ - VTk(u))de()\) =0 for a.e. z € (),
and, subsequently for a.e. z € Q, A = VTj(u) wrt the measure v¥ on RY. Since,

T

by the representation formula (4.8), VT (u) = / AdrF()), then the measure v/*
Q

reduces to the Dirac measure dyr, (). Now, from the representation formula (4.15)
we can deduce (4.29). Indeed, one has

Vi(z) = /RN a(z, \)dvF(\) = / a(x, N)ddvr, (@) (A) = a(z, VI (u(x))).

RN
Moreover, the sequence VT}(u,) generates the Young measure v% = OVTy () -€.
in Q. So, from Theorem 2.7—(ii), V1},(u,) converges to VT (u) in measure on )
as n — oo. [

Lemma 4.6. For a.e. k> 0, a,(z,VTi(uy,)).VTi(u,) — a(z, VIi(u)).VTi(u)
strongly in L'(Q).
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Proof. By Lemma 4.5 — (i7) and the convergence (4.1), up to a subsequence, one
has an(z, VTi(u,)).VTi(u,) converges to a(z, VI (u)).VTi(u) a.e. in Q. Since
an(x, VTi(uy,)). VT (u,) > 0, by Fatou’s lemma, one has

/Q a(z, VT (1)).VT(w)dz < lim inf /Q (2, VT (1)) V T (1)

n—oo

and so, by (4.27), we have

lim inf /Q (@, VT (). V T (1) = / a(z, VT(w)).V T (u)dz.

n—oo

Q
Thus, by the Scheffé’s theorem (see [20]), one deduces that a,,(z, VT (u,)). VT (u,)
converges to a(x, VT (u)).VTi(u) strongly in L*(€), up to subsequence. O

Lemma 4.7. The Radon-Nikodym decomposition with respect to Lebesque mea-
sure LN of the measure z,

Z:bCN—F,u, wz’thuJ_EN,
satisfies the following properties.
be Bu) LN—ae inQ, be LY Q), pe MU(Q),

u't is concentrated on [u = M], (4.47)
p~ s concentrated on [u = m].

Proof. For every € > 0, we consider the Yosida regularisation [, given by

b= Y1 (rvep)).

T e
We put

reR

1
Je(s) = min {g|s —r? —I—j(?“)} Vs € R, Ve > 0.

According to Proposition 2.11 in [4], one has

dom(B) C dom(j) C dom(j) C dom(p).

jels) = g|@6|2 +j(J.) where J. = (I + )7,

je is convex, Frechet-differentiable and 3. = 0j.,

JeTjasel0.
For all ¢ > 0 and for all s € R, one has

G(8) > je(8) > je(ue) + (s — ue)Be(us) LY —ae. in Q, Vs € R.

For all ¢ € C7°(€2) and for all Sy defined in (3.1), one has

¢Sk(ue)j(s) = dSk(ue)je(s) = dSk(ue)je(ue) + (s — ue )9Sk (ue) Be(ue).
Let’s fix ¢g > 0 and take 0 < € < gy. One has, for all s € R,

/Q 9S4 (u.)j(s)de > / 0S4 (112) ey (1) + / (5 — 1) 8 (ue) e (us) .

For € — 0, one has

/Q¢Sk(u)j(s)dx > /Q<Z55k(u)jeo(u)d:c+/Q(s—u)qﬁSk(u)dz.




66 K. KANSIE, S. OUARO

Now, as ¢g — 0, one gets

[ oswide> [ osituitide+ [ (s - uosiudz
0 0 0
which implies
Sk(u)j(s) > Sp(uw)j(u) + (s —u)Sk(u)z in My(R2), Vs € R.
Since z = bLYN + p, with u L LV, b € LY(Q), one obtains
Sk(w)j(s) > Sp(u)j(u) + (s — u)Sp(u)b LY — ae. in Q, Vs € R (4.48)
and —
(s —u)Sk(u)p <0 in M,(Q), Vs € dom(j). (4.49)
From (4.48), one deduces
J(s) > j(u) + (s —u)b LN— ae. in Q, Vs € R
and so b € 9j(u) = B(u) LN —a.e. in Q.
From (4.49), one has, for all t € dom(j),
p=>0in [u € (t,00) N supp(h)]
and
p<0in [u € (—oo,t) N supp(h)].
In particular, one has
p(lm <0 < M]) =0.

So, ' is concentrated on [u = M] and p~ is concentrated on [u = m]. O
Lemma 4.8. u verifies the renormalized formulation (3.4).

Proof. Since C*(Q) is dense in W0 (Q) and in W»()(Q) as p and p,, verify

(4.4), we can take test functions in C*(£2). So, let ¢ € C*°(Q) a test function
for the renormalized formulation (3.3) for w,. One has

/Q (S(un)an(z, Vug). Vi + 8 (un)an(z, Vi) Vo 4 b(u,) S (u,)y) dz

= /Q FuS () da, (4.50)

where S € S with suppS C [-M, M].

As n — oo in (4.50), reasoning as above to pass from (4.30) to (4.40), we get the
different limits given in (4.31), (4.34) and (4.39). So, we should direct especially
our attention to the term

/Q S (un)an (2, Viuy)(Viy o — /Q S () VM (Vg ()bl

The sequence S’(uy,) is uniformly bounded and converges to S’(u) a.e. in €.
Thanks to Lemma 4.6—(7) and by using Lebesgue generalized convergence theo-
rem, this term converges to

/Q S (u)YM VT (w)ioda = /Q S (u)(alz, Va). Va)ude.
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Therefore, one deduces from (4.50), as n — oo,

/S)S(u)wdz—l—/QS(u)a(x,Vu).Vl/)dx—i-/QS’(u)a(x,Vu).Vuwda:/QfS((?;DSJ,

for all ¢ € C=(9).
As u € dom(B) C [m, M], one can take S € S such that S(u) = 1 and S'(u) = 0
to get

/Ql/sz—i-/Qa(x,Vu).dex—/szﬁdx, (4.52)
Q)

for all ¢ € C(Q).
Since z = bLYN + p, then it becomes that

/wadaH—/de/L—i-/Qa(:c,Vu).dea::/sz/de, for all ¢» € C*(Q).

Moreover, C=(€2) is dense in W'P()(Q). So, the above equality holds true for all
P € WHPO(Q) N L2(2) and one gets (3.4), wich ends the proof of Theorem 4.2.
O
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