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DIFFERENTIAL SUBORDINATION AND SUPERORDINATION
FOR A FAMILY OF ANALYTIC FUNCTIONS DEFINED BY A
NEW MULTIPLIER DIFFERENTIAL OPERATOR

BITRUS SAMBO! AND AYOTUNDE OLAJIDE LASODE?**

ABSTRACT. In this paper, we introduce a new multiplier differential operator
D::L;f(oz, 8,7, v) in connection with a family of multivalent (or p-valent) func-
tions defined in the unit disk £ = {z € C: |z| < 1}. Our investigations include
the subordination, superordination and sandwich properties of functions in the
new family. Finally, some key corollaries are reported.

1. INTRODUCTION AND PRELIMINARIES

Let A represent the family of functions f(z) that are analytic in the unit disk
€ :={z € C:|z] <1}. Let S be the subfamily of A of analytic and univalent
functions in &£, so that f is of the power series representation

(e}
f(z):z—i—Zakzk, zeé&. (1.1)
k=2
Also, let A(p) represent the family of functions of the power series representation

f)=2+ 3 @z, peN:={1,23.. }andz€& (1.2)
k=p+1
which are analytic and multivalent (or p-valent) in €. In the sequel, a function

f € A(p) is said to be a multivalent convex function of order a in £ if it satisfies
the condition

%{1+Z;/;i§)}>a, 0Za<p peNandzefl. (1.3)

We denote this family of functions by C,(a) so that by equivalence, Cy(o) =
Cla) CS.
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Let fi, fo € A, then f; < fs if there is an analytic function
Zwkz 2)] <1, w0)=0and z € &

such that
f[1(z) = fo(w(z)) <= f1(0) = f2(0) and f1(£) C fo(€) for all z € £.

Note that ” <" represents subordination. The function f; is called subordinate
function while the function f5 is called the superordinate function.

In view of the aforementioned definitions, we now present our novel multiplier
differential operator as follows.

Definition 1.1. Let p € N; m € Ny == {0,1,2,...}; a, 8,A 2 0; 0 < v < \;
0<wv<=1and a+ >0, then for f € A(p), we define the multiplier differential
operator DY (e, 8,7, v)  A(p) — A(p) by

DY (v, B,y v)f(2) = f(2) (1.4)

(a+ 8Dy, By, v) f(2) = [+ B+ — 2v = (A + ) f(2)
—(p—1)Mz" + %[((27/ = DA+ p) = )2f'(2) + M2 (2)] (1.5)

therefore

D;’?f(av 67’77 V)f(z) = D)\7u(aa 6a77 V)(Df\r?;17p(a, ﬁ, v, V)f(Z)), meN (16)

and in general we have that

20 = A+ ) +10kA = D](E = 1) + B]"
Dy, B,7,v) f(2) = 2P+ Z
k=p+1 o+ ﬁ
(1.7)
or for brevity we have
DYP (o, By, 0) f(2) = 2+ Y QP (a, By, v)art (1.8)

k=p+1
where
— (A kX —1)](E - "
¥, 8,7,) = a+[2v = 1A+ p) +( DG -1 +8

a+p

Remark 1.2. A simple calculation shows that

(v —DA+p) -

DI, 8,7, 1) f(2) = {1 - ) } D@, 8,7, 1) (2)

a+p
(p— 1)y P ((2y—1)()\+,u)—7)z Py v)f(2))
_ a—'_ﬁ P+ p(og—l—ﬂ) (DNM( 7577? )f( ))

M, mp (g, N ()
gy PR B i) (19)

Az
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and secondly, the novel multiplier differential operator D?\?l’f(a, B,7,v) generalizes
many multiplier operators earlier studied by the following authors.

(1) D;”l(a B,7v,v)f(z) = DY,(a, B,7,v) f(2) was studied by Alamoush [2].
(2) D;”OP(O, 1,0,1)f(z) = DI? f(z) was studied by Goyal and Goswami [12].
(3) D%l(O, 1,0,1)f(z) = D™ f(z) was studied by Salagean [22].

(4) DT01(1,1,0 1f(2)

[20].
Inol(oz, 1,0,1)f(z) = L' f(2) was studied by Cho and Srivastava [3].

)
6) Dﬁé(o, 1,0,1)f(2) = D’ f(2) was studied by Acu and Owa [1].
7) Df\”Ol(O, 1,0,1)f(2) = Dy f(2) was studied by Al-Oboudi [1].
8) Dﬁ(l)(l B,7, 1) f(z) = L (p, A, B) f(2) was studied by Catag et al. [7].
)
)

L™ f(z) was studied by Uralegaddi and Somanatha

5

9 DTol(oz 0,0,1)f(2) = ( )f(z) was studied by Aouf et al. [5].
(10 DTol(O, 1,0, O‘J“B)f( ) = D750 f (2) was studied by Alamoush and Darus

[3].
(11) DY (0,1,7, 1) f(2) = DAmf (z) was studied by Sambo and Meller [23].
) =

(12) D;’?(’)l((), Ly, 1) f(z . f(2) was studied by Raducanu and Orhan [21].
(13) D;rful( ,B,0,1)f(2) = (a,ﬁ,u)f(z) was studied by Darus and Faisal

[].
(14) Dm}(a, 0,0,1)f(z) = D¥*(cv, ) f(2) was studied by Darus and Faisal [9)].

