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NEIGHBORS DEGREE SUM EXPONENT POLYNOMIAL AND
NEIGHBORS DEGREE SUM EXPONENT ENERGY OF
GRAPHS

RAJU JUMMANNAVER!, PRASHANTAREDDI YATNALLI?, ASHWINI YALNATK3*,
SUPRIYA BUTTE?*

ABSTRACT. Recently exponent matrix have come out to be working as dy-
namic tool to study networks by measuring the centrality node. In this work,
we define a Neighbors degree sum exponent matrix N E(G) of a graph G whose
(i,7) — th entry is 5:-;)' for ¢ # j, it is zero otherwise, where d; is the Neighbors
degree sum of a vertex v; in GG. Inspired from the applications of Neighbor
degree sum in redefining various degree based topological indices, we introduce
characteristic polynomial of NE(G) to be known as Neighbors degree sum
exponent polynomial and the sum of absolute value of eigenvalue of NE(G)
matrix is called as Neighbors degree sum energy. In this paper, we obtain the
Neighbors degree sum exponent polynomial and Neighbors degree sum expo-
nent energy of some graphs.

1. INTRODUCTION

Let G be a simple, undirected graph with n vertices and m edges. Let V(G) =
{v1,v9...v,} and E(G) = {e1,ea...e,} are the vertex set and edge set of a graph
G respectively. If v; and vy are adjacent vertices of GG, then the edge connecting
them will be denoted by v;vs. The degree of a vertex v in GG is the number of
edges incident to it and is denoted by d(u). If the degree of a each vertex in
a graph G is equal to r then it is called as r-requalr graph. Neighborhood of a
vertex u is defined as Ng(u) = {v € V(G) : v is adjacent to u in G}. For graph
theoretical notations we follow the book[1].

The Neighbors degree sum of a vertex u [1], denoted by 0(u) and is defined as the
sum of degree of adjecent vertices u, that is,

Su) =Y d(v)

vENG(u)
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Recently, some novel neighbor degree sum polynomial and their energies have
been studied in [5]. Degree exponent polynomial and degree exponent energy of
graphs have been studied in [0]. In this paper we introduce a new matrix called
Neighbors degree sum exponent matriz defined as NE(G) = [ne;;], in which

5; e

R

0, if 1=17
The characteristic polynomial Pygq) (1) = det (ul — NE(G)) of a matrix NE(G)
is called Neighbors degree sum exponent polynomial of GG, where I is an identity
matrix. The roots of the equation Pnpge)(i) = 0, denoted by p, pio, . . . fin,
are called Neighbors degree sum exponent eigenvalues of G and their collection
is called Neighbors degree sum exponent spectrum of G. Thus the sum of the
absolute values of the Neighbors degree sum exponent eigenvalues of G is called

Neighbors degree sum exponent energy of G and is denoted by NEE(G). Thus

NEE(G) =3 | (L1)

It is noted that, the Eq. (1.1) is in full analogy with the ordinary graph energy,
defined as the sum of absolute values of the eigenvalues of the adjacency matrix
of G [2]. For details on the energy of graph, it is suggested to refer the book [3]
and the references cited there in.

In this paper we obtain the Neighbors degree sum exponent polynomial of some
graphs and thereby obtain Neighbors degree sum exponent energy. Following
lemmas are required for the further results.

Let I be the identity matrix and J be the matrix whose all entries are equal
to one.

Lemma 1.1. [I] The eigenvalues of n x n matrixz al +bJ are a with multiplicity
n — 1 and a + nb with multiplicity one.

Lemma 1.2. [1] If a,b,c and d are real numbers then the determinant of order

ny + no of the form

(n+a)l,, —aJny —C g xny
_dan Xny (:u + b)[nz - anz

can be expressed as, (u+a)™ 1 (u+b)"2"{[u — (ny — Da] [ — (no — 1)b] — ningcd}

Lemma 1.3. [7] Let G be a graph with n vertices and m edges. Then,
5a(u) = dg(u) — (n — 2)de(u) + (n — 1) — 2m

2. NEIGHBOR DEGREE SUM EXPONENT POLYNOMIAL OF SOME GRAPHS

It is simple to see that if G is an r-regular graph, then its Neighbor degree
sum exponent matrix can be expressed as NE(G) = —r?”T + r2*J. Therefore
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by Lemma 1.1, for an r-regular graph G of order n,

