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BI-CIRCULAR MODEL WITH TEST PARTICLE VARIABLE
MASS
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Abstract. This paper presents the effects of the perturbations on the motion
of the test particle variable mass in the bi-circular Sun perturbed oblate Earth-
Moon system where primary is taken as oblate Earth, secondary is taken as
Moon and the third body is assumed as Sun. These three bodies are moving
in the same plane around barycenter. The fourth and smallest body (test
particle is assumed to be having variable mass with time) is moving in the
space under the perturbations such as gravitational forces of the primaries, the
solar radiation pressure, the coriolis and centrifugal forces. Then we determine
the equations of motion, the locations of critical points, their stability and
periodic orbits.

1. Introduction

The classical circular restricted 3-body problem is application based and most
studied problem with various aspects in the celestial mechanics and dynamical
astronomy. In this problem, two massive bodies are revolving in circular or el-
liptical orbits around their common center of mass (in general it is taken as
origin) and the third body which is smaller than the other two massive bodies, is
moving in the space under the gravitational forces of the massive bodies. Some
researchers are as follow: [38], [21], [6], [10], [7], [9], [15], [24], [26].

Bi-circular problem and four bodies problems are the extensions of the re-
stricted three-body problem. These problems are investigated by many scientists
with various types of perturbations. Some of them are as [23], [20], [33], [31], [28],
[34], [16], [19], [35], [27], [1], [18], [37], [8], [29]. Due to the variable mass, we can
not reveal the motion properties by ordinary methods therefore many researchers
have studied the effects of variable mass by using the Jeans law and Meshcherskii
transformations. Some of them are as follows: [30], [39], [2, 4, 17, 3, 5], [36], [22],
[13], [12], [14].

This paper is organised as: Section 1 presents the literature review while section
2 illustrates the model description with equations of motion. Section 3 represents
the locations of critical points while section 4 examine the stability of the critical
points. Sections 5 performs periodic orbits. Finally, the conclusion is drawn in
section 6.
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2. Description of the problem with Equations of motion
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Figure 1. Geometric view of the bi-circular model with test par-
ticle variable mass

In this bi-circular model, we suppose the Earth (of mass mE) as primary, the
Moon (of mass mM) as secondary and the Sun (of mass mS) as the third massive
body. Where the Earth is taken as oblate in shape while the Moon as well as
the Sun are taken as spherical in shapes and mass of the test particle is supposed
as variable with time. Also the effects of solar radiation pressure, the coriolis
and centrifugal forces are assumed. We also assumed that the Earth and Moon
are revolving around the common center of mass (also known as barycenter)
which is taken here the origin. In this model for the motion properties of the
test particle, we suppose the Sun is revolving around barycenter of the Sun-
Earth-Moon system. We fix the unit here as the distance between the Earth and
Moon, the sum of the masses of both bodies are separately unity. Hence, let
µ = mM/(mE + mM) = µM be the normalized mass of the Moon, (1 − µ) = µE

be the normalized mass of the Earth and µS be the normalized mass of the Sun.
Complete view is given in figure 1. Now utilizing the method given by [11], we
can write the equations of motion of the variable mass test particle as
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ṁ

m
(ẋ − ν ϕ1 y) + ẍ − 2 ν ϕ1 ẏ =

∂ Π

∂ x
,

ṁ

m
(ẏ + ν ϕ1 x) + ÿ + 2 ν ϕ1 ẋ =

∂ Π

∂ y
,

ṁ

m
ż + z̈ =

∂ Π

∂ z
.

(2.1)

with

Π =
ν2 ϕ2

2
(x2 + y2) +

µE

rE
+
µE σ

2 r3E
+
µM

rM
+
αµS

rS
− µS

L2
S

(x Cos θS + y Sin θS),

ν2 = 1 +
3

2
σ,

r2E = (x + µ)2 + y2 + z2,

r2M = (x + µ − 1)2 + y2 + z2,

r2S = (x − xS)2 + (y − yS)2 + z2.

Due to mass variation of the test particle, we will utilize Jean’s law [25] and
Meshcherskii space-time transformations [32] as:

m = m0 e
−d1 t and (x, y, z) = d

−1/2
2 (X, Y, Z). (2.2)

where d1 is variation constant and d2 =
m

m0

, where m0 is the initial mass.

