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FIXED POINT THEOREMS FOR FUZZY CONTRACTIONS
MAPPINGS IN A DISLOCATED B-METRIC SPACES WITH
APPLICATIONS

MUHAMMED RAJI'* AND MUSA ADEKU IBRAHIM?

ABSTRACT. The purpose of this article, is to establish some fixed point results
for fuzzy mappings in a complete dislocated b-metric space. Examples are
provided to support results and concepts presented herein. As an application
of our results, multivalued mappings and fuzzy mappings are studied.

1. INTRODUCTION AND PRELIMINARIES

Banach’s fixed point theorems for contraction mappings is one of the pivotal
results of mathematical analysis. Banach contraction principle [5] is one of the
most notable results which has played a vital role in the development of a metric
fixed point theory. This principle and its variants provide a useful apparatus
in guaranteeing the existence and uniqueness of solutions of various nonlinear
problems: differential equations, integral equations, optimization problems, vari-
ational inequalities. A host of this principle has been made modified and extended
by several mathematicians in different perspectives, some of them are as follows:
Czerwik [10] had an excellent idea to introduced the concepts of b-metric spaces
by weakening the coefficient of the triangle inequality and generalized Banach’s
Contraction Principle. Sub- sequently, Boriceanu [7] obtained some concrete ex-
amples of b-metric spaces and studied the fixed-point properties of set-valued
operators in b-metric spaces. Hussain et al. [13] introduced the new concept of
dislocated b-metric space as a generalization of metric space and established to
prove some common fixed point results for four mappings satisfying the general-
ized weak contractive conditions in a partially ordered dislocated b-metric space.
Zadeh [23] introduced the idea of fuzzy sets. Later on, Weiss [22] gave the idea of
a fuzzy mapping and obtained many fixed point results. Afterward, Heilpern [11]
initiated the idea of fuzzy contraction mappings and proved a fixed point theo-
rem for fuzzy contraction mappings. Shahzad et al. [19] introduced the concept
of F-contraction to obtain some common fixed point results for fuzzy mappings
satisfying a new Ciric type rational F-contraction in the context of complete dis-
located metric spaces.
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In view of the above considerations, we prove some fixed point results for fuzzy
mappings in a complete dislocated b-metric space. We also give illustrative ex-
amples to furnish the highlighted realized improvements. As an application of
our results, multivalued mappings and fuzzy mappings are studied.

Throughout the article, we denoted by R is the set of all real numbers, by R is
the set of all positive real numbers and by N is the set of natural numbers.

In the sequel, we shall present the notion of some relevant definitions.

Definition 1.1. [10] Let X be non-empty set and s > 1 be a given real number.
If a function d: X x X — R satisfies the following condition

(by) d(z, ) = 0 iff x=y

(bQ) d(ZL‘, y) = d(y7 l‘)

(bs) d(z, z) < sld(z,y) + d(y, z)] for all z,y € X,

then the pair (X, d) is called a b-metric space.

Definition 1.2. [18] Let X be a nonempty set. A function d: X x X — RT.
A pair (X, d) is called a distance space. If d satisfies the following conditions:

i d(x,y) =0if z = y;

i d(z,y) = d(y, v);

iii. d(z,y) <d(z,z)+d(z,y) forall z,y,z € X.

Then, a function d: X x X — R" is called a dislocated metric on X. If d is
a dislocated metric on X, then the pair (X, d) is said to be a dislocated metric
space.

Definition 1.3. [11, 17] A fuzzy set in X is a function with domain X and value
in [0,1], F(X) is the collection of all fuzzy sets in X. If A is a fuzzy set and
x € X , then the function value A(z) is called the grade of membership of z in
A. The a-level set of fuzzy set A, is denoted by [A],, and defined as:

[Al, = {x: A(z) > o} where a € (0,1],[A]o = {z : A(z) > 0}.

Definition 1.4. [8, 4] Let X be any nonempty set and Y be a metric space. A
mapping T is called a fuzzy mapping, if T is a mapping from X into F(Y). A
fuzzy mapping T is a fuzzy subset on X x Y with membership function T'(z)(y).
The function T'(z)(y) is the grade of membership of y in T'(x). For convenience,
we denote the a-level set of T'(x) by [Tx], instead of [T(z)]q.

Definition 1.5. [20, 15] A point x € X is called a fuzzy fixed point of a fuzzy
mapping 7" : X — F(X) if there exists a € (0,1] such that z € [T'z],.

