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OPTIMIZING ODE SOLUTIONS: APPLICATION OF
NELDER-MEAD ALGORITHM FOR SOLVING MIXED
BOUNDARY VALUE PROBLEMS

ASHIRIBO SENAPON WUSU! AND OLUSOLA AANU OLABANJO?*

ABSTRACT. This work introduces an innovative application of the Nelder-
Mead algorithm for optimizing solutions to Ordinary Differential Equations
(ODEs) with derivative boundary conditions, emphasizing a computational
mathematics perspective. The study presents an advanced methodology har-
nessing the Nelder-Mead algorithm’s adaptability to address ODEs featuring
intricate derivative constraints. In the pursuit of enhancing the computational
arsenal for tackling complex ODEs, the primary goal of this research is to
demonstrate the algorithm’s effectiveness in optimizing solutions while sat-
isfying derivative boundary conditions. The methodology entails customizing
the Nelder-Mead algorithm to navigate the parameter space while concurrently
meeting ODEs and their derivative constraints. Empirical results vividly show-
case the algorithm’s ability to identify solutions that conform to these stringent
criteria, signifying a remarkable progress in addressing ODEs with derivative
boundary conditions. The study concludes by underscoring the algorithm’s
potential to advance ODE-solving techniques, particularly in scenarios where
gradient-based methods face challenges, thus expanding its applicability across
diverse scientific and engineering domains.

1. INTRODUCTION

Ordinary Differential Equations (ODEs) serve as the mathematical backbone
for understanding dynamic systems in various scientific disciplines. From physics
to biology, ODEs model the evolution of variables over time, revealing intri-
cate relationships between quantities [I, 2]. However, the complexity of many
real-world systems often renders analytical solutions unattamable [3, 4, 1, 5, 6].
Solving ODEs analytically often requires simplifying assumptions that might not
hold true for real-world scenarios. Numerical methods, such as the Runge-Kutta
method, provide a more practical approach, yet they might lack accuracy or
efficiency for intricate systems. This is where evolutionary algorithms step in,
offering an innovative path to address these challenges. Applying evolutionary
algorithms to ODEs introduces a novel way of finding solutions [7, &, 9]. Instead of
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directly solving the equations, genetic representations of solutions evolve over gen-
erations. These genetic structures undergo genetic operations such as crossover
(mixing of solution components) and mutation (randomly changing components),
simulating the diversity and adaptation seen in natural evolution. The fitness of
each solution is evaluated based on its ability to satisfy the ODEs, and over time,
the population converges towards solutions that better match the desired dynam-
ics. The application of Neural Network (NN) for solving differential equations is
has gradually gained popularity [10, 11, 12, 13, 14]. Some major advantages of
using NN over classical numerical methods are: the solutions obtained by NN
are differentiable, and closed analytic form, the method could handle complex
differential equations and helps to overcome the repetition of iteration [15]. In
[16], a feedforward neural networks was implemented to approximate the solu-
tion of linear ODE. ANN was used by authors in [17] for solving ordinary and
partial differential equations. Interestingly, the use of evolutionary algorithms
with ODEs has emerged as a revolutionary paradigm, leveraging the principles of
genetic evolution to unravel the enigmatic behavior of these equations [18, 19, 7].
The classical genetic algorithm was used to obtain approximate solutions of sec-

ond-order initial value problems in [7]. In [20], approximate solutions of first-
order initial value problem was computed by combining collocation method (fi-
nite elements) with genetic algorithms. In a later work, [19], the Nelder-Mead

algorithm together with the classical genetic algorithm was use to solve the sec-
ond-order initial value problem of the form «” = f(z,y). The use of continuous
genetic algorithm for solving a two—point second—order ordinary differential equa-
tion was proposed in[21]. Differential evolution algorithm has also been used to
solve different classes of problems as discussed in [22, 18, 23]. In this paper, we
consider the second-order ordinary differential equation with derivative boundary
conditions

u' = f(tu,u),  agu(a) — aiu'(a) = y1, bou(b) + biu'(b) =2, t € (a,b)1.1)
where ag, by, a1, by, and 7, are constants such that
apaq Z O, |a0| + |a1\ 7é 0
bobl ZO, |b0‘—|—|b1’ #Oand |a0|+|b0| 7&0
We demonstrate that the Nelder-Mead algorithm can be effectively employed
to acquire an approximate solution to the given problem, (1.1), through the
assumption of a trial solution, denoted as u(t). The algorithm adeptly refines the
coefficients of the trial solution by minimizing the corresponding mean square

error, thus enabling the derivation of an optimized solution that aligns with the
problem’s underlying dynamics.

(1.2)

2. NELDER-MEAD ALGORITHM: AN OVERVIEW

The Nelder-Mead algorithm, originally designed for unconstrained optimization
tasks, has been creatively adapted to address the complex realm of Ordinary
Differential Equations (ODEs). This adaptation involves tailoring the algorithm’s
principles to iteratively refine solutions within the parameter space, allowing it
to navigate the intricate landscapes defined by the ODEs. This overview outlines
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the key steps and considerations involved in adapting the Nelder-Mead algorithm
for solving ODEs.