Eqs. (2.1) and (2.2) give as

Ẍ − 2 ν ϕ1 Ẏ =
∂Υ

∂ X
,

Ÿ + 2 ν ϕ1 Ẋ =
∂Υ

∂ Y
,

Z̈ =
∂Υ

∂ Z
,

(2.3)
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with

Υ =
ϕ2 ν

2

2
(X2 + Y 2) +

d21
8

(X2 + Y 2 + Z2) + d
3/2
2

(
µE

RE

+
µE σ d2
2R3

E

+
µM

RM

+
αµS

RS

)

−µS

√
d2

L2
S

(X Cos θS + Y Sin θS),

R2
E =

(
X + µ

√
d2

)2
+ Y 2 + Z2,

R2
M =

(
X + (µ− 1)

√
d2

)2
+ Y 2 + Z2,

R2
S =

(
X − xS

√
d2

)2
+
(
Y − yS

√
d2

)2
+ Z2, .

3. Critical points

The locations of critical points can be obtained by solving the ∂Υ/∂ X = 0
and ∂Υ/∂ Y = 0.

After numerically solving these partial derivatives for the numerical values of
the parameters as µ = 0.01215, q = 0.8, d1 = 0.2, d2 = 0.4, ϕ1 = ϕ2 = 1.2,
σ = 0.001, LS = 388.81114, µS = 328900.54, one can illustrate the locations of
the critical points. Here we got three critical points near barycenter of the Earth-
Moon system while one critical point near Sun, these positions of critical points
are given in figures (2) and (3) for different values of θS. Figure (2) contains four
sub-figures a, b, c, d, where sub-figure (2)(a) is for θ = 0, sub-figure (2)(b) is for
θ = π/6, π/4, π/3, π/2, 2π/3, 3π/4, 5π/6, sub-figure (2)(c) is for θ = π and sub-
figure (2)(d) is for θ = 4π/3, 5π/4, 7π/6, 3π/2, 5π/3, 7π/4, 11π/6. Out of these
sub-figures, from sub-figures (2)(c) and (2)(c), we observed that three critical
points are lie on the X-axis while in the other two sub-figures 2(b), 2(d), these crit-
ical points are not lie on the X-axis. We also observed that with the variation of
θS, these three critical points are changing there locations. Now, figure (3) shows
the location of critical points near the third primary (i.e. near Sun) for different
values of θS = 0, π/6, π/4, π/3, π/2, 2π/3, 3π/4, 5π/6, π, 4π/3, 5π/4, 7π/6, 3π/2,
5π/3, 7π/4, 11π/6. We observed from here that as Sun is moving in the anti-
clockwise direction, the location of critical point is also moving near the Sun.

4. Stability analysis of the fixed points

Here we will examine the stability of the critical points for which we will dis-
place the critical point (X01, Y01, Z01) as

X = X01 + X02,

Y = Y01 + Y02,

Z = Z01 + Z02,

(4.1)
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Figure 2. Position of critical points near the primary and sec-
ondary for various values of θS

where (X02, Y02, Z02) is the displacement from the critical point.
Hence the equations of motion (2.3) becomes as:

Ẍ02 − 2 ν φ1 Ẏ02 = Υ0
X X X02 + Υ0

X Y Y02 + Υ0
X Z Z02,

Ÿ02 + 2 ν φ1 Ẋ02 = Υ0
Y X X02 + Υ0

Y Y Y02 + Υ0
Y Z Z02,

Z̈02 = Υ0
Z X X02 + Υ0

Z Y Y02 + Υ0
Z Z Z02.

(4.2)

where superscript zero represents the value at critical point. The subscripts of
Υ in Eq. (4.2) denotes the derivatives with respect to respective variables.

The system (4.2) can be rewritten as
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Figure 3. Position of critical point L4 near the third primary (i.e.
near The Sun) for various values of θS

Ẋ02 = X03,

Ẏ02 = Y03,

Ż02 = Z03,

Ẋ03 = Υ0
X X X02 + Υ0

X Y Y02 + Υ0
X Z Z02 + 2 ν φ1 Y03,

Ẏ03 = Υ0
Y X X02 + Υ0

Y Y Y02 + Υ0
Y Z Z02 − 2 ν φ1X03,

Ż03 = Υ0
Z X X02 + Υ0

Z Y Y02 + Υ0
Z Z Z02.

(4.3)

Due to mass variation of the test particle, we will use the Meshcherskii-space-
time inverse transformations which are as follow:

X04 =
1√
d2
X02, X05 =

1√
d2
X03,

Y04 =
1√
d2
Y02, Y05 =

1√
d2
Y03,

Z04 =
1√
d2
Z02, Z05 =

1√
d2
Z03.