Definition 1.6. [12, 6] Let X be a nonempty set. A function dj, : X x X —
[0,00) is called dislocated b-metric (or simply dy,-metric) if, for any z,y,z € X
and b > 1, the following conditions hold:

i. If dp(x,y) =0, then x = y;

ii. dip(r,y) = du(y, );

iii. dip(z,y) < bldw(x, z) + di(z,y)].

The pair (X, dy,) is called a dislocated b-metric space. It should be noted that
the class of d;, metric spaces is effectively larger than that of d; metric spaces,
since dj, is a d; metric when b = 1.
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It is clear that if dj(x,y) = 0, then from (i), x = y. But if x =y, (X,dp) may
not be 0.

Example 1.7. [21] If X = R* U {0} , then dy(z,y) = (v + y)* defines a
dislocated b-metric dy, on X.

Definition 1.8. [2] Let (X, dj) be a dislocated b-metric space.
i. A sequence {z,} in (X, dy) is called Cauchy sequence if, given € > 0, there
corresponds ng € N such that, for all n,m > ny, we have dy(z,,x,) <€ or

hmn,m—)oo dlb(l‘ma xn)
ii. A sequence {x,} dislocated b-converges (for short dj, -converges) to z if
lim,, o dip(x,,n) = 0. In this case x is called a dy, limit of {z,}.

Definition 1.9. [21] Let K be a nonempty subset of dislocated b-metric space
X, and let z € X. An element y, € K is called a best approximation in K if

dlb(% K) = dlb(l‘; yO)u
where

di(z, K) = zlfel£y € K dp(z,y)

. If each x € X has at least one best approximation in K, then K is called a
proximinal set. Denote by P(X) the set of all proximinal subsets of X.

Definition 1.10. [21] The function H,, : P(X) x P(X) — R*, defined by
Hga, (A, B) = max{sup dy(a,B), 21131? dp(A,b)},
€

a€A

is called dislocated Hausdorff b-metric on P(X).
Lemma 1.11. [21] Let A and B be nonempty proximal subsets of a dislocated
b-metric space (X, dp). If a € A, then
d(a, B) < H(A, B).
Lemma 1.12. [21] Let (X, dy) be a dislocated metric space. Let (P(X), Hg,) be

a dislocated Hausdorff b-metric space. Then, for all A, B € P(X) and for each
a € A, there exists b, € B satisfying

dlb(aa B) = dlb(aa ba),
then
Hdlb (A, B) Z dlb((l, ba).

Definition 1.13. [16, 14] Let (X, d) be a complete metric space and 5,7 : X —
X be two given mappings. Then we say that x € X is a common fixed point of
Sand T if x = Sx =Tx.
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2. MAIN RESULTS
In this section, we begin with the following Theorem.

Theorem 2.1. Let (X,dy,) be a complete dislocated b-metric space with constant
b>1. Let T : X — F(x) be a fuzzy mapping. Suppose there exists a(x) € (0,1]
satisfying the following conditions:
Ha, ((T7)aga), [TYlat) < ardi(,y) + azdiy (2, [T]a() + asdw(y, [TY]a)+
dip(, [T%] a2y dis (Y, [TY] ay))
dlb(x7 y) + dlb('ru [Ty]a(y)) + dlb(y7 [Tl’]&(m))
dp(, [Tx]a(@)dlb(xa [Ty]a(y)) + diy(y, [Tx]a(:c))dlb@u [Ty]a(y))
din(z, [TYlag)) + diw(y, [T2]aw))

asdp(z, [TYaw)) + asdip(y, [T o)) + as

+ar

(2.1)
forall xz,y € X ,x #y and ay,a9,as3,a4,as,a6,a7 > 0 with bla; + as) + az +
b(1+b)ay + blag +a7) <1 and ay + as + ag + a4 + as + ag + a7 < 1. Then there
exists ¥ € X such that v € [Tx"]q(z+).