(
(
(
(
(
1

Motivated by the works of the aforementioned authors and those in [0, 10, 11,
, LA 15, 18, 19, 20, 24, 27], we now investigate the subordination, superordina-
tion and sandwich properties of the multiplier differential operator. The notion
of differential superordination was introduced by Miller and Mocanu in [17] which
is an extension of the problem of differential subordination earlier presented in

[10].

Definition 1.3 ([25]). Let Y : C* x & — C and let h(z) be univalent in £. If
p(z) is analytic in £ and fulfills the second-order differential subordination

Y(p(2), 2p(2), 2°p"(2); 2) < h(2), (1.10)
then p(z) is the differential subordination solution of (1.10).

Definition 1.4 ([25]). Let Y; : C3> x £ — C and let h(z) be univalent in €. If
p(z) and

Yi(p(2), 2p(2), 2" (2); 2)
are univalent in £ and p(z) fulfills the second-order differential superordination

h(z) < Yi(p(2), 2p'(2), 2°p"(2); 2), (1.11)
then p(z) is the differential superordination solution of (1.11).

2. RELEVANT LEMMAS

We shall need the following lemmas to proof our results.
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Lemma 2.1 ([25]). Let ¥(z) be convex in &, n1 € C and ny € C* with
qj//
R (1 + ,(Z)> > maX{O, _%ﬂ} )
v'(z) 2
If ®(z) is analytic in € and
mP(2) +n2z2®'(2) < mW(2) + n22¥'(2),

then ®(z) < U(z).

Lemma 2.2 ([17]). Let ¥(z) be convez in & and Rn > 0. If ®(z) € A[V(0),1]NQ,
O (2) + nzd'(2) is univalent in € and

U(z) +n20'(2) < ©(2) + nzd'(2),
then ¥(z) < ®(z).

3. MAIN RESULTS
From now on, we assume that all parameters are as defined in Definition 1.1.

Theorem 3.1. Let V(z) be conver univalent in & with ¥(0) =1, wy > 0,
0 # we € C and suppose

U (2) w1
§R{l+ \IJ’(Z)} >max{0,—§Rw—2}. (3.1)
If f € A(p) and satisfies the subordination

{1 (2o 1)(;; W= 1)} { (Dﬁf(a,pi;fy; D F(2)) }wl X

Bt (DY 0, 8,9, 1) f(2)) + plp — 1)20 + { ADOGtesbsill L prd(a, 5y, v) £(2)

w (DN (e, By, v) f ()
{(Dxm,f(a,ﬁ,’yl, V)f(Z))’} } <)+ (),
pzP 1
then

{(7?Zﬁfhl,ﬁ,7,V)f(2)Y

pzPt

}w1<<@(z)

TP (o V) f(2)) )«
Proof. Let q(z) = {(D*’”( Do) } , then

pzP~1

() =w (D;Z’f(a, B v)f(2) ™ pzP1
q(2) =w { pzP~1 } {(Di\rf/’f(oz, 8,7, I/)f(z))’}

P (D By () = (e = D) (DR (0, B3, 1) )
PEE




44 B. SAMBO, A. O. LASODE

. { (DR (8,7, 0) ()" } {zw:?,f(a, BanfE)  (p-1) }

pzP~1

2(Dy (e, By, v) f(2)) z

which implies that

2 (2) iy 2DV (e, B,7,v) f(2)) o
) 1{2(937}?(04,6,7,u)f(z))/ (p 1)},

Using (1.9), then we obtain

() BSO) (DY, B, 7,0) f(2)) + { LAt B L Do, 5.y, ) f(2)
- (DY (0, By, ) (=)
plp — 1) — BGADL 0 f ) 1)}

" 2D (0, By ) ()

BEEO (DI (, 8,9, 0)f(2)) + plp — 1)20 + { HRORIest )k pivn o, 5y ) £ ()
= W —
1 Z(DA,5<aa677a I/)f(Z))/

_{«%F—Ugfu%—w4%p_n}}

so that
L()qul(z) _
w1
KT DR 5,7, 0)f(2)) + plp — 1) 4 {PIHORIS R DI, ,9,0)1(2)
w, (DY (e, B, 7. 1) F(2))
{ (Dy(a, By, ) F(2)) }}

pzPt

B { {WQ«QU “DOEm =) 1)} {(Dgff<a, 8. 1) M),}wl} |

Ay pzp~1

Using the hypothesis

q(z) + Z—qu’(z) < U(z)+ Z—jz\lﬂ(z)

and applying Lemma 2.1 with 7y =1 and 7y = Z—j complete the proof. O

Corollary 3.2. Let ¥(z) be conver univalent in € with W(0) = 1, wy > 0,
0 # wqe € C and suppose

