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A NOVEL FINITE DIFFERENCE APPROACH TO DISCRETIZE
THE SYMPLECTIC DIRAC OPERATOR

RASHMIREKHA PATRA!'* AND NIHAR RANJAN SATAPATHY?

ABSTRACT. Symplectic Dirac operator is an intertwining differential operator.
Discretising symplectic Dirac operator gives a new direction to study the quan-
tum space. The construction of discrete symplectic Dirac operator requires the
theory of discrete symplectic Clifford analysis or the concept of discrete sym-
plectic connections, which are not explained in literature. In this work, a
discretization approach for symplectic Dirac operator is suggested by consider-
ing the forward and backward basis vectors on symplectic Clifford algebra. The
suggested discrete symplectic Dirac operator is D, = D + D, where the D
and ®; are the forward and backward discrete symplectic Dirac operators, re-
spectively. The new discrete symplectic Dirac operator gives the factorization
of discrete Laplacian on symplectic spaces. Further, we establish commutation
relations involving forward and backward discrete symplectic Dirac operators
in the representation theory.

1. INTRODUCTION

Discrete symplectic Dirac operator is formulated here, using a similar scheme as
followed in discrete Clifford analysis for discretizing Dirac operators. This factor-
izes discrete Laplacian. Symplectic Dirac operator was introduced by Katharina
Habermann as a symplectic analogue of geometric Dirac operator on a manifold
[13]. The author suggested symplectic Dirac operator using symplectic spinors
suggested by Kostant [17]. In [I1], Habermann suggested two symplectic Dirac
operators D and 13, where D is due to symplectic form w and D is due to
the w compatible metric g. Here, g is compatible with respect to an almost
complex structure J on the symplectic manifold with the compatible condition
g(x,y) = w(x, Jy). Further, the author introduced the symplectic Dirac opera-
tor on a Kaehler manifold [15]. On Kaechler manifold, the symplectic connection
is equal to the Levi-Civita connection on Riemannian manifold. Although it is
unique on Kaehler manifold, this is not the case on symplectic manifold. There-
fore Symplectic connection is not unique on symplectic manifold [16]. In [13],
symplectic Dirac operator is defined on a Hilbert space bundle P xj L? (R"),
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where P is a metaplectic principal bundle. Here, the Hilbert space bundle is
defined via Segal-Shale-Weil representation. Discretization of Dirac operators
play a key role in digital geometry processing, shape analysis etc. Further, the
discretization of operators and the underlying spaces gives a better approach to
understand relativistic quantum mechanics in a discrete set up. However, the
existing problems for discretizing symplectic Dirac operators are: 1) Symplectic
connection is not unique on a symplectic manifold. A generalized discrete con-
nection is not available yet. Without a discrete symplectic connection, a discrete
analogue of symplectic Dirac operator is not feasible in geometric set up. 2) The
symplectic spinor bundle is infinite dimensional. So, many discrete function the-
ories will not work in this case. 3) A discrete approach for symplectic Clifford
analysis is not available in literature. Therefore, we suggest a discretizing mecha-
nism for solving the problem in hand. In this work, a discrete symplectic Clifford
algebra is used for discretizing symplectic Dirac operator.

The Riemannian Dirac operator is similar to the symplectic Dirac operator.
However, there are significant differences between them. The first and most basic
one is in their Clifford set up. Symplectic Dirac operator is defined in terms of
symplectic Clifford algebra. Kostant [17], introduced the idea on super manifold
structure based on the fact that every geometric structure on super differential
geometry has a Z2-graded symmetry. This means, it has an even as well as an
odd part, where the even part deals with symmetric objects and the odd part
deals with skew symmetric objects. In this process, the classical Riemannian
spin geometry is used to explain the symmetric objects and the symplectic spin
geometry is used to explain the skew symmetric objects. In case of Riemannian
Dirac operators, the respective spinor bundles are finite dimensional, while sym-
plectic spinor bundles are infinite dimensional. Spin group is a double cover of
the special orthonormal group. In the case of Riemannian Dirac operators, the
representation of Spin group is a matrix representation. The symplectic group
is double covered by the metaplectic group. The representation of metaplectic
group is not a matrix representation. This is a unitary representation on the
Hilbert space L? (R") and it is unique upto isomorphism. In local coordinates,
Riemannian Dirac operators have bounded coefficient operators and the sym-
plectic Dirac operators have unbounded coefficient operators. Riemannian Dirac
operator is elliptic while symplectic Dirac operators D, D are not elliptic. But
the Lie bracket of D and D is elliptic.