Proof. Let g € X be any arbitary point in X. Let 21 € [T'%o|a(z,) be an element
such that dy (2o, [T%0]a(z)) = dis(v0,z1) Again let xo € [T21]a(z,) be an element
such that dy (21, [T1]a(z,)) = diw(21,22). Continuing in this process,we construct
a sequence x,, of points in X such that x,, € [T%,_1]a(s,_,), for all n € N. Now
by using (2.1) and Lemma 1.12,we get
dlb(xna anrl) S Hdlb([Txnfl]a(wn,l)a [Txn]a(wn)) S ai dlb(xnfla xn)+
a2dlb<xn—17 [Txn—l]a(:(;n_l)) + a3dlb(xn> [Tmn]a(:(;n)> + CL4dlb(l‘n—17 [Txn]oz(xn))_’_
dlb(xnfla [Txnfl]a(xnflﬂdlb(xn; [Txn]a(xn))
dlb($n—1a zn) + dlb($n—1> [Txn]a(xn)) + dlb<xna [Txn—l]a(xn_l))
dlb(xn—b [T:En—l]a(xn_ﬂ)dlb(xn—la [Txn]a(a:n)) + dlb(xna [Txn—l]a(xn_l))dlb(xn7 [Txn]a(xn))
dlb(xn—ly [Txn]a(a:n)> + dlb<xn7 [Txn—l]oz(xn_ﬂ)
S Clelb<l’n—1a xn)+a'2dlb(xn—1a $n)+0,3dlb(l'n, xn+1)+a4dlb (xn—17 xn+1)+a5dlb (l’n, xn)

dip (Tp—1,%n)dip(Tn, Tni1))
dib(zn—1,n) + dib(2p_1, Tni1) + dib(xy, 2,)
7dlb (Tn1, Tp)dip(Tn—1, Tny1) + dip(zn, ) dip (T, Tryr))
dip(p_1, Tpi1) + dib(zp, x,)
< ardpp(Tn—1, Tn)Fasdy (21, n)Fasdp(Tn, Tn1)+Fbaa[dp(Tn—1, 2n)+dip(Tn, Tni1)]

a5dlb(xn7 [Txn—l]a(xn—l)) + ag

+ay

+ag

+asdip(Tn—1, Tn) + ardp(Tn-1, )
a1+a2—|—ba4+a6+a7

dlb<xm xn—i—l) < 1— (CLS + ba4) dlb(xn—h J;n) (22)
Let
\ = a1+a2+ba4—|—a6+a7
1— (CL3 + ba4)
Since

a1+a2+a3+a4+a5+a6+a7<1
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implies that
a1+a2—|—ba4+a6+a7

< 1.
1— (CL3 + bCL4>

Hence,
dip(Tp, Tpi1) < Ndp(xp_1,2,) for all n € N. (2.3)
Then, by repeated application of (2.3), we have
dip (T, Tps1) < N (T-1, 20) < Ny (@0, Tpgr) < - < XNy (w0, 21)  (2.4)
for all m € N and for any n > m where n,m € N, we have, by using condition
(iii) of definition 1.6
dip (@, ) < b(dip(Tn, Tins1)) + 02 (dip(Ts1s Tinga)) + -+ - 4+ 0" (dip (-1, 7))
< DA™y (0, 1) + O dyy (o, 1) + -+ 0N (o, 1) by (2.4)
DAL 4 bA A+ -+ 0N dy (0, 21)
bA™
<
—1-0bA
This proves that {x,} is Cauchy sequence in X.

Since X is complete, there exists x* € X such that z, — x* as n — oo. Now,
by Lemma 1.11 and (2.1), we have

dip(z”, [Tx"]o (7)) < bldw (2", 2ns1) + dip(Tns1, [T ]a@r))]
< bldi (2", Tpg1) + Hduw([T20]ag@n), [T ]a@))]
< bldi (2", Tny1) + ardp(xn, ) + asdp(Tn, [T a(z,))+
asdp (27, [T |a(z+)) + aadip(Tn, [T a+))
dip(@n, (T2 a(wn))di(@*, [TT*]a@r))
dip (2, %) + dip (T, [TT*]a(@)) + di(@*, [T20]a@))
dip (T, [T a(wn) ) din(n, [T | a@e)) + din(x*, [TT0]agz,))din(@*, [T a@))

dip(zo, 1) — 0 as m — 0. (2.5)

+asdp (2%, [TTp)a(z,)) + ag

+a
! dip(Tn, [T2*]o(2*)) + di(2*, [T20] a(an))
(2.6)
On taking n — oo in (2.6), we get
(1 — b(&g + a4))dlb(l’*, [Tx*]a(m*)) < 0. (27)
From (2.7), we get
e [T:E*]a(x*).
Hence, x* € X is the fixed point. O

