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TWO NEW CONJUGATE GRADIENT METHODS IN
UNCONSTRAINED OPTIMIZATION PROBLEMS

AYINDE, SEMIU A.'*, AGBOOLA SUNDAY 0.2, ADELODUN, JOSEPH F. 3 AND
HASSAN, SAMUEL 0.

ABSTRACT. Zheng Y. and Zheng B. modified Dai-Liao conjugate gradient
method to come up with two new Dai-Liao-type conjugate gradient meth-
ods. These methods were shown to have satisfied descent condition taken into
consideration the strong Wolfe line search. Convergence for objective func-
tions were also guarantied. In this work, two new conjugate gradient methods
are introduced in line with the work of Zheng Y. and Zheng B. by changing
the first term in AyO-CG method to solve unconstrained non-linear optimiza-
tion problems. Descent properties of these methods are shown and guarantied.
Convergence analysis of these methods in line with strong Wolfe conditions
showed that they are globally convergent. Comparison based on Dolan More
performance profile of the numerical strength of these methods with the two
modified Dai-Laio type methods proved that our methods outperformed them.

1. INTRODUCTION AND PRELIMINARIES

Many authors have worked on conjugate gradient methods (CG methods) as a
result of their wide acceptability in solving unconstrained optimization problems
and also because of their global convergence and low memory status. It is worthy
of note that most of the proposed CG methods are modifications of the first
generation CG methods which are also known as classical CG methods. For
details on this see [1, 5, 13, 15]. Notable among these, is the work of Dai and Liao
[1] tagged DL CG method, where they considered an inexact line search conjugacy
scheme that reduces to a classical exact line search conjugacy scheme to solve
non-linear unconstrained optimization problem. They gave global convergence
properties of the method for general functions. It is also worthy of note that a
number of improvements on this work have also been presented which include:
Yabe and Takano [11] and Li et al. [9] modified the secant equation on the Dai-
Liao method; Lu [7] presented a modified Dai-Liao conjugacy condition based on
a new quasi-Newton equation; Zheng [15] also introduced a secant equation into
Dai-Liao conjugacy condition. Other work in this direction in improving Dai-Liao
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method can be found in [7, 12, 13]. Of interest is the work of Zheng Y. and Zheng
B. [14] that presented two new Dai-Liao type CG methods by replacing the first
term of
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respectively. They considered their global convergence alongside their numerical
strength and were found to have outperformed other types of Dai-Liao methods.
Ayinde et al [3] developed what they called a new Dai-Liao type CG method by
constructing new [ towing the line of inexact line scheme to come up with a CG
method that uses
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Al dage
CG methods with conjugate gradient coefficient (5 comprising linear combination
of terms have been shown to be more efficient and promising. This is also evident
from the work of Zheng Y. and Zheng B. [I1]. Our motivation comes form
the work of Zheng Y. and Zheng B. [14] coupled with the fact that AyO CG
method was shown to have performed better that the DL CG method. See [3].
In this work, we present two new CG methods by working in line with the work
presented in [I1]. We showed the convergence of our methods. Experiments
performed showed that numerical strength of our proposed methods outwit the
two CG methods presented in [11].
In section 2, the two new methods are presented. Analysis on convergence is done
in section 3. We consider the numerical experiment and discussion of results in
section 4 and section 5 gives the conclusion.

(1.6)

2. NEw CG METHODS
Given an unconstrained optimization problem in n variables

fw), we R" (2.1)
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with f being continuous and differentiable, the aim is to minimize (2.1).
The CG methods have been found suitable for solving equation of the form (2.1)
using the iterative formula stated as follows

Ukl = Uk + Oékdk, (22)

where the step-length ay > 0 is to be determined by a line search schemes with
the direction dj given as

— Gk, k= 07
dy. = 2.3
g { —9k + Brdk-1, k> 1. (2:3)

The formula £, € R is a scalar that must satisfy the condition dfy;,_; = 0 with
Yk—1 = gk — gk—1. The formula [y determines the nature of the CG-method.