Geometric Dirac operators and Dirac type operators are being discretized in
different contexts. Giirlebeck and Sprofig [11] introduced a finite difference Dirac
operator for developing the discrete function theory. These operators do not fac-
torize the finite difference Laplacian and do not preserve many algebraic proper-
ties. In [12], Giirlebeck and Hommel suggested a finite difference Dirac operator
in R?* for factorizing the finite difference Laplacian. In [18], Oliveira and Prado
suggested an one dimensional Bernoulli discrete Dirac operator by Dirac equation.
They used the shift operators on the space [?(Z, C?) and analyzed their dynamical
delocalization. The use of shift operators for discretization helped in defining dis-
crete Dirac operators. However, there is no proper developing themes to define a
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discrete Dirac operator. In [9], the authors suggested the Fisher decomposition of
discrete Laplacian for discretizing Dirac operators. This is the way by which the
discrete monogenic function theory is analysed more closely. The quaternionic
difference Dirac operator developed here factorizes the discrete Laplacian. Fur-
ther, the authors suggested discrete Dirac operator in Clifford analysis [3]. This
is also the representation of discrete Dirac operator on quad graph. However,
the outcomes of these approaches seem to be challenging from symplectic point
of view for quantum discretization. Further, no general discretization scheme is
available in literature in this case.

In [1], Brackx et al. suggested discrete Clifford analysis in discrete function the-
ory for higher dimensions. They also developed discrete analogue of monogenic
functions, Stoke’s theorem, Cauchy’s theorem and Cauchy’s integral formula on
the rectangular Z™ grid. Each element of the basis of Clifford algebra is decom-
posed into forward and backward basis vectors. Zakharov suggested a form of
discrete Dirac operator while discretizing the modified Veselov-Novikov hierarchy
[24]. In [19], Prado and Oliveira suggested a self adjoint discrete Dirac operator
using shift operators. They defined the operator with a sparse potential added
to it in [*(N,C?). Further, they analyzed the role of a particle mass in spectral
mesh analysis using discrete Dirac operator. In [5], Cimasoni suggested discrete
Dirac operator on a flat surface with finite genus. This method concludes that
the Kasteleyn matrices of bipartite graphs on the flat surface with finite genus is
the discrete Dirac operator.

Crane in [0], introduced quaternionic Dirac operator. Quaternionic Dirac op-
erator is a generalized gradient operator. This method is used for different ap-
plications in the area of shape analysis in image processing. In [10], Golé nia
and Haugomat analyzed the spectrum of one dimensional discrete Dirac operator
defined on the space [*(Z,C?). The recent studies also suggest different forms
of discrete Dirac operator such as spinor space in discrete Clifford analysis [21],
spectral mesh analysis, etc.

Discretisation of symplectic Dirac operator is not yet studied in the literature.
In this context, a local form of symplectic Dirac operator is suggested by K.
Habbermann on R? [13]. A discrete symplectic Dirac operator factorizing the
discrete Laplacian is physically significant. The phase space in quantum mechan-
ical system is a symplectic space and the observables are self adjoint operators.
Symplectic Dirac operators on symplectic spinors give a better understanding of
geometric quantization. Therefore, discretization in quantization gives the idea
of discretizing each symplectic object. However, to find out a discrete form of
symplectic Dirac operator in geometric case requires the discretization of infi-
nite dimensional spinor bundle and symplectic connections. The general form of
discrete symplectic connection are not found in the existing literature. There is
no suitable approach to discretize an infinite dimensional spinor bundle. This
has motivated us to formulate a new technique for discretizing symplectic Dirac
operator as in the case of discrete Dirac operators. In this paper, we suggest
a mechanism for discretizing of symplectic Dirac operator in symplectic Clifford
analysis [2].
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The symplectic Dirac operator obtained by De Bie et al. [, 2] is a intertwin-
ing differential operator. This is a combination of basis elements of symplectic
Clifford algebra with symplectic coordinate vectors. By discretizing these basis
elements and symplectic coordinate vectors, we obtain a discrete symplectic Dirac
operator which factorizes the discrete Laplacian on symplectic space.

