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MULTIPLICATIVE JORDAN TRIPLE SEMI-DERIVATIONS ON RINGS
AND STANDARD OPERATOR ALGEBRAS

JOAO CARLOS DA MOTTA FERREIRA'* AND MARIA DAS GRACAS BRUNO MARIETTO?

AgstrACT. In this paper we study the additivity of multiplicative Jordan triple semi-
derivations on rings and standard operator algebras.

1. INTRODUCTION

The study of the additivity of maps on rings has been an active area of research. The
first result about the additivity of multiplicative isomorphisms on rings was given by
Martindale III [7]. Daif [5] introduced the definition of a multiplicative derivation of
a ring and studied the additivity of such map. In the context of derivations, BreSar [3]
studied the Jordan triple derivations on rings and Lu [10] studied the additivity of mul-
tiplicative Jordan triple derivations on rings. Posteriorly, Jing and Lu [6] generalized
the results of Lu to a larger class of rings.

Bergen [1] introduced the notion of a semi-derivation of a ring, based on the concept
of derivation, and Siddeeque and Khan [11] studied the additivity of multiplicative
semi-derivation of a ring (a concept based on the notions of a semi-derivation and
multiplicative derivation). Motivated by the facts mentioned above, in this paper we
introduce the notions of a Jordan triple semi-derivation of a ring and multiplicative
Jordan triple semi-derivation of a ring, based on the notions of a Jordan triple derivation
and multiplicative Jordan triple derivation, and present a study on its additivity.

2. MULTIPLICATIVE JORDAN TRIPLE SEMI-DERIVATIONS ON RINGS

Let # be an associative ring, g : # — % an arbitrary map. Amapd : Z — %
is called a multiplicative semi-derivation of % (associated with g) if the following
conditions are satisfied:

d(ab) = d(a)b + g(a)d(b) = d(a)g(b) + ad(b),

for all elements a,b € %, and d(g(a)) = g(d(a)), for all element a € Z#. An additive
multiplicative semi-derivation of & (associated with g) is called a semi-derivation of
Z (associated with g).
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Amapd : # — X is called a multiplicative Jordan triple semi-derivation of %
(associated with g) if the following conditions are satisfied:
d(aba) = d(a)ba + g(a)d(b)a + g(a)g(b)d(a)
= d(a)g(b)g(a) + ad(b)g(a) + abd(a),
for all elements a,b € #, and

d(g(a)) = g(d(a)),

for all element @ € %#. An additive multiplicative Jordan triple semi-derivation of &%
(associated with g) is called a Jordan triple semi-derivation of % (associated with g).
Our main result reads as follows.

Theorem 2.1. Let % be an associative ring containing a non-trivial idempotent e,
K = @ j-12%;j the Peirce decomposition of %, relative to e\, g : # — X% an arbi-
trary endomorphism of % and t an element of the ring Z%. Assume that the following
properties hold:
(@) g(xiptx;; = 0 and x;tg(x;;) = 0, for all elements x;; € X#;; (i, j = 1,2), implies
t=0,
(©) g(xiptx;; = 0 and x;tg(x;;) = 0, for all elements x;; € %;; (i # j;i,j = 1,2),
implies t = 0, provided that the conditions are satisfied:
g(xj)tx; = 0 and x;tg(x;;) = 0,
for all elements x; € %y, x;; € X;jand xj; € Zji (i # jii,j=1,2).
Then every multiplicative Jordan triple semi-derivation of % (associated with g) is
additive.
In addition, if Z is a 2-torsion free semiprime ring and g : # — X is a ring isomor-
phism of Z, then every multiplicative Jordan triple semi-derivation of Z (associative
with g) is a semi-derivation of Z (associative with g).

To prove the Theorem 2.1, let d : # — % be a multiplicative Jordan triple semi-
derivation of & (associated with g).

Based on the techniques used by Jing and Lu [6], we shall organize the proof of
Theorem 2.1 in a series of Steps. The following Step will be used throughout this
paper, whose proof is elementary and therefore omitted.

Step 2.2. d(0) = 0.

Step 2.3. For arbitrary elements ap € %11, app € %12, ar) € %21 and ay € %22 the
fOllOWil’lg holds: d(aU + ajpp +axy + azz) = d(all) + d(alz) + d(a21) + d(azz).