In all, the choice of the step-length «y is a factor for global convergence. Hence,
the following strong Wolfe conditions

fur) = f(ug + ardy) > —bady gy (2.4)
and
g(ug + ardp) dy, > od gy (2.5)
for 0 < 0 < o < 1 are needed to estimate ay. gy represents gradient of f(xy).
Following the approach adopted in (1.1) to (1.5), this paper proposes the following

conjugate gradient coefficients for the two new conjugate gradient methods by
replacing the first term of (1.6) with
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respectively, whereby p > 1, ¢t > 0 and sx_1 = up — ug_1.

Procedure (2.2) -(2.3) with gPH#SPL(BPLSDLY g called DHSDL (DLSDL) method.
Procedure (2.2) -(2.3) with g2#540 (gPESA0Y s called DHSAyO (DLSAyO)
method.



TWO NEW CONJUGATE GRADIENT METHODS 29

2.1. Algorithm for the Method. Step 1: With the initial point u, € R", we
set k=1 and dy = —go. If ||gk|| < € where € > 0 stop.

Step 2: Find a4 > 0 by conditions (2.4) to (2.5).

Step 3: Compute 87 (3P"949) and determine the sequences {uz}, {gi}

and {dj}
Step 4: Put k =k + 1 and go to step 2.

3. CONVERGENCE OF THE METHODS

In this section, discussions on the convergence of the proposed methods are
considered. We shall consider convergence analysis of DLSAyO method only,
since the same procedures can be used for DHSAyO method.

Assumption 3.1
The objective function (2.1) satisfies the conditions highlighted below.

(1) The set

U= {ulf(u) < f(v)} (3.1)
with v € R" is bounded.
(2) f is continuous and differentiable in W, a neighborhood in U and its gradient
g(u) = V f(u) with Lipschitz constant L satisfies Lipschitz continuity

1V f(u) = V)l < Lilu— vl (3.2)
for any u,v € W.

Furthermore, by Assumption 3.1 there exists two constants D and ¢ that sat-
isfy the following inequalities

lu—=v|[<D (3.3)
for any u,v € W
and

V@)l < ¢ (3.4)
for any u € W.

Lemma 3.1. Suppose d;, and gy, are determine by the CG method algorithm given
in section 2. Then, dy satisfied the following condition

g di < —cllgil (3.5)
for each k > 0.
Proof. We show by induction. It is obvious for the case when k = 0 that

90 do = —lgol[* (3.6)
Let (3.5) be valid for £ > 1. From (2.3), we have
di, = =gk + Brdy—1. (3.7)

By pre-multiplying (3.7) by gx,
gr di = —||gel|* + 8“5 gl die 1. (3.8)
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By using (3.8) coupled with sx_1 = ap_1dg_1, we have
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For A > 1, we have the above inequality being satisfied where ¢ = (1 — 1).
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O

Theorem 3.2. Suppose the conditions in the assumption 3.1 hold and also that

ug be determined by the algorithm in section 2. Then,
lim inf [|gil| = 0.
Proof. Going by (3.14), we have
prsago  NglI* = ol |l gl 15T g
’ gl =g (dyge)
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Since sp_1 = uy — u_1 coupled with (3.3), we then have
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1
By using (3.5) and (3.34) together with Zoutendijk’s condition in [16], we have
1 ((2L + t)DQ -2 2 (g;fdk:f
(1= =)0+ =) 2lgll* < ) 575 < +oo. (3.35)
,; It cct ,; |l [[?
Inequality (3.35) obviously implies the result. O

4. NUMERICAL EXPERIMENT AND DISCUSSION OF RESULTS

A number of test functions taken from [2] are considered here to determine the
numerical strength of the proposed methods in comparison with other methods.

4.1. Numerical Experiment. This subsection reports the numerical strength
of DLSAyO and DHSAyO methods against DLSDL and DHSDL methods con-
sidered in [14].
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TABLE 1. Numerical result of IT and F
s/n Prob. Dim. DLSAyO DLSDL
IT/F IT/F