After a brief review of the related works in section 1, the background of sym-
plectic Dirac operator is discussed in section 2. The rules and assumptions for
formulating the discrete symplectic Dirac operators are given in section 3. Some
results are given in section 4 followed by a brief conclusion.

2. SYMPLECTIC DIRAC OPERATOR

De Bie et al. [2] suggested the following algebraic symplectic Dirac operator in
terms of symplectic coordinates with the coordinate vector fields and the basis
elements of symplectic Clifford algebra. Let (R*',w) be the symplectic vector
space with the coordinates z1, 29, 23, ....2,, W1, Wo, ..., w, and the coordinate vector
fields be 0,,,0.,, ..., 0z, Ow, s Owyy -5 Ows, -

Let my, mo, ms, ....., ma, be the symplectic basis satisfying
w (M, Mign) = 1w (Mpgs,my) = =1, w (my, my) = w (Mg, mprj) =0, (2.1)

where ¢ # 7 and 4,5 = 1,2, ...,n. The matrix realization of sympletic Lie algebra
sp (2n,C) is the span of the followings:

Pjie = Mjp — Mgknigy Qi = Minigs Qik = Mjnir + My (2:2)
Rjj = Myyjj, Rjk = Mtk + Mk, (23)

for j # k, where j,k = 1,2,...,n and M is the 2n X 2n matrix with 1 at the
intersection of j* row and k' column and zero otherwise. The representation
of symplectic Lie algebra on the symmetric algebra is given in [2]. Crumeyrolle
introduced symplectic Clifford algebra [7]. De Bie suggested symplectic Dirac
operator as an intertwining differential operator using symplectic Clifford algebra.

Definition 2.1. [2] The symplectic Clifford algebra Cl, (R?", w) on the symplectic
vector space (R*",w) with a basis mq, ma, ms.....,ma, is an associative unital
algebra over C. This is the quotient of the tensor algebra 7' (my, ma, ms....., may,)
by a two sided ideal K generated by u.v —v.u = —iw (u,v) for all u,v € R*" and
7 is the imaginary unit.

The symplectic Clifford algebra is isomorphic to the algebra of complex val-
ued algebraic differential operators on R™ called the Weyl algebra W,,. The
symplectic Lie algebra acts as a sub algebra of Wy,. Weyl algebra W, is an
associative algebra generated by p1,pa, ..., Dn, Opys Opy, .., Op,, Where p; is the mul-
tiplication operator and 0,, is the differential operator for ¢ = 1,2,3,...,n. The
representation of symplectic Lie algebra as a sub algebra of Weyl algebra is given
by

1 T .
Pir = i, + 5050, Qi = =50, (2.4)

Qjr = 10p,0p,, Rjj = —§pj2, Rji, = ip;pi, (2.5)
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for j # k, and j,k = 1,2, ...,n and where J; is the Kronecker delta. Let S(R")
be the Schwartz space on R™. The representation of the symplectic Lie algebra
on the space of polynomial symplectic spinors Pol (R**, C) @ S(R") is expressed
as

1
-ij - _Zjaz;€ + wkaw]- +pkapj + §6j,k (26)
1
Qi = 2k0w; + 2jOu, + 10p,0p, (2.8)
7
Rjr = wi 0., + w;0., +ip;py, forj # k. (2.10)
The action of the basis elements my, ms, ms....., Mo, on a symplectic spinor f €