Example 2.2. Consider X = Q" U {0} and dy(z,y) = (z + y)?, whenever
x,y € X, then (X,dy) is a complete dislocated b-metric space with constant
b>1. Let T: X — F(X) be a fuzzy mapping define by

T(@)(t) =

OB [—= =
wls k|
NIRWIKKR

N8
A
~
AN
—_
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For all z € X, there exists a(z) = 1 such that

x
Txlow =10, —].
[Tz]a@ = [0, 7]
Let a1 = o5, a5 = 75,043 = 55,04 = 55,05 = 35,46 = 35,47 = 35. Lhen
1 1 x 1 Y 1 Y
H T ol T N < N2 il N2 il 72 i J\2
1 x 1 s+ 1)y +4)?
F(y+ =)+ — 500 ( 1)y 4)1 n

3
1@+ 9@+ D+ sy + 5y + D
30 (@ + )2+ &y + 2)?

Since all the conditions of Theorem 2.1 are satisfied, there exists 0 € X which is
the fixed point of T

Theorem 2.3. Let (X,dy) be a complete dislocated b-metric space with constant
b>1. Let S,T:X — F(X) be a pair of fuzzy mapping. Suppose there exist
as(z), () € (0,1] satisfying the following conditions:

Hay, ([T X]ar@): [SYlasy) < ardw(z, y) + azdip(@, [T7]ar@) + asdi(y, [SYla, )+
dip(, [T] o (2) )b (Y5 [SY]as ()
dw(z,y) + dip(@, [SYlasw) + dw(y, [Tlap@)

dlb(xa [Tm]aT(:r))dlb(:Ea [Sy]as(y)) + dlb(y7 [Tm]aT(x))dlb Y, [Sy]as(y))
(2.8)
dlb(xa [Sy]as(y)) + dlb(y> [Tx]aT(x))
forallz,y € X, ©#y and ay,a9,as,ay,as,ag,ar > 0 with 2ba;+ (az+a3)(b+

D +blag+as)(b+1)+2b(ag+ar) <2 and ay+as+az+as+as+ag+ar; < 1.Then
there exists x* € X  such that * is a common fixed point of S and T.

aydp(z, [Sy]as(y))+a5dlb(y7 [TCU]aT(ac))—i‘aﬁ

+ ay

Proof. Let 9 € X be any arbitrary point in X. Let 2y € [T'%o|a,(2,) be an
element such that dy (2o, [T%0]ar () = div(To, 21). Again let z9 € [Sx1]ag(,) be
an element such that di(x1, [T%1]ag(z)) = di(21,22). Continuing this process,
we construct a sequence z,, of points in X such that x5, € [T.Z’Qn]aT(an) and
Tont2 € [STantt]ag(wanss), for all n € N. Now, by using (2.1) and Lemma 1.12,
we get

dip(T2n+1, Topt2) < Hay, ([T22n]ar,, ), [S$2n+1]a5(12n+1))

< aydpy(Tan, Tons1) + odip(Ton, [TJUQn]aT(an)) + asdip(Ton 1, [S$2n+1]a5(
agdip(Ton, [59€2n+1)]as(12n+1)) + asdip(Tant1; [TTon)ar(2an))
dlb(xzn, [TxQn]aT(z2n>>dlb(x2n+l> [Sﬂﬁznﬂ]as(zznﬂ))
dip(Tan, Ton+1) + dip(T2n, [STon41](AS(29,110)) + div) (T2n11, [TT20] 07 (25,))
dip(Ton; [TTon]ar,,, ) d(Ton, [SToniag,, )
dip (%2, [S$2n+1]a5(12n+1)) + dip(@2n11, [T ap(2))
div(Tons1, [TT2n]ar(2on) ) dib(Ton 1, [sznﬂ]as(z%ﬂ))

dlb(x2n7 [S‘r2n+1]a5(z2n+1)) + dlb(xQTH-la [Tx]aT(x))

12n+1))