1 Ezt.Penalty 500 | 1729/2.49EF + 05 | 1805/2.49E + 05
2 1000 | 3007/9.97E + 05 NAN/NAN

3 Rosenbrock 500 | 112/7.35E —15 | 151/8.76F — 14
4 1000 | 145/1.10F — 14 | 162/1.42F — 13
D 10000 | 169/1.16F — 15 | 146/2.52E — 14
6 | Ext.Rosenbrock | 500 | 102/5.70F — 16 | 201/5.54F — 16
7 1000 82/2.51F — 16 147/2.02F — 16
8 10000 | 102/5.24E — 16 | 193/3.68E — 16
9 Diagonal4 500 15/7.82F — 17 15/7.86F — 17
10 1000 15/1.56 E — 16 15/1.57TE — 16
11 10000 | 15/1.56F — 15 15/1.57F — 15
12 | Ezt.Himmelblau | 500 28/4.33E — 16 36/3.84E — 17
13 1000 28/8.67TE — 16 36/8.80E — 17
14 10000 | 29/5.80F — 16 36/1.15E — 15
15 Raydanl 200 1/8.73F + 07 1/8.73E + 07
16 1000 1/1.39EF + 09 1/1.39EF + 09
17 10000 1/1.39FE + 13 1/1.39FE + 13
18 Diagonall 200 6/5.00F + 02 6/5.00F + 02
19 1000 6/1.00E + 03 6/1.00E + 03
20 10000 6/1.00F + 04 6/1.00F + 04
21 | Ext.Tridiagonall | 500 | 4366/6.15E — 09 | 4383/5.92E — 09
22 1000 | 5564/7.74F — 09 | 5716/7.57E — 09
23 10000 | 11892/1.66E — 08 NAN/NAN
24 | Ext.3Exp.Terms | 500 23/6.40F + 02 26/6.40EF + 02
25 | Gen.Rosenbrock | 500 | 388/9.94E — 14 | 468/4.89F — 14
26 Ext.BD1 500 32/1.11F — 14 36/4.80F — 21
27 1000 32/2.22F — 14 36/9.50F — 21
28 10000 | 36/1.59E — 17 36/9.59E — 20
29 Ext.Clff 500 438/4.99E + 01 | 605/4.99F + 01
30 1000 | 325/9.99F + 01 | 553/9.99F + 01
31 10000 | 2262/9.99EF + 02 | 1090/9.99E + 02
32 Ext.Wood 200 656/3.89F — 15 | 502/1.09F — 13
33 1000 173/NAN 844/2.46F — 13
34 10000 | 983/1.43E —13 | 662/6.43E — 14
35 | FLETCHCR 500 | 5070/1.70F — 11 | 4850/4.95F — 12
36 1000 | 7966/9.18F — 11 | 7764/3.36E — 12
37 ARWHFEAD 500 | 1729/2.49F + 05 | 1805/2.49F + 05
38 1000 | 3007/9.97E + 05 NAN/NAN
39 DQDRTIC 200 104/1.86FE — 14 82/1.64F — 15
10 1000 | 58/1.61E —14 | 91/9.03E — 14
41 10000 | 113/541FE — 14 82/3.85E — 15




TWO NEW CONJUGATE GRADIENT METHODS

TABLE 2. Numerical result of IT and F contd.