R {1 + \1‘1’]((;)} > max {o, —%Z—;} . (3.2)
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If f € A(p) and satisfies the subordination

{1_w2((2y—1)()\+#)—7) +(p_1>}{(7?3’}” (Z))’}‘”

Ay pzp!

p(o;;ﬂ) (D%p (z)) + p(p _ 1)zp + {p[((2v—1)(/\+)\/;))—(a+ﬁ+”/)] } D;‘f (z)
e DV [ (2))

{(Digp (z)y}““} LU+ P (),

pzP~1 w1

then

pzPt

{(Di?f (z))'}““ LU,

Theorem 3.3. Let ¥(z) be conver univalent in € with W(0) =1, w; > 0, Rwq >
0. If f € Alp),

{ Db - 1) }wl € 0[g(0),1]NQ (3.3)
pzP
and
(20 = D)(A+ p) —7) (DY (a, By, ) f(2)
{1—w2 ™ +(p—1)}{ par 1 }

2Dy (e, B,7,v) f(2))

{(DZT;Z’(a,ﬁ,% u)f(z))'}““}

{ Bt (DA (0, 8,7, 0) () + plp — 1)2? + { POt} prun( gy 1) f(2)
+wso

pzP~1

1s univalent in £ and satisfies the superordination
((2v = 1A+ p) — ) (DY (v, B, 7, v) F(2)
A\ + (p - 1) 1
Y pzP
L AR O  By G) + plp - )7 {0 tesb ol L Dt a, 8,7, 1) f(2)
W m
’ Z(D)\7l’f)(a’57”}/’ I/)f(Z)),

{ (DY(a, B,7,v) f(2)) }} |

U(z)+—20'(2) < {1 — Wo

pzP~1

then

RTINS

pzP1

U(z) < {
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TP (o V) f(2)) )«
Proof. Let q(z) = {(D*’”( Do) } , then

pzP~1

() =w (DX, (@, 8,7, w) f(2)) 1™ pzPt
q(z) =w { pzP~1 } {(Dmf(a,ﬁ,% ]/)f(z))/}

p2" (DS (e, B,7,v) f(2))" = (p(p — 1D)2P7*)(DY 7 (o, 8,7, v) f(2))
(pzp=1)?

(DY (. 8,7, v)f(2)" (p—1)
(DY (e, By, ) f(2)) 2

pzPt

. { (D7, B,7,0) (2)) } {

implies that

) | [FORe i@
q(z) Y| DN, 8,7, ) f(2)) ‘
Using the hypothesis

w w
U(2) + 220 (2) < q(2) + —2¢/(2)
W1 w1
and applying Lemma 2.2 complete the proof. O

Corollary 3.4. Let V(z) be conver univalent in & with ¥(0) = 1, w; > 0,
Rws > 0. If f € A(p), then

{(Dgfp_(lz))'}wl € 0[¢(0).1]1 Q (3.4)
anﬁfl i wQ((QV _ 1)()\)\7+ ) — ) +p— 1>} {w}m

o m. 2v—1)(A —(a m.
» {p(gm (DY f(2)) + p(p — 1)z + {p[« o= +ﬂ+v>]}pmp (2)
2

2Dy f(2))
RO
pzr!
1s univalent in € and satisfies the superordination

() + 220 (2) < {1 @ D0E =) 1)} {w}

w1 Ay pzP—1
« m. v—1)(A —(« m.
. {p(/\:ﬁ) (DY F(2)) + p(p — 1)27 + {p[«z L0 +5+v>]}DMp £(2)
W

ADyP f(2))
{ (Dgfp_(f»/ } 1 } |
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then

oo« { BV

pzP1
By combining the two results in Theorems 3.1 and 3.3, we obtain

Theorem 3.5. Let Wy(2),Wa(2) be conver univalent in €, with ¥1(0) = 1 =
U5(0), Ruws > 0,

q//(z) w1
i)?{l—i- q’(z)} >max{0,—%w—2}, (3.5)
w1 >0 and 0 #£wy € C. If f € A(p), then
{(DA,L (047ﬁ7")/£1/)f(2))/} ' c @[1,1]mQ (36)
Pz
and
{1 N w2((2V —DA+pw =) (v 1)} {(Dﬁ(aaﬁﬁwﬂz))’} '
)\’Y pzP
PEED (DI (a, 8,9, 1) f(2)) + plp — 1)22 + { HEOesBll L pr(a, .5, 1) (2)
Fwo

2Dy (v, 8,7, v) f(2))

{ (D (e, B,7,v) f(2)) }““ }

pzP1

s univalent in € and satisfies

\Dl(z)_i_z_qujll(z) ~ {1 . w2((2V - 1)(;‘7"" 1) —7) +(p— 1)} {(DA,ZL (Oévpi;j/; V)f('z))/} '
N p(ogﬁ) (Df\rzrl,pm, B,7,0)f(2) +plp —1)z2 + {p[((2u71)(>\+/\pfy))*(a+ﬁ+v)] } DZ:?(% 8,7, ) f(2)
2