(1) Initialization: Let the initial simplex be defined by vertices xg, X1, . .., Xp
in an n-dimensional space. The function f(x) is to be optimized.

(2) Ordering the Vertices: Evaluate f at each vertex and sort the vertices in
ascending order of function values: f(xg) < f(x1) < ... < f(xn).

(3) Reflection: Calculate the centroid c of the first n vertices:

Reflect the worst vertex x,, across the centroid to obtain the reflection x,:
X, = ¢+ a(c — Xp,)

where v > 0 is a reflection coefficient.

(4) Evaluation and Replacement: Evaluate f(x,). If f(xo) < f(x,) < f(Xn-1),
replace x,, with x, and proceed to the next iteration.

(5) Expansion: If f(x,) < f(xg), calculate the expansion x. by extending
beyond the reflection point:

X, = ¢+ vy(x, — ¢)

where v > 1 is an expansion coefficient.
Evaluate f(x.). If f(x.) < f(x,), replace x,, with x. and proceed to
the next iteration.
(6) Contraction: If f(x,) > f(x,-1), perform a contraction to obtain x.:

x. = c+ f(x, —¢)

where 0 < 8 < 1 is a contraction coefficient.
Evaluate f(x.). If f(x.) < f(x,), replace x, with x. and proceed to
the next iteration.
(7) Shrinkage: If none of the above steps result in replacement, perform a
shrinkage operation by moving all vertices except xy towards xq:

X; = Xo + 0(X; — Xo)

where 0 < ¢ < 1 is a shrinkage coefficient.

(8) Convergence Check: Check for a convergence criterion, such as the differ-
ence in function values or the size of the simplex. If the criterion is met,
terminate the algorithm.

(9) Termination: If the maximum number of iterations is reached, terminate
the algorithm.

(10) Output: Return the vertex xo with the lowest function value as the opti-
mal solution.

The adaptation of the Nelder-Mead algorithm for solving ODEs requires careful
consideration of the fitness evaluation process, which measures the solution’s
ability to satisfy the ODEs’ derivatives accurately. Furthermore, as ODEs may
exhibit varying dynamics across the parameter space, the algorithm’s performance
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can benefit from techniques like adaptive parameter tuning and the incorporation
of heuristics to guide exploration.

3. PROPOSED TECHNIQUE

Consider the boundary value problem (1.1), we assume a trial solution of the
form

k m
Utrial(t) = Z Yit' + Z ajexp(w;t), k,meZ* (3.1)
=0 =0

where k,m, ¢;, o; and w; are to be determined. Substituting (3.1) and its deriva-
tives into (1.1) gives

k

Z i(i — D)t + Z ajwie™ = f (t, Uprial, Wppigr) (3.2)

i=2 j=1

Using the boundary conditions we have the constraint as

k m k m
[ao (Z Pit' + Z Oéjetwj> —a (Z it + Z O‘jwjetwj>] = 3-3)
i=0 =1 =1

=1 l=a
k ‘ m k A m
[bo (Z @/Jﬂfz + Z Oéjetwj> + bl (Z i@bitz_l + Z ajoetwj>] = ’)(234)
1=0 j=1 i=1 j=1 t=b

At each node point t,, we require that

k m
gn<t) = [Z Z(Z - 1)77Z)ltz_2 + Z Oéjwjgetwj — f (t? Utrials u:fv"ial)] =0 (35)
=2 j=1 t=tn

Now, to obtain the expression for the trial solution uy.;4;(t), we need to find the
set {k,m,¢;, a;, wili =0,1,---  k;j=1,2,--- ,m}, which minimizes the sum of
square of error, &,(t) at each node point given by the expression

R0 (3.6)

where N = 2% and h is the steplength. The problem of solving (1.1) is now

formulated as an optimization problem in the following manner:
N
Minimize: Z EX(1),
n=1

- . . i N
Subject to: ag (Z Pt + Z ajet”j> — (Z it Z ajwjetwj)]
L =0 j=1 i=1 j=1
- . - . -
» (Z vt + Z ajet“j> o (Z it + Z Oéng‘etwj>]
L =0 j=1 i=1 j=1
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We now implement the Nelder-Mead algorithm to the optimal values of the pa-

rameters {k,m,;, o, wjli = 0,1,--- k;j = 1,2,--- ,m} of the trial solution
Upria(t) that minimizes S E2(t).