s/n Prob. Dim. DHSDL DHSAyO
IT/F IT/F
1 Ezt.Penalty 200 175/2.49F + 05 141/2.49EF + 05
2 1000 | 3335/9.97E + 05 | 3293/9.97FE + 05
3 Rosenbrock 500 265/1.11E — 15 154/6.35F — 14
4 1000 | 166/2.90F — 13 187/1.61E — 13
> 10000 | 199/9.96E — 15 163/2.55FE — 15
6 | Ext.Rosenbrock | 500 | 143/3.90F — 16 96/4.61F — 17
7 1000 | 265/1.60F — 16 164/3.44F — 16
8 10000 | 139/2.54E — 16 269/4.53F — 16
9 Diagonal4 500 23/2.47FE — 16 23/2.48FE — 16
10 1000 | 23/1.95E — 16 | 23/4.96E — 16
11 10000 | 24/7.38E — 16 24/7.40F — 16
12 | Ext.Himmelblau | 500 20/1.40F — 15 21/1.36FE — 15
13 1000 | 20/2.79E —15 | 21/2.71E — 15
14 10000 | 21/1.87TE — 15 22/1.81F — 15
15 Raydanl 200 1/8.73E + 07 1/8.73E + 07
16 1000 1/1.39E + 09 1/1.39EF + 09
17 10000 1/1.39FE + 13 1/1.39FE + 13
18 Diagonall 200 6/5.00F + 02 6/5.00F + 02
19 1000 6/1.00E + 03 6/1.00E + 03
20 10000 6/1.00F + 04 6/1.00F + 04
21 | Bzt Tridiagonall | 500 NAN/NAN 6016/6.09E — 09
22 1000 | NAN/NAN | 7666/745E — 09
23 10000 NAN/NAN 16289/1.65F — 08
24 | Ext.3Exp.Terms | 500 28/6.40F + 02 25/6.40F + 02
25 | Gen.Rosenbrock | 500 | 735/4.68E — 13 | 1362/3.50F — 13
26 Ext.BD1 500 42/2.34E — 17 50/3.8TE — 15
27 1000 42/4.68E — 17 50/9.60F — 15
28 10000 | 42/4.68E — 16 50/8.73F — 14
29 Ext.Clff 500 | 5795/4.99E + 01 | 5236/4.99F + 01
30 1000 | 4490/9.99E + 01 | 7689/9.99F + 01
31 10000 | 4109/9.99E + 02 | 53178/9.99E + 02
32 Ext.Wood 500 971/3.13FE — 13 | 1109/2.73F — 13
33 1000 | 1531/7.62E — 14 | 1228/1.50F — 13
34 10000 | 1470/8.27TE — 14 | 1146/2.41F — 13
35 | FLETCHCR | 500 | 5110/5.45E — 12 | 7485/1.80E — 11
36 1000 | 22400/1.03F — 10 | 16300/1.06 ' — 10
37 ARWHEAD 500 175/2.49F + 05 141/2.49F + 05
38 1000 | 3340/9.97E + 05 | 3290/9.97E + 05
39 DQDRTIC 500 94/1.34F — 14 110/4.62E — 14
10 1000 | 86/7.27E —14 | $6/4.19E — 15
41 10000 | 107/3.16F — 14 106/1.14F — 13

33
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TABLE 3. Numerical result of CPU time and gradient norm.

s/n Prob. Dim. DLSAyO DLSDL
G/CPU G/CPU
1 Ext.Penalty 500 | 1.58F —7/16.899 | 9.95F — 07/17.21
2 1000 | 5.02F —7/32.695| NAN/NAN
3 Rosenbrock 500 | 7.28E —7/1.004 | 6.77E —07/1.276
4 1000 | 9.00F —7/1.36 |6.75FE —07/1.418
5 10000 | 9.39F — 7/2.963 | 7.38E — 07/2.624
6 | Ext.Rosenbrock | 500 | 9.56E —7/0.869 |9.65F — 07/2.185
7 1000 | 8.11E —7/0.78 |5.68F — 07/1.453
8 10000 | 9.37F —7/2.283 | 9.22F — 07/2.318
9 Diagonal4 500 [ 2.18E —7/0.131 | 2.18F — 07/0.141
10 1000 | 3.08& —7/0.15 | 3.08E — 07/0.148
11 10000 | 9.73F —7/0.341 | 9.75E — 07/0.344
12 | Ext.Himmelblau | 500 | 2.64F —7/0.506 | 9.10F — 08/0.355
13 1000 | 3.74E —7/0.263 | 1.40FE — 7/0.405
14 10000 | 3.06F — 7/0.713 | 5.20E — 07/0.923
15 Raydanl 500 | 0.00E + 0/0.011 | 0.00E + 00/0.012
16 1000 | 0.00£' + 0/0.012 | 0.00F + 00/0.012
17 10000 | 0.00F + 0/0.013 | 0.00E + 00/0.032
18 Diagonall 500 | 2.55F —09/0.049 | 2.36 E — 09/0.055
19 1000 | 3.61E —9/0.049 | 3.34E — 09/0.057
20 10000 | 1.14E —8/0.65 | 1.06E — 08/0.081
21 | Ext.Tridiagonall | 500 [9.96E — 7/38.246 | 9.63F — 07/38.46
22 1000 |[9.87F — 7/50.692 | 9.71F — 07/53.27
23 10000 | 9.85E — 7/219.52 | NAN/NAN
24 | Ext.3FExp.Terms | 500 | 8.93F —7/0.223 | 7.52F — 07/0.253
25 | Gen.Rosenbrock | 500 | 7.08FE —7/3.726 | 9.93F — 07/4.327
26 Ext.BD1 500 | 5.96E —7/0.266 | 1.96E — 10/0.301
27 1000 | 8.43E —7/0.276 | 2.78E — 10/0.307
28 10000 | 1.13F —8/0.577 | 8.78 K — 10/0.591
29 Ext.Clif f 500 | 4.38E —7/3.712 | 8.69E — 07/6.245
30 1000 | 7.66E — 7/2.781 | 6.42E — 07/4.90
31 10000 | 8.69F — 7/44.432 [ 9.24F — 07/21.75
32 Ext.Wood 500 | 9.79F —7/6.134 | 6.92F — 07/4.75
33 1000 NAN/1.734 8.7TE — 7/8.397
34 10000 | 7.66E — 7/27.011 | 9.47E — 07/18.8
35 FLETCHCR 500 | 9.86F —7/51.48 | 6.00E — 07/55.5
36 1000 | 9.74F — 7/94.673 | 9.84E — 07/93.8
37 ARWHEAD 500 | 1.58F —7/17.608 | 9.95F — 07/17.3
38 1000 | 5.02FE — 7/37.03 NAN/NAN
39 DQDRTIC 500 | 7.63E —7/0.869 | 7.26E — 07/0.753
40 1000 | 8.42E —7/0.522 | 8.56F — 07/0.815
41 10000 | 8.54F — 7/1.931 | 8.47E —07/1.39
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TABLE 4. Numerical result of CPU time and gradient norm contd.