+CL6

+

"—CL7
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< ardp(Zan, Tont1) + Godip(Ton, Topt1) + asdip(Tont1, Tony2) + Gadyp (o, Toni2)+
dip(T2n, Tant1)dip(Tont1, Tong2)
dip(T2n, Tans1) + din(T2n, Tont2) + dip(T2ng1, Tons1)
dip(Ton, Tani1)dip(Ton, Tonta) + dip(Tont1, Toni1)di(Tont1, Toni2)
dip(Ton, Tany2) + dip(Tong1, Tony1)
< ayd(@on, Tont1) + aodp(Ton, Tant1) + asdip(Tang1, Tons2)+
asbldip(Ton, Ton+1) + dip(Tont1, Tant2)] + aedip(Tan, Tont1) + ardip(T2n, Tani1)

ay + as + bayg + ag + a7
dip(xon, Top 2.9
1= (a3 + bay) b(T2n, T2nt1) (2.9)
Similarly, by using condition (ii) of definition 1.6, we have

asdip(Tant1, Tont1) + Gs

+(I7

dip(Tant Tanta) <

di(Tonv2, Tons1) < Ha, )([ST2nti]agq,, ) [T22nlar,,))
< ardiy (Ton+1, Ton) + a2 (Toni1, [STonii]ag,, ) + @dn(Ton, [TT2n]ag,, )+
aadip(T2nt1, [TTon]ar,, ) + asdin(Tan, [STant1]as(@ans))
dip(Tan 41, [STon41] )div(T2n, [TT2n]ar,,,))

dip(T2n+1, T2n) + dip(Tont1, [TT2n)ar,, ) + dv(@om, [STanii]ag,, )

S (22p41)

+(16

dlb($2n+1, [SI2n+1]aS(z2n+l))dlb($2n+1, [Tx2n]aT(x2n))

dip(@2n+1, [TTon)ag,, )) + dis(T2n, [Sx2n+l]a5(z2n+l))

]

< ardip(Tans1, Ton) + aodp(Tont1, Tony2) + asdip(Ton, Tons1) + aadip(Toni1, Tong1)+
dip(T2n11, Tont2)di(Ton, Toni1)
dip(Tont1, Ton) + dip(Tons1, Tong1) + dip(T2n, Tonio)
dlb($2n+17 $2n+2)dzb(902n+1, $2n+1) + dlb(fﬁzm $2n+2)dzb(f€2m 372n+1)
dip(Tont1, Tons1) + dip(T2n, Tonya)
< ardp(T2nt1, Ton) + Godip(Tons1, Tonga) + a3dip(Ton, Tong1)+
asb(di(xan, Tont1) + dip(Ton+1, Tont2)] + asdip(Ton, Tont1) + ardip(Ton, Tont1)

a1+a3—|—ba5—|—a6+a7
dip(xon, Top 2.10
1 — (@ + bas) (%20, Tant1) (2.10)

“+ar

dlb(l'Qn) [SIZn—I—l]aS(IQM_I))dlb(l‘Zna [TxQn]aT(mn))

dip(T2n+1, [Tﬂ?2n]aT(12n)) + dip (20, [S£U2n+1]as<

932n+1))

asdip(Ton, Tont2) + a6

ar

dip(Tont2, Tont1) <

Adding (2.9) and (2.10), we get

2@1 +(12 —|—CL3 —|—ba4 —|—ba5 —I— 2&6 —|—2CL7
2 — (CLQ +a3—|—ba4+ba5)

dlb(x2n+17x2n+2) ~ dlb(x2n7$2n+) (211)

Let
o 2a1+a2+a3—|—ba4+ba5+2a6—|—2a7

2 — (ag + az + bay + bas)

1

Since

@1+ az + a3+ as + a5 + ag + ay < 1, 20T 02 Gs tbastbos + 2ap F 207 _
1+ a2+ as+ag+as+as+ar <1, 2~ (as + a3 + bay + bas) .
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Then, by (2.11), we get

de(SE'zn+1,iU2n+2) < Mde(iczn,ﬂUQnH) (2-12)
for all n € N. Repeated application of (2.12), we have
iy (T2n11; Tang2) < pd(Ton, Tongr) < pPodip(Tan-1, 020) < - < p" (20, 1)
(2.13)

for all n € N. Again, for any n > m where n,m € N, we have, by using
condition (iii) of definition 1.6

Ay (T ) < (i (T Tmi1)) + 0 (i (Tmg1s Trr))) + - 4+ 0" (dip(T-1, T0))
< bp™dyy (g, 21) + O™ (20, 1) + - D (20, 1) by (2.13)
< O™+ by A+ -+ 6" dyy (20, 71)
= 1bﬁb bu

This proves that {z,} is Cauchy sequence in X.
Since X is complete, there exists x* € X such that x,, — 2™ asn — oo. Now, by