Pypey(p) = (u + 7“27"2)”1 (u — 2 (n — 1)) (2.1)

The complete graph K, is a (n — 1)-regular graph and the cycle C), is a 2-regular
graph. Therefore, from Eqn. (2.1),

2_4n n-l nZ—4n
Pupien(i) = [+ (0= 122 = 1y2oinsd]

Prpc) () = [n+256]""" [ —256(n — 1)]

Let V(G) be the vertex set of G. The complement of a graph G is a graph
G with vertex set V(G) and two vertices in G are adjacent if and only if these
are not adjacent in G. If G is an r-regular graph with n vertices and m edges,
neighbor degree sum of every vertex is 72 then by Lemma 1.3, G is an (n—r —1)-
regular graph on the same number of vertices and edges with neighbor degree
sum of every vertex r* — (n — 2)r + (n — 1) — 2m. Therefore from Eqn. (2.1),
if G is an r-regular graph on n vertices, then the Neighbor degree sum exponent
polynomial of its complement graph is

n—1

o 2 9 2(r27(n72)r+(n71)272m)2
Pype() = |p+ ("= (n—2)r+(n—1)" — 2m)

{u—<2—«n—2w+wn—1f—2mf“2“2”“””2%”7n—1ﬂ

A graph G is said to be bipartite if its vertex set V(G) can be partitioned into
two sets V; and V5 such that each edge of G has one end vertex in Vi and other
end vertex in V5. A complete bipartite graph is bipartite graph with partite sets
and V5 in which every vertex of V] is adjacent to all vertices of V5. The complete
bipartite graph is denoted by Ky, ,,, where |Vi = ny| and |V5 = ns.

Theorem 2.1. The Neighbor degree sum exponent polynomial of the complete
bipartite graph K, ,, s

(4 (nang)™ ™)™ ™2 { (1 + (01 — 1) (mna)™™) (= (g — 1)(nang)™"™) — (nyny) ™"}

Proof. The Neighbor degree sum exponent matrix of the complete bipartite
graph K, ,, is

1,m2
(n1n2)(n1n2)jm — (nan)(nmz)[nl (n1n2)(n1n2)men2
(n1n2)(n1n2)Jn2Xm (n1n2)(n1n2)Jn2 _ (n1n2>(n1n2)]n2
Therefore,
PNp(Kyay) () = | = NE(Ky, 5,)]
[N + (n1n2)<”1"2)] Iy = (n1n2)(nm2)‘]m _(n1n2)(n1n2)Jm Xng

_(nan)(mnz)wanl [M+ (n1n2)<"1"2)] I, — (nl,ﬁm)(nwz)t]n2

(2.2)
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By Lemma 1.2 to Eqn. (2.2), we get the result.

Corollary 2.2. Let S,, = K ,,—1 be the star graph n vertices. Then the Neighbor
degree sum exponent polynomial of S, is

Prisy(n) = [n+ (=1 12 = (n—2)(n = 1)" 1 — (n — 1)>7Y]

Theorem 2.3. Let P, be a path with n > 4 vertices. Then the Neighbor degree
sum exponent polynomial of P, is

Prgpy (1) = (+4Y)"7 (1 +3%) (n+22) [ + (1249 — 256n) 1% + (3660 — 2944n) 1 + 23040n — 138240]

Proof. The characterestic polynomial of Neighbor degree sum exponent matrix
of path P, is