(4.4)

From Eqs. (4.3) and (4.4), we can obtain
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Γ̇ = H × Γ, (4.5)

where

Γ̇ =



Ẋ04

Ẏ04

Ż04

Ẋ05

Ẏ05

Ż05


, H =



1

2
d1 0 0 1 0 0

0
1

2
d1 0 0 1 0

0 0
1

2
d1 0 0 1

Υ0
X X Υ0

X Y Υ0
X Z

1

2
d1 2 ν φ1 0

Υ0
Y X Υ0

Y Y Υ0
Y Z − 2 ν φ1

1

2
d1 0

Υ0
Z X Υ0

Z Y Υ0
Z Z 0 0

1

2
d1



& Γ =



X04

Y04

Z04

X05

Y05

Z05


.

(4.6)
Now the characteristic polynomial of the matrix H will be

λ6 + Υ5 λ
5 + Υ4 λ

4 + Υ3 λ
3 + Υ2 λ

2 + Υ1 λ+ Υ0, (4.7)

where,

Υ5 = − 3 d1

Υ4 =
15

4
d21 + 4φ2

1 ν
2 − (ΥX X + ΥY Y + ΥZ Z),

Υ3 = − 5

2
d31 − 8φ2

1 d1 ν
2 + 2 d1 (ΥX X + ΥY Y + ΥZ Z),

Υ2 =
1

16
{15 d41 + 96φ2

1 d
2
1 ν

2 − 24 d21 (ΥX X + ΥY Y + ΥZ Z)− 64φ2
1 ν

2 ΥZ Z

+ 16(ΥX X ΥY Y + ΥX X ΥZ Z + ΥY Y ΥZ Z − Υ2
X Y )},

Υ1 =
1

16
{−3 d51 − 32φ2

1 d
3
1 ν

2 + 8 d31 (ΥX X + ΥY Y + ΥZ Z) + 64φ2
1 ν

2 d1 ΥZ Z

− 16 d1 (ΥX X ΥY Y + ΥX X ΥZ Z + ΥY Y ΥZ Z + Υ2
X Y )},

Υ0 =
1

64
{d61 + 16φ2

1 d
4
1 ν

2 − 4 d41 (ΥX X + ΥY Y + ΥZ Z)

− 64 ΥZ Z (φ2
1 ν

2 d21 + ΥX X ΥY Y − Υ2
X Y )

+ 16 d21 (ΥX X ΥY Y + ΥX X ΥZ Z + ΥY Y ΥZ Z − Υ2
X Y )}.

(4.8)

After numerically solving Eq. (4.7) for the various values of the parameters
used corresponding to the fixed points, we got that all the roots are either positive
real parts of the complex roots or at-least one root is positive real number which
are given in the table 1. Therefore these critical points are unstable.
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5. Periodic orbits

To visualise the orbits of test particle, it is necessary to draw periodic orbits.
For this with the use of proper initial values, we solve the equations of motion by
well known software Mathematica and with parametric plot programme, we plot
the graphs of periodic orbits for the various values of the parameters used. For
this model, the periodic orbit has time period of 5.05 units with initial conditions
as X(0) = 0.50222, Y(0) = 0, Ẋ(0) = 0 & Ẏ (0) = 0.50222 and θS = 0. It is given
in figure (4). Similarly we can draw the periodic orbits for other values of the
parameters.

6. Conclusion

In the bi-circular model with variable mass, by the use of Jeans law and Meshch-
erskii space time transformations, we have evaluated the equations of motion
which are clearly depend on the perturbation parameters used. Using these equa-
tions of motion, we have illustrated the critical points and periodic orbits, and
also examined the stability of the critical points. We found at most four critical
points out of which three are near the barycenter while fourth one is near the
third massive body. We have examined the stability of these critical points with

Table 1. The nature of the critical points in X − Y−plane for θS = 0.

Critical Point Roots Nature

X − Co. Y − Co.

L1 − 0.18000 0.00000 0.09999 ± 0.44077 i Unstable
0.10016 ± 1.42465 i

0.10002 ± 1.04250 i

L2 0.07000 0.00000 0.09999 ± 3.05032 i Unstable
0.10031 ± 2.94387

− 3.89243

4.09243

L3 1.11000 0.00000 0.09999 ± 1.47790 i Unstable
0.10017 ± 1.72931 i

− 1.25635

1.45635

L4 260.00000 0.000000 0.099999 ± 4.87492 i Unstable
0.10056 ± 4.94892 i

− 6.60236

6.80236
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Figure 4. Periodic orbits for φ2 = 1.2, d1 = 0.2 and d2 = 0.4

the use of Meshcherskii space time inverse transformations. We found that all
four critical points are unstable. Finally, we have drawn the periodic orbits with
suitable initial values for this model and found periodic orbits with time period
5.05 units.
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