s/n Prob. Dim. DHSDL DHSAyO
G/CPU G/CPU
1 Ext.Penalty 500 | 1.62E —07/1.652 | 8.21E — 07/1.309
2 1000 | 4.62E —07/36.43 | 5.01E — 08/35.75
3 Rosenbrock 500 | 7.19E —07/2.245 | 3.85E — 07/1.274
4 1000 | 9.76E — 07/1.536 | 7.87E — 07/1.644
) 10000 | 9.41F — 07/3.461 | 8.64FE —07/2.96
6 | Ezt.Rosenbrock | 500 | 9.01E —07/1.389 | 8.69E — 07/0.89
7 1000 | 7.86E —07/2.868 | 9.89F — 07/1.552
8 10000 | 9.18F — 07/3.196 | 9.27FE — 07/5.989
9 Diagonal4 200 419F —07/0.24 | 4.19F — 07/0.225
10 1000 | 5.92E —07/0.224 | 5.93FE — 07/0.514
5| 10000 | 7.24E —07/507 | 7.24E — 07/0.52
12 | Ext.Himmelblau | 500 | 4.74E —07/0.226 | 4.67F — 07/0.201
13 1000 | 6.71E —07/0.214 | 6.61FE — 07/0.246
14 10000 | 5.49F — 07/0.531 | 5.40F — 07/0.548
15 Raydanl 500 [ 0.00E +00/0.012 | 0.00E + 00/0.012
16 1000 | 0.00E + 00/0.028 | 0.00E + 00/0.022
17 10000 | 0.00F + 00/0.022 | 0.00E + 00/0.018
18 Diagonall 500 | 4.78E —10/0.068 | 1.51E —09/0.057
19 1000 | 6.76E —10/0.064 | 2.14FE — 09/0.051
20 10000 | 2.14F —09/0.112 | 6.77E — 09/0.076
21 | Ext.Tridiagonall | 500 NAN/NAN 9.88F — 07/52.64
22 1000 NAN/NAN 9.68F — 07/71.264
23 10000 NAN/NAN 9.86 F — 07/308.35
24 | Ext.3Exzp.Terms | 500 | 6.27F — 07/0.242 | 6.01E — 07/0.235
25 | Gen.Rosenbrock | 500 | 8.89F —07/6.897 | 8.77E — 07/12.532
26 Ext.BD1 500 | 1.44E —08/0.353 | 1.76 E — 07/0.414
57 1000 | 2.03E — 08/0.361 | 2.77E — 07/0.433
28 10000 | 6.42F —08/0.739 | 8.36E£ —07/0.81
29 Ext.Clff 500 [8.83F —07/58.376 | 9.87F — 07/52.38
30 1000 | 6.05F —07/45.2 | 3.95FE — 07/80.729
31 10000 | 9.48E — 07/87.543 | 9.50F — 07/1016.1
32 Ext.Wood 500 9.96F — 07/9.72 | 9.72E — 07/11.555
33 1000 | 9.88F — 07/17.358 | 7.61E —07/12.9
34 10000 | S.89E — 07/44.1 | 9.96E —07/338
35 FLETCHCR 500 8.79F — 07/56.5 | 8.61F — 07/92.12
36 1000 | 9.88E — 07/280 9.69F — 07/201
37 ARWHEAD 200 1.62E — 07/1.58 | 8.21E —07/1.315
38 1000 | 4.62F — 07/36.5 5.01F — 08/42.8
39 DQDRTIC 500 | 9.06E —07/0.840 | 7.01E —07/0.974
40 1000 | 7.37E —07/0.768 | 9.25E — 07/0.7.67
40 10000 | 8.30E — 07/1.93 8.29F — 07/1.83