Pl’OOf First, write t = d(a“ +app +ax + 6122) - d(an) - d(alz) — d(azl) - d(azz). For
all x;; € #Z;; (i, j = 1,2) we have

d(xij(ay + az + ax + an)x;;)
=d(x;j)(a + ap + ay + ap)x;; + g(x;jd(ay + app + ax + ay)x;;
+ g(xip)glan + ap + ax + axn)d(x;)), (2.1)

d(xjjay1x;;) = d(x;))an xij + g(xij)d(ar)x;j + g(xij)g(ar d(x;j), (2.2)
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d(xijarnxij) = d(x;papxi; + g(xid(an)x;; + g(xij)glan)d(x;j), (2.3)

d(xija21xij) = d(xij)azlxij + g(xzj)d(azl)xij + g(xij)g(azl)d(xij) (2.4)
and

d(xijazzxij) = d(xij)azzxij + g(xij)d(aZZ)xij + g(xij)g(a22)d(xij)- (2.5)

Adding (2.2), (2.3), (2.4) and (2.5) and subtracting this sum from (2.1), we get
d(xij(ay + app + ax + an)x;j) — d(x;;ay1x;) — d(x;ja2x;;)
- d(Xijamxij) - d(xija22xij)
= g(x;j)(d(ay + ain + ax + ay) —d(ay) — d(ay) — d(az) — d(ax))x;;
+ g(x;)(glar + app + ay + ax) — glar) — glan) — glaar) — gax))d(x;;)
which implies that
d(xij(ay + apy + ay + axn)x;j) — d(x;ay1x;;) — d(xija12x;))
- d(xija2]xij) - d(xijazzxij)
= g(x;pd(ay + app + axy + ax) — d(ayy)
—d(apn) — d(as) — d(ax))xij. (2.6)
As a consequence of (2.6), we conclude that
g(x,-.,-)txij =0. (27)
Next, for all x;; € #;; (i, j = 1,2) we have
d(xij(ay + apx + az + axn)x;;)

= d(x;j)gla + ap + az + an)g(x;;) + x;d(ay + apn + ax + axn)g(xi))

+ xij(an + app + ax + ax)d(x;)), (2.8)
d(xjjan x;j) = d(x;j)g(a)g(xij) + x;;d(ai)g(xij) + xijand(x;)), (2.9)
d(xijanxij) = d(x;j)g(an)g(xij) + x;jd(ain)g(xi;) + xijad(x;j), (2.10)
d(xijaz1 x;j) = d(x;j)g(ax)g(xij) + xijd(a)g(xi;) + xijar d(x;;) (2.11)

and
d(x;jjaxx;;) = d(x;j)g(a)g(xij) + x;jd(a)g(x;j) + xijand(x;)). (2.12)

Adding (2.9), (2.10), (2.11) and (2.12) and subtracting this sum from (2.8), we get
d(xij(ar + ax + ay + an)x;;) — d(xijay xij) — d(x;janx;;)
- d(xijazlxij) - d(xijazzxij)
=d(x;j)(glay +ap +ax +axn) — glan) — glan) — glaz) — glan))g(xi))
+ x;j(d(ay + app + ax + ax) —d(a) — d(apn) — d(as) — d(ax))g(xi;)



MULTIPLICATIVE JORDAN TRIPLE SEMI-DERIVATIONS 101
which results that

d(xij(ay + apx + ay + axn)x;j) — d(xijay x;;) — d(x;ja2x;;)
— d(x;jas x;j) — d(x;jax;;)
= x;j(d(ay + app + axy + axn) —d(a) —d(a)
— d(az1) — d(a2))g(x;)). (2.13)

It therefore follows from (2.13) that
x;jtg(x;j) = 0. (2.14)

The identities (2.7) and (2.14) and the property (&) show that ¢+ = 0. Consequently,
d(ay + app + ay + ap) —d(ay) — d(ar) — d(ay) — d(axp) = 0. ]

Step 2.4. For arbitrary elements ai,, by € 12, ar1,byy € %5 and tyy € %o the
following hold: (1) d(a12 + b]zl’zz) = d(alz) + d(b]ztgz) and (11) d(ag] + f22b21) = d(aZ]) +
d(tybsy).