PNE(PW)(N) = |pl — NE(P,)|
I _23 _24 _24 . _24 _23 _22
32, 3% 3t . 3t 38 g2
_42 _43 U _44 . _44 _43 _42
LA 43 gt 4t g g2
= 1. . S (2.3)
U2 4P _gh _gr u EVERY
32 3% gt gt . 3t o, 32
_92 _93 _ot _ot .. _ogt _93 M
Substract third column from the columns 4, 5 ... n—2 and substract first column
from the last column and also second column from n — 1 columns of Eqn. (2.3)
to obtain Eqn. (2.4)
nwoo =23 -2t 0 0 0 —22
-3 o =3t 0 e 0 -3 —u 0
—42 43 oy A . 4ty 0 0
—4% 43 4 p44t - 0 0 0
- ; ; : : . : : : (2.4)
Y Y 0 0
-3z 3% 3t 0 . 0 w33 0
—22 23 21 0 . 0 0 w22
Adding last row to the first row and adding second row to the (n — 1) row and
then adding rows 4,5...n — 2 to the row of Eqn. (2.4) to obtain Eqn. (2.5).
u— 22 2(—2%) 2(—2%) 0 0 0 0
2(—3%) w— 33 2(—3% 0 0 0 0
(n—4)(—4%) (n—4)(—4%) p—4*n->5) 0 0 0 0
—4? —43 —44 p+ 4 0 0 0
- : : : . : : (2.5)
2 g 4 0 o outdt 0 0
—32 —33 —3* 0 - 0 w433 0
—22 —23 —24 0 0 0 w22
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Eqn. (2.5) can be reduced to
=5 5 ) =22 2(-2%) 2(-2%)
Pyppy(p) = (n+4Y)"7 (0+3°) (n+2%)| 2-3) p—3° 2(-3%)
(n—4)(=4) (n—4)(-4%) p—4"(n—5)

= (p+ 44)"_5 (n+3%) (n+2%)
(1% + (1249 — 256n) 12 + (3660 — 2944n) 1 + 23040n — 138240]

The wheel W, is a graph obtained from the cycle C,, —1 by adding a new vertex
u and joining it to all vertices of C), — 1.

Theorem 2.4. Let W,, be a wheel graph with n wvertices. Then the Neighbor
degree sum exponent polynomial is

P () = [+ (n+5)" )" [12 = pu(n — 2)(n +5)" — (3n — 3)") (n — 1) (n + 5)% )]

Proof. The characterestic polynomial of Neighbor degree sum exponent matrix
of path W,, is

Py, () = [ul — NE(W,)|
BB B )Y [ 1))
—(n+ 5)3(7171) © —(n+ )(n+5) .. —(n+ )(n+o)
_ s ) ’ (5 (2.6)
L4500 _(n 5 (4 5yt i

Substract second column from the columns 3,4...n of Eqn. (2.6) to obtain
Eqn. (2.7)

—[B(n — 1))+ 0 0

1
—(n + 5)3(n—1) u —(n+ 5)(n+5) - o —(n+ 5)(n+5) —

_ _(n + ?)3(7171) _(n + -5)(n+5) A+ (TL + 5)(n+5) o 0 (27)
—(n+5)* (4 5) D) 0 . A+ (n 45D

Adding rows 3,4...n to the second row in Eqn. (2.7) to obtain Eqn. (2.8)

I —[3(n— 1)) 0 0
—(n—=1)(n+5>2""Y L4 —(n—-2)(n+5"* 0 0
= | -~ —(n+5)" pot (e 5) 0 (2.8)
—(n+5)3=D —(n+ 5)" 0 coo p (n45) D)

On simplifying Eqn. (2.8), we get,

" n—2 —[3(n — 1)+
Prson () = [+ o9 e, g e

= [p+(n+ 5)(7““5)]”_2 (17 — p(n —2)(n +5)" — (3n — 3)") (n — 1)(n + 5)3" Y]
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3. NEIGHBOR DEGREE SUM EXPONENT ENERGY

The results of this section are straightforward by using the results of Section 2
via Eq. (1.1).
By Eqn. (2.1), the Neighbor degree sum exponent eigenvalues of an r-regular
graph G are —r2” (n—1 times) and r>"*(n—1). Therefore for an r— regular graph
G on n— vertices, NEE(G) = 2r*"(n—1). Hence, NEE(K,,) = 2(n—1)%"" ~4n+3
and NEE(C,) = 512(n — 1).

If G is an r-regular graph on n vertices then

NEE@) = 2n— 1) [r* = (n— 2+ (n — 17 — 2] PIP=o-2rro-=am’

By Theorem 2.1,

NEE(Kp, n,) = \/[(nlng)m”?(nl — n2)]* + 4ny 22 (2n1ng — Ny — ng + 1)+(n1+n9—2) (R n"?)

For a wheel W,,,
NEE(W,) = (n—2)(n—|—5)”+5+\/[(n + 5)nt5(n — 2)]2 +4(n —1)(3n — 3)"*+5(n 4 5)37—3
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