35
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4.2. Discussion of Results. Reports of the experiments carried out on our
proposed methods and other modified Dai-Liao methods are given in this section.
In these experiments, we put into consideration the rate of convergence, the
gradient norm, value of function and CPU time for the comparison.

All methods are tested on MATLAB R 2015a installed on a computer HP 650,
windows 10 OS and RAM 3GB. «4 is computed in such a way that conditions
(2.4)-(2.5) hold. We set 6 = 0.0001, ¢ = 0.9, ¢ = 0.1 and g = 1 to run the
algorithm codes for all the methods.

The test functions are taken from [2]. Tables 1, 2, 3 and 4 represent the numerical
results of the test. The first column in the tables represents the name of the
problem while IT, F, G and CPU stand for number of iterations, value of function,
gradient norm and CPU time respectively. The dimensions used to test each
problem are 500, 1000 and 10000. The results are reported in the form of IT/F
and G/CPU. NAN indicates that the method concerned fails to solve the problem.
Meanwhile, the stopping criterium is

lgxll < 107°

for the iterations.

Zheng Yutao and Zheng Bing [11] compared DLSDL and DHSDL with improved
Dai-Liao type methods, namely WYLDL [13], MHSDL [12] and MLSDL [¢] meth-
ods and reported that DLSDL and DHSDL methods performed better than these
three methods in term of CPU time, IT and function-gradient evaluation. As
a result of this, we report in this study the behaviours of our proposed meth-
ods (DLSAyO and DHSAyO methods) against the DLSDL and DHSDL methods
based on number of iterations, value function, gradient norm and CPU time.
Graphical representations of the behaviours of all tested methods given in TA-
BLES 1, 2, 3 and 4 are presented in FIGURES 1-4. These figures represent the
performance profiles of the four methods in term of I'T, F, G and CPU time. These
performance profiles are based on the performance profile designed by Dolan and
More [6]. This is a programme designed to compare CG methods used in un-
constrained optimization problems for the set of methods M to solve a set S of
problems. Given n,, problems, there exits ny methods.

If ¥ s is the IT, F, G or CPU time required to evaluate problem m by method
s, then the ratio given by

. 7m S
m,s — : . 4.1
b, min{Yms:s € M and m € S} (4.1)
is used to compare the methods.
The cumulative distribution function for ¢,, s is denoted by
1
Js(1) = n—|m € S:logyms| <7 (4.2)

m
with 7 > 0.
Js(7) is the probability that i,, s is within a factor 7 > 1 in relation to the method
s. Furthermore, when 7 = 1, the method has the probability that it will perform
better than other methods. On the other hand, a method s € M fails to solve a
problem when ij, = 4,, s for some parameter .
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FIGURES 1 and 2 show that DLSAyO method performed better than other
methods in term of CPU time and number of iterations and it is followed closely by
DHSAyO method. Both DLSAyO and DHSAyO methods compete considerably
well with DLSDL and DHSDL methods in term of value of function and gradient
norm. This can be observed in FIGURES 3 and 4.

5. CONCLUSION

This paper presented two new CG methods. The CG coefficients were con-
structed in such a way that the decent directions for the proposed methods were
guaranteed under the strong Wolfe line search method. It was also shown that
the methods have global convergence. Numerical analysis and results through
the experiments performed proved that the proposed methods did well in term
of convergence rate, value of function, gradient norm and CPU time. For further
research work, these methods would be compared with some established efficient
hybrid methods and also the value of parameter ¢ would be varied to determine
associated changes.
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