Lemma 1.11 and (2.8), we now prove that * € X have a common fixed point of
S and T

dip(xg, 1) — 0 as m — oo. (2.14)

dip(z", [S2™]ag e ) < O[din(2”, T2nt1) + din(Tant1, [ST"]ag,-))]
< bldw (2", w2nt1) + Hay, ([T2n)ar(y  [97 lage))]
< bld (2", Tant1) +ardip(Tan, ) +aadi(Tan, [TT2n]ar,, )+ asdn(2", [ST ] ag,m )+
agdyy(Ton, [ST"]ag,-)) + asdw (", [TTan]ar,, )

u dlb(x2n7 [TZEQn]aT(an))dlb(x*a [Sl‘*]as(z*))
6 dlb(xm .T*) + dlb(ZEQn, [S'T*]as(x*)) + dlb(ff*; [T.TQn]aT(x%))

+

dlb<x2na [TxQn]aT(w2n))dlb(x2n7 [S'r*]as(x*)) + dlb(ﬂf*, [TxQn]aT(xQn))dlb(x*7 [SI*]aS(m*>>

+a
(2.15)
On taking n — oo in (2.15), we get
(1 = blas + aq))dip(z”, [S"]agn) < 0. (2.16)
From (2.16), we get
" € [STag o)

Hence, x* € X is the fixed point of S.
Similarly, we can prove that * € X is the fixed point of T". Hence, x* € X have
a common fixed point of S and T. O
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Example 2.4. Let X = {0,1,2} and dj : X x X — [0,00) be a mapping
defined by
x=yandzx,y € {0,1},
r=yanduz,y € {2},
r#yamdz,y € {0,2},
x#yandx,y € {0,1},
r#yandx,y € [1,2}.

It is clear that d is a complete dislocated b-metric space with constant b =
Define the fuzzy mapping S, 7 : X — F(X) by

dip(x,y) =

B = oot O

4
3

ron-{¢ 17
ran-{8 72
o0 -{ 4 7%

and
3 _
7 t=0,

S(0)(t) =S1)(t) =52)(¢) = { 0 t=1,2

Define ag(z) = ap(y) = o, where a € (0, %] We now get

{0} z=0,
Ta]ay,, = {2} z=1,
{1} z=2,

and [Sz]ag@) = {0} for all z € X. For z,y € X, we get

H({0},{0}) =0, y=0,
Hdlb([sx]as(m)>7 [Ty]CVT(y)) = H({O}v {2}) = %a y=1,
H{0}{1}) =1, y=2

let a1 = 0,0y = i,ag = }l,a4 =0,a5 = %,aﬁ = 0,a7 = 0. Then, we can see that
condition (2.8) in Theorem 2.3 are satisfied. Then, there exists 0 € [Sz]ag, N
TYlar,-

Corollary 2.5. Let (X, dy,) be a complete dislocated b-metric space with constant
b>1. Let T: X — F(X) be a fuzzy mapping. Suppose there exists a(x) € (0,1]
satisfying the following conditions:

Hay, ([Tx] o), [TY]aw)) < ardip(z,y) + asdiy(z, [T2]0@)) + asdi(y, [TY]aw))+

a4dlb(377 [Ty]a(y)) + a5dlb(y7 [Tx]a(ac)) (2-17)

for all z,y € X ,x #y and ay,as,a3,aq4,a5 > 0 with b(ay + az) + ag + b(1 +
blay < 1 and ay + as + az + aq + as < 1. Then there exists x* € X such that
Tt € [T:C*]a(x*).

Proof. Let ag = a; = 0 in Theorem 2.1, we get the result immediately. O
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Corollary 2.6. Let (X, dy,) be a complete dislocated b-metric space with constant
b>1. Let S,T : X — F(X) be a pair of fuzzy mapping. Suppose there exists
as(@), 0@ € (0,1] satisfying the following conditions:

agdp(, [Sy]as(y)) + asdp(y, [Tm]aT(z)) (2.18)
forallz,y € X, ©#vy and ay,as,as,aq4,a5 > 0  with 2ba; + (az + a3)(b+ 1) +
blag+as)(b+1) <2 and a; + as + az + ay + as < 1. Then there ezists x* € X
such that x* is a common fixed point of S and T.

Proof. Let ag = ay = 0 in Theorem 2.3, we get the result immediately. 0

3. APPLICATION

In this section, as an application of our results, we establish that Theorem 2.1
and Theorem 2.3 can be utilized to derive the existence of common fixed point
results for multivalued mappings in a dislocated b-metric space. In the sequel,
we begin with the following Theorem.