S(R™) is given by my.f = ip;f, muy;.f = 0y, f, for j = 1,2.....,n. The three
differential operators defined on S(R™) are expressed as:

n

D, = (ipjOn, — 0:,0,,) (2.11)
j=1
Xo =Y (w;0,, +izp;) (2.12)
j=1
E =Y (20., +w;dy,) (2.13)
j=1
The above mentioned operators satisfy the following commutation relations: [2]
[E +n,Dg] = —D;y (2.14)
[E+n, X ] = X, (2.15)
(X5, Ds) =i (E+n), (2.16)

where, D, is the symplectic Dirac operator. In this paper, we suggest an approach
to discretize the above mentioned symplectic Dirac operator following the discrete
Clifford analysis [23] formalism.

3. THE CONSTRUCTION OF DISCRETE SYMPLECTIC DIRAC OPERATOR

The symplectic Dirac operator D, has the form as in (2.11). This shows the
combination of coordinate vectors, differential coordinate vectors and the basis
elements of Weyl algebra. In this work, we formulate a mechanism for discretiz-
ing symplectic Dirac operator expressing the coordinate vectors and the basis
elements in terms of the forward and backward basis vectors as in discrete Clif-
ford analysis. This is done without changing the basic algebraic assumption while
defining the symplectic Dirac operator. Here, R?" is replaced by Z>™ rectangular
grid. This is obtained by considering the following: In moving from continuous
to discrete set up, the partial derivatives are replaced by partial differences. The
differences are in the directions of the coordinate axes. Further, the axes carries
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two senses, one is forward and the other is the backward difference. In case of
symplectic Dirac operator, partial derivatives are combined with the basis ele-
ments of Weyl algebra. This also carries the chosen senses of partial differences.
Here, the symplectic Clifford algebra is embedded in the double dimension 4m.
Assuming the existence of 2m vectors p;r and p; , the following discretization rules
are formulated as:

Rule 1: The basis vector p; in Weyl algebra is assumed to be the combination
of forward and backward basis vectors.

In Weyl algebra p;pi, = prp;, i.e. the basis vector p;s commute with each other.
Here, the forward and backward basis vectors p;r, p; are assumed to form a free
algebra satisfying the following relations:

(p)pi +1ip;)
(pyoy +prpy) =
(P pr +1ipy) =
(py i +0ip)) = =0k

0
0
Ojk

Rule 2: The basis vector d,, in Weyl algebra is decomposed into forward and
backward difference operators.

Oy + 0, =0p, 5 =1,2,...;m (3.6)

As in case of p;, 0, also satisfies commutative property i.e. 8,0, = 0,,0,,.
Here, the forward and backward basis vectors 0;]_ , ap; are assumed to satisfy the
following relations:

(955 +0,,;,) =0
(a;ja,;k + 0,0, ) -
(0405, + 0,05, ) =
(0,05 + a;kap>=—ﬂ€

Rule 3 The multiplication operators p; and differential operators d,,,j =
1,2,3,...,n, in Weyl algebra satisty 0, pr — pr0p;, = 0; -

Op; Pk — PeOp; = dj
(a5 +0;,) (it +p0) = (o +00) (05, + 05, ) =
((9+pk —pm;C) + (Q;pi —m@;)

+ (8;;]),; —p;@é) + (8;ij —p;a;j) =0y,
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Here, we take the help of skew Weyl relation

Jr —
8 p] —pjﬁ

+ ot
8 p] o Japa
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[20] for further calculation:
=1
=1

(3.7)
(3.8)

Rule 4: The coordinates and the coordinate vector fields are decomposed
into forward and backward coordinate basis vectors and coordinate vector fields

respectively. This is defined as:

z-:zf—l—z-* wj:w*—l—w-’
=05 +0,,j=12,..,n

az—a++a o

J

(3.9)
(3.10)

=12 ...n

Considering the above rules, we assume certain notations for a simplified repre-

sentation.
Assumption-1:

+ +
a pk _pk? 8]’;

apj K~ Pr apj -
a+ - —a—I— —
0,,.p pzapf =

—0 (3.11)
—Ojk (3.12)
—n, (3.13)
s (3.14)

where, gjk , gj_k,nﬁ and nj; are the skew symmetric tensors. Applying Assumption-
1 in Rule 3 we formulate the following statement.