Proof. First, we observe that the following identity holds
el +ap + bty = (e1 +an +tn)(e +bip)ler +ap + 1),
for all elements a», byy € Z), and ty, € %»,. By Step 2.3, it follows that

d(er) + d(app + anty)

=d(ey + app + aptxn)

= d((e1 + aia + t2)(er + bia)(er + an + 122))
=d(e; + app + tp)(er + bp)(er + an + 1)
+g(er + anp + tn)d(e; + brp)(er + an + 1)
+gler +apn + tn)gle) + bip)d(er +ap + 1)
=d(e; + app + tp)(er + bp)(er + apn + 1)

+ g(er + an + t)(d(er) + d(brp))(er + apy + 1)
+ g(er + ann + 12)(g(er) + g(b12))d(er + ain + 1)
=d(e + ap + m)ei(e) + apn + 1)

+g(er + an + t)d(er)(er + an + 1)

+ g(er + ann + tp)gled(er + ann + 1)

+d(e; + apn + t)bia(er +ap + 1)

+g(er + an + 1p)d(bra)(er + ai + 122)

+ g(er + ann + 12)g(brn)d(er + aix + 1)

=d((e; + ain + tp)ei(er + ap + 1))

+d((er + app + t)bia(er + ap + 1))

=d(e1 +ap) + d(biaty)

= d(ey) + d(ar2) + d(biaty).
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This shows that d(aj, + ajnty) = d(ay;) + d(appty). Using a similar argument to the
previous case, we obtain that d(a,; + t»as) = d(az;) + d(tpas), from the identity

ey +an + by = (e + ay + tn)(ey + byy)(ey +ay + 1),
for all elements a»y, by; € %>, and tyy € X». O

Step 2.5. For arbitrary elements ay,, b1, € %\, and ay1, by, € %5, the following hold:
(1) d(aix + byz) = d(arp) + d(by2) and (ii) d(az; + byy) = d(az) + d(byy).

Proof. Write t = d(aj» +by2) —d(a2) —d(by,). For all x;; € Z;; (i, j = 1,2) we compute

d(x;j(aiy + bi2)x;j) = d(x;j)(air + bi2)xij

+ g(xij)d(alz + blz)xij + g(xij)g(alz + blz)d(xij), (2.15)
d(xjjainx;;) = d(xij)anx;j + g(x;)d(a2)x;; + g(xi;)g(an)d(x;;) (2.16)

and
d(xijblzxij) = d(xij)bnxij + g(xij)d(blz)xij + g(xij)g(bIZ)d(xij)- (2.17)

Adding (2.16) and (2.17) and subtracting this sum from (2.15), we arrive at
d(xij(aIZ + b12)xij) - d(Xijalzxij) - d(xijblzxij)
= g(xipd(aip + b1p) — d(ain) — d(b12))x;;
+ g(xij)(g(a12 + byp) — glan) — g(blz))d(xij)

which implies that

d(Xij(alz + blz)xij) - d(xijalzxij) - d(xijblzxij)

= g(xij)(d(alz + byy) —d(a) — d(blz))xij- (2.18)
By (2.18) and Step 2.4(ii) we obtain
g(xiptx;j = 0. (2.19)
Using a similar argument to the previous case, we obtain that
x;jtg(x;;) = 0, (2.20)

for all x;; € Z;; (i, j = 1,2). The identities (2.19) and (2.20) and the property (&) show
that r = 0. Therefore, d(a12 + b]z) - d(alz) - d(b]z) =0.
The other case is proved in a similar way. O

Step 2.6. For arbitrary elements a1, b, € %), and ax, by, € %>, the following hold:
(1) d(ayy + byy) = d(ayy) + d(byy) and (ii) d(az; + by) = d(ax) + d(by).