Theorem 3.1. Let (X,dy) be a complete dislocated b-metric space with constant
b>1. Let R: X — P(X) be a multivalued mapping satisfying the following
conditions:

Hg, (Rz, Ry) < ardp(x, y)+asdp(z, Rx)+asdp(y, Ry)+asdip(z, Ry)+asdip(y, Rx)
dip(, Rz )dy(y, Ry) n dip(, Rx)d(, Ry) + dip(y, Rx)dy(y, Ry)

+a a
S di(z,y) + di(x, Ry) + dp(y, Rr) dw(z, Ry) + d(y, Rx)

(3.1)
for all z,y € X ,x #vy and ayi,as,as,aq,as,ag, a7 > 0 with blay + az) + as +
b(1+b)ay+0blag+ar) <1 and ay+as+az+as+as+ag+ay <1. Then there
exists ¥ € X such that z* € Rx*.

Proof. Let a: X — (0,1] be an arbitrary mapping. Consider a fuzzy mapping
T:X — F(X) defined by

a0 ={ 50 15

T2y = {t : Tx(t) > a(z)} = Ru.
Hence, condition (3.1) becomes condition (2.1) in Theorem 2.1. It implies that
there exists 2* € X such that 2* € [T2"]|(,+) = Ra™. O

We have that

Theorem 3.2. Let (X, dy) be a complete dislocated b-metric space with constant
b > 1. Suppose R,G : X — P(X) are two multivalued mappings satisfying the
following conditions:

Hg,(Rx,Gy) < avdp(z,y)+asdp(x, Rr)+asdy(y, Gy)+asdp(z, Gy)+asdp(y, Rx)
di(x, Rr)dy(y, Gy) N dw(z, Rr)dy(z, Gy) + dw(y, Rz )dp(y, Gy)

“+a a
Sdw(x,y) + dp(x, Gy) + dp(y, Rx) dyp(, Gy) + di(y, Rx) -
3.2



FIXED POINT THEOREMS FOR FUZZY CONTRACTIONS MAPPINGS 11

forall z,y € X, x#yand ay,a9,as3,aq4,as,as, a7 >0 with 2ba; + (as+az)(b+
1)+ b(as+as)(b+ 1)+ 2b(ag +ar) <2 and ay + as + az + as + as + ag + a7 < 1.
Then there exists x* € X such that x* is a common fized point of R and G.

Proof. Let a: X — (0,1] be an arbitrary mapping. Consider a fuzzy mapping
S,T: X — F(X) defined by

sa={ o e

(Tz)(t) = { 8@’ ﬁ;gi

We have that

[St]a@) = {t: Sz(t) = a(x)} = Rz,
and

Tx)o@y = {t: Tx(t) > a(z)} = Gz.

Hence, condition (3.2) becomes condition (2.8) in Theorem 2.3 It implies that
there exists 2% € [St*]q@) N T2z = Re* N Ga*. O

If ag = a7 = 0, we have Theorem 3.1 of [21] as corollary as follows.

Corollary 3.3. Let (X, dy) be a complete dislocated b-metric space with constant
b>1. Let R:X — P(X) be a multivalued mapping satisfying the following
conditions:

Hg,(Rx, Ry) < ardp(x, y)+aodp(x, Rx)+asdy(y, Ry)+asdp(z, Ry)+asdp(y, Rx)
(3.3)

forall z,y € X, v #y and ay,as,as,aq, a5 > 0 with b(a;+as)+az+b(1+b)ay <

1 and a1 + as + as + a4 + a5 < 1.Then there exists x* € X such that z* € Rx*.

If ag = a7y = 0, we have Theorem 3.2 of [21] as corollary as follows.

Corollary 3.4. Let (X,dy) be a complete dislocated b-metric space with constant
b > 1. Suppose R,G : X — P(X) are two multivalued mappings satisfying the
following conditions:

Hga, (Rz,Gy) < aydp(x, y)+asdy(x, Rr)+asdp(y, Gy)+asdp(x, Gy)+asdy(y, Rx)

(3.4)
forall z,y € X, x #y and ay,as,as,ays,as > 0 with 2bay + (as + az)(b+ 1) +
blag+ as)(b+1) <2 and a1 +as + az +ag+ a5 < 1. Then there exists z* € X
such that x* is a common fized point of R and G.
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