Assumption-2:

PPy =PRP; = —

P8 =Dip; = —

05,0, = 05,0, =
0, 05 = 0F 0, =

+ _ —
pj apj - ajkr’ Dj apj

Js

i k=1,2...n (3.15)
1 (3.16)
5y (3.17)

= =1} (3.18)

M}k (3.19)

= aj, (3.20)

where, oy, aj,, B, B and 0, n;, are symmetric tensors.
Assumption-3: The Cartesian directions for both the forward and backward
vectors described above play same role in the metric.

Therefore according to the Assumption-1,

91 =00 = =G =V" (3.21)

g1 =00 = =0um =V, 3.22)
where, —g;-tj = 8;]_ p;t p;-tai and

np=ngp ==, =£" (3.23)

n;l :n52 = _n;nm_fia
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where, —n = 0+pj - p; 8+ and —n . = 8;]_])] —P; (9 . For j # k, gjk, n;i, are
written as

0 =00 k=12 ..,mj#k (3.24)
n;'tk:ni7j7k::1727”'am7j7ék (325)

Combining the equation (3.15) with (3.21),(3.23) and (3.24), we get
v+ 6+ =1 (3.26)

g +g +n"+n =0.
Assumption-2 and Assumption-3 also satisfy Assumption-4.
= 0 (3.27)
N =1"
Assumption-4: The positive and negative orientations of the Cartesian di-
rections are assumed to be equivalent. This means the forward and backward

difference operators are reflection invariant.
Hence, we have

gh=g =gnt=n"=n (3.28)
vi=v =6 =€ =¢ (3.29)

So
y+§—1,g+n—0 (3.30)

Considering all the rules and assumptions, the forward and backward multipli-

cation operators pj, p; and the difference operators 6; , 8p satisfy the following

multiplication rules in this discrete set up. Here j # k
Oy oy —PLOy =9 (
0,0 —Pp0,, = —9 (3.32
Oppx — D0y =8 (
0,,Pi —pﬁpﬁ =g (

and when j = k, we have

oy pf —pjo, =v (3.35)
0,.p; —p; 0, =v (3.36)
8+pj —p; 0, =¢ (3.37)
apjpj — japj =¢ (3.38)

According to Assumption-4 the equation (3.27) is expressed as

gr=p" =5 (3.39)
nt=n"=n
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Combining equations (3.16) with (3.27) and (3.39), we have
pipy +p;p; =20 (3.40)
0.0, + 0,0, =21 (3.41)

Definition 3.1. The discrete symplectic Dirac operator is the first order sym-
plectic Clifford vector valued differential operator defined as

D, =D+, (3.42)

where, the ®F and ©; are the forward and backward discrete symplectic Dirac
operators respectively and are given by

m

or =Y <2pj ot — a;a;) (3.43)
j=1
and .
Dy =) <z’p;a;j - a;ja;j) (3.44)
j=1
4. RESULTS

Theorem 4.1. The discrete symplectic Dirac operator factorizes the Laplacian
on Z*™ grid. i.e.

(9,)° = —z’i&jﬁ,&jj + 0,0, + L0, +0L0 — z’zm:% (8* 0L + 0,0, ) :
=1 =1

where, [ is the symmetric tensor given in equation (3.39).

Proof. Using the multiplication rules defined above we obtain

DI} = <2m:( prof - a;ga;;)) (i( i — a;a;)) (4.1)

_ 2 (Z-z ) (21)" + (o2)’ (a;j)Q) ~i (o, + o) 0%
:_szx Loy + o)) Ol ot

DD = (i (z'pj—a;j a; p>> (i (zp] L~ 0 ;)) (4.2)
:2(22 (p)2(8M)2+<8zj)2(8)2> ( 8, +0 pj)a 0;
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DI, +D,0f = (ij (iw} o, — a;ja;)) (i (iw; 0, — azjap)) (4.3)

j=1 j=1

+<iﬁ%%_%%n<iﬁw%_%%»
= !