PI"OOf. Write ¢ = d(Cl]] + b]]) - d(Cl]]) — d(b]]) For all Xij € ‘%ij (i # ], l,] = 1,2) we
compute

d(x;j(ar + by)xij) = d(xij)(a + biy)xij
+ g(x;pd(ay + by)xi; + g(xiglan + bid(xi)), (2.21)

d(xijay1xij) = d(xipay xij + g(xipd(ay)x;j + g(xij)gar)d(x;j) (2.22)
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and
d(x;jb11x;j) = d(xij)biixij + g(xi)d(by1)x;j + g(xij)g(b11)d(x;;). (2.23)
Adding (2.22) and (2.23) and subtracting this sum from (2.21), we arrive at
d(xij(all + bll)xij) - d(xijallxij) - d(xijbllxij)
= g(xipd(ar + byy) —d(air) — d(bi1))x;;
+ g(x;))(g(ar + byy) — glar) — g(bi1))d(x;j)
which leads at
d(x;j(ay + bi1)x;j) — d(x;jayi xij) — d(x;b11xij)
= g(xij)(d(all + b)) —d(a) - d(bll))xij- (2.24)
From (2.24) we get
g(x;ptx;j = 0. (2.25)
Using a similar argument to the previous case, we can prove that
x;jtg(x;;) = 0, (2.26)
forall x;; € Z;; (i # j;i,j = 1,2). Also, forall x; € Z; and x;; € Z); (i # j;i,j=1,2)
we compute
d(xii(an + bi)xi) +d(xji(an + bi)xi) = d((x;; + xji)(an + bi)(xi + X))
=d(x; + xj)(an + by)(xi; + x51) + g(xi; + xj)d(ay + by)(xi; + xj;)
+ g(x;i + xj)g(ar + bi)d(xi; + xj), (2.27)

d(xiay xi) + d(xjian x;) = d((xi; + xj)an (xi + X))
=d(x;; + xj)ay (x; + xj;) + g(x;; + xj)d(ay ) (xi; + xji)
+ g(xi + xj)glar)d(x;; + x;i) (2.28)
and
d(x;ibiyx;i) + d(xjiby1xi;) = d((xi; + xji)b11(xi; + X))
= d(xii + x;)b11 (xii + xji) + g(xii + x;)d(b11)(xii + Xxji)
+ g(xii + xj)g(br)d(xii + Xji). (2.29)
Adding (2.28) and (2.29) and subtracting this sum from (2.27), we arrive at
d(xii(arr + br)xi) — d(xay xi;) — d(xiiby1x;i)
+ d(xji(all + bi1)xii) — d(xjiallxii) —d(xjiby1x;)
= g(x;; + xj)(d(ar + biy) —d(ay) — d(bi1))(xi; + xj;)
+ g(xii + x;)(g(an + bi) — glay) — gb1)d(x;; + Xji)
which leads to
d(xi(an + bi)xi) — d(xzan xi;) — d(x;ibiy x;;)
= g(xii + xj)(d(ay + byy) —d(ay) — d(bi1))(xii + xji), (2.30)
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by Step 2.24. Now, note that
d(xii(an + bi)xi) — d(xzanxi;) — d(xiibiy xi;)
= g(xi)(d(an + byy) — d(ayy) — d(bi))xi- (2.31)
Thus from (2.30) and (2.31) it follows that
8(x; + xj)(d(ay + biy) — d(ay) — d(by1))(xi; + xji)
= g(xi)(d(ar + byy) — d(ayy) — d(bi1))xii

and by (2.25) we arrive at
g(xi)(d(ay + byy) —d(ary) — d(bi1))xji
+ g(x;)(d(ay + byy) —d(ayy) —d(by))x;; = 0. (2.32)

Since i # j and g is an endomorphism of %, then multiplying the identity (2.32) on
the left by g(e;), we can then conclude that
g(x;)(d(ay + by) —d(ar) —d(bi1))x; = 0.

It follows directly from this that

g(x;tx; = 0. (2.33)
Using a similar argument to the previous case, we can prove that, for all x; € #;; and
Xi; € X (i # J;i,j=1,2) we have

x;itg(xi;) = 0. (2.34)
The identities (2.25), (2.26), (2.33) and (2.34) and the property (&) show that r = 0.

Therefore, d(ay; + by1) — d(ay,) — d(by;) = 0.
The other case is proved in a similar way. O

Step 2.77. d is an additive map.
Proof. The result is direc consequence of Steps 2.3, 2.5 and 2.6. O

To complete the proof of the Theorem 2.1 we will assume in addition that % is a
2-torsion free semiprime ring and g : # — % is a ring isomorphism of Z.

Step 2.8. d is a semi-derivation of % (associated with g).