4. NUMERICAL RESULTS

In order to demonstrate how the technique works, we consider two test cases.
The error quantity in case is calculated using (3.6). For both cases considered,
we present the comparison the results obtained via the Nelder-Mead algorithm
with the exact solution. Also, the "CPU-time” was measured and presented. The
following parameters were used in the implementation:

TABLE 1. Values of parameters used during implementation

Parameter Value
Cross Ratio 0.5
Expansion Ratio 2.0

Initial Point Automatic
Penalty Function Automatic
Post Process Automatic

Random Seed 0
Shrink Ratio 0.5
Tolerance 0.000001

4.1. Problem 1. Consider the boundary value problem

u"(t) = wu(t) —4te’; u(0) —/'(0) = —1, u(l) +u'(1) = —e, te(0,1§4.1)
Here the exact solution is u(t) = t(1—t)e’. Using the proposed algorithm, optimal
values of £ and m were obtained as k = 5 and m = 1. The resulting optimal
coefficient values: k,m,¢;, a;, wjli = 0,1,--- ,k;j = 1,2,--- ,m are given in
Table 2.

TABLE 2. Optimal coefficients of (3.1) obtained for Problem 1.

Coefficient Value

@D _649294768563704570890636151666
0 2264961514754084490082889415315
Lb 1030529810265778023581647182201
1 982981564582128342356641165372
10 42425542399661832233984560421
2 16476588911867344459747642300179
lb _ 647759562429866593790451194629
3 1123149610896451253728245098830
lb _192879579984045169845528691631
4 1287739588282346852794252852433
@b _495899476117542850200721353161
5 1766927235666097129681248781295

465225048538021953588722591665

a1 1617463256351381260053132860503
w _300994886293290850253566607353
1 1825904849986133542422141325051




OPTIMIZING ODE SOLUTIONS 21

- 62773070147879509891410071786
The calculated error quantity (3.6), was found to be 557756 1770015135136 13508306855

and it took the algorithm approximately 5.515625 seconds to run but this metric
can be significantly influenced by the problem under consideration. The results
of the Nelder-Mead approximation is given in Figure 1, where the trial solution
is plotted against the exact solution. From Figure 1, we can see that the Nelder-
Mead algorithm almost produced exact solution.

u(t)
04"
0.3F
0.2f
0.1
Utrial (£)
T T——— = S S (4|
0.2 0.4 0.6 0.8 1.0

F1GURE 1. Nelder-Mead approximation for Example 1.

4.2. Problem 2. The second problem considered here is given as
u'(t) = 3u'(t) + 2u(t) = 2; w(0)—u'(0)=—1, w(l)+u'(1) =1, e (q4dD)

The exact solution is obtained as u(t) = 2e* —3e'*141. In this case, the algorithm
gave the optimal values of k and m as k = 3 and m = 2 and the resulting optimal
coefficient values: k,m,¢;, a;, w;li = 0,1,--- k;j = 1,2,--- ,m are given in
Table 3.

TABLE 3. Optimal coefficients of (3.1) obtained for Problem 2.

Coefficient Value

@b _1547018612489030159663106141391
0 429379339103792913481161281440
1& _1689446854740799756308377038301
1 424554723091488645520729637002
@b _1032300190523094334444563163877
2 662385363800573693414462090147
Lb _1159688284013693454257925563849
3 3466567901214619222154589893772

_961629711072919715773445140985

a1 310233760093763690185937168391
w 2093670533395177815504210414230
1 1915464108541959506379209063179
o 1477099096447477035890141019439
2 953923199065104519937994039815
Wy 1676442560781231747662272295419

807868289645391975010730692251
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: : 7631179173556822432267399688
For this problem, the calculated error quantity (3.6), was found to be TTO160182733007 859200 138480969475

and the algorithm took approximately 11.015625 seconds to run. Figure 2 shows
the plots of our approximate solution and the exact solution. Again our algorithm
almost produced the exact solution.
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FIGURE 2. Nelder-Mead approximation for Example 2.

5. CONCLUSION

In this study, we have demonstrated the potent synergy between the Nelder-
Mead algorithm and Ordinary Differential Equations (ODEs) with derivative
boundary conditions. By harnessing the algorithm’s ability to iteratively refine
solutions, we ventured into a realm where gradient-based methods often falter.
Our investigation unveiled a promising avenue for optimizing ODE solutions in
scenarios characterized by intricate derivative constraints. Through the appli-
cation of the Nelder-Mead algorithm, we showcased its efficacy in addressing
ODE problems where derivative boundary conditions play a pivotal role. The
algorithm, originally tailored for unconstrained optimization tasks, proved itself
adaptable to the realm of ODEs, contributing to the optimization landscape. The
results obtained through two illustrative examples underscored the algorithm’s
prowess. It efficiently navigated the parameter space while respecting the deriva-
tive boundary conditions, leading to accurate and meaningful solutions. In both
cases, the Nelder-Mead algorithm showcased its versatility and ability to enhance
our approach to solving ODEs with complex constraints. As we conclude, our
study sheds light on a novel method for tackling ODEs with derivative boundary
conditions. The Nelder-Mead algorithm, with its adaptability and effectiveness,
opens avenues for optimizing solutions that align with real-world phenomena.
This research marks a significant step forward in the optimization of ODE so-
lutions, contributing to the advancement of mathematical techniques in diverse
scientific and engineering domains. With a promising trajectory, the combination
of the Nelder-Mead algorithm and ODEs paves the way for innovative avenues in
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optimization and problem-solving.
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