1

S (ofwy +pyp)) 050, + (950, + 9,05 ) ot o,

=1

— i (vf0y, + oy ) 0505 i (907 + 070 2,

<

Combining equations (4.1, (4.2), (4.3), we have
(D.) =DIDF +2,9; + (9:D; +9,9;)
=i (g o) 005+ D (50 + ) 9505
j=1 j=1
-”i—@m+mﬁmmm%%%+%%ﬂwq
=
—&ﬁ%+%ﬁW%%—WE%+%%J%%

= —z’i (pj(?;; +p; 0, + 1) : (a;ja;; + 8@8;) —ig (a;ja;j + 8;58;)

=iy (950 +9,,0,) —i; (00, + 0507

j=1

- z]il (v oy +p;0,) - (0808 + 0,05

m

= —j Za;ja; +0,0_ +0)0, +050;
j=1
iy 28 (0,0 + 9,07
j=1
O

The vector variables corresponding to the discrete symplectic Dirac operator
is X, which is given by

Xy =X +X, (4.4)
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where
=3 (o +i5))
j=1
X =) (w;a;j + Z'zj_pj_>
j=1
Theorem 4.2.
X0, +D,X, = 2im + 1€,
where
¢ = Z(( F05 vwi0, + 20t + 200 ) (p+8+ +p; 0, +1)>
7=1
3 (- (5o, + 2708 —wfo; —wiol)).
j=1
Proof.
Xty = Y (w0l 05p) — iz 940} 0
j=1
X0, = Y (iw; 0,005 % 0,0,

XIo; = Z iw; thj_ - iz*@‘jp}@‘j — 20, p] p; —w; oz 8+8 )

pPj Py

p; TPy

X, 9= Z iw; 050, p —iz;0Lp; 0f — 2705 p;pf —w; 010, 8*)

oot tat _ ot atat + +
zwjajpjﬁj—zzjazjﬁp +@pjc9 —za )

w 2
j=1
DX, =) (iw; 0, p; 0, —iz; 00, p; +ip; 0, z‘@;jga;)

iw; Ot pfo, — izj’ajja;;p] 2 8+pj p; —w; 8*8*8 )

pP; Py

DX :Z iw;’(?_,pj_af —zz+8 8 p] —z+8 ¥ p] —w+8 0. 8+>

s Vs 25 7 pj
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Combining the above equations we have,

@@+Qﬁ:§Xﬂ+W@%+4@)(%ﬁ+g%»

+§m:(— (05, + 570 —wjor -3 ).

j=1
|
We denote
¢=>" ((wjajj +wy o, + 20 + z;&;j) (p;a;; +p; 0, + 1))
j=1
+> (— (zjagj +2;70 —wio; — w;a;;» .
j=1

as the Euler operator in this case. The discrete Euler operator, Discrete symplec-
tic Dirac operator and the corresponding vector variables satisfy the following
theorem.

Theorem 4.3.

€D +9¢ = -9 (4.8)
EX + X€E = —X

5. CONCLUSION

The suggested discretization technique on symplectic Dirac operator is formu-
lated using forward and backward basis vectors on symplectic Clifford algebra.
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This operator is the combination of forward and backward symplectic Dirac oper-
ators on the symplectic space. Square of this operator is negative of the discrete
Laplacian on symplectic space. This also satisfies commutation relations on the
space of polynomial symplectic spinors in representation theory. Discrete sym-
plectic Dirac operator will be useful to study symplectic Dirac equation. This
discrete symplectic Dirac operator may be studied in the context of super man-
ifolds. The techniques like discrete symplectic monogenics, discrete symplectic
Fourier transform may be used to have further study on this operator. Polyno-
mial solutions of discerete symplectic Dirac operators in representation theory
may also be studied.
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