Proof. First, note that every Jordan triple semi-derivation of &% (associative with g) is
also a Jordan triple (id%, g)-derivation and a Jordan triple (g, id4)-derivation, by [9,
identity (7), pp. 1397]. Thus, by [9, Theorem 1], we conclude that d is a (id, g)-
derivation and a (g, id%)-derivation, respectively, which allows to conclude that d is a
semi-derivation of & (associative with g). O

3. MULTIPLICATIVE JORDAN TRIPLE SEMI-DERIVATIONS ON STANDARD OPERATOR ALGEBRAS

In order to present the main result of this section, we will take into account the
results of Chang [4, Theorem 1], that proved that all maps which are associated with
arbitrary semi-derivations of a prime ring are always homomorphisms, and of BreSar
and Sémrl [2, Corollary 7.3.], that characterized the class of isomorphisms between
standard operator algebras. Thus, in view of these facts and the main result of the
previous section, we can state the following:
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Theorem 3.1. Let 2 be a Hilbert space with dim 2 > 2, B(Z) the algebra of
all bounded linear operators on 2, o C HB(Z") a standard operator algebra and
g o — o an isomorphism of <f . Then the following statement holds: every multi-
plicative Jordan triple semi-derivation of </ (associated with g) is a semi-derivation
of o/ (associated with g).

Proof. First of all, it is well known that Z(.2") and <7 are prime rings and .<7 contains
a non-trivial idempotent e;. Also, .7 is dense in A(Z") under the strong operator
topology and, by [2, Corollary 7.3.], there exist a linear invertible operator of Z(2"),
y: Z — %, such that g(a) = yay™', for all element a € 7.

Let B(Z) = @, j=12B(X);j and & = &; -1 ,.97; be the Peirce decompositions of
B(Z) and , relative to e, respectively, and for an arbitrary element ¢ € <7, consider
Y=+ 7 D0+ (D + (7)o and 1y = (89)11 + (29)12 + (19)21 + (1Y) be
the Peirce decompositions of y~!t and ty, relative to e,. Write e, = 1 #2) — €1, where
1 (2 is a multiplicative identity of Z(Z").

Assume that the following conditions hold: g(x;;)tx;; = 0 and x;;1g(x;;) = 0, for all
elements x;; € 7; (i, j = 1,2). Then yx;;y~'tx;; = 0 and x;;tyx;;y~" = 0, for all elements
xij € < (i, j = 1,2), which leads to x;;y'tx;; = 0 and x;;ryx;; = 0, for all elements
xij € (i, j = 1,2). As « is dense in B(Z"), then we can conclude that x;;y~'7x;; = 0
and x;;tyx;; = 0, for all elements x;; € B(Z");; (i, j = 1,2). Hence, by [8, Lemma 2(i)],
we get (y~'1) ji=0and (ty); = 0(,j = 1,2), respectively. This shows that ylt=0
and ¢ty = 0. From either of the two identities, we obtain ¢ = 0. Now, assume that the
following conditions hold: g(x;;)tx;; = 0 and x;;tg(x;;) = 0, for all elements x;; € .<7;
(i # j;i,j = 1,2), provided that the conditions are met: g(x;;)tx; = 0 and x;;1g(x;;) = 0,
for all elements x; € <7;, x;; € @, and xj; € &; (i # j;i, j = 1,2). First, note that using
a similar reasoning to the previous case we can deduce that (y~'7) ji=0and (ty);; =0
(i # jii,j = 1,2). Also, yx;;y"'tx; = 0 and x;tyx;;y~' = 0, for all elements x;; € <%,
Xij S inj and Xji S JZ{]',' (l * j; l,] = 1,2) results in xj,-y_]tx,-i = 0 and xiityx,j = O,
for all elements x;; € <;, x;; € «; and x;; € ;. As &/ is dense in Z(Z"), then
we can conclude that xj,-y“txii = 0 and x;tyx;; = 0, for all elements x; € B(Z ),
xij € B(X)jand x;; € B(X)ji (i # j;i, j = 1,2). This implies that (y~'#); = 0 and
(ty)ii = 0, in view of the primeness of Z(2"). It therefore follows that y~'t = 0 and
ty = 0, respectively. From either of the two identities, we obtain ¢ = 0. Therefore, by
Theorem 2.1, d is an additive map and so we obtain the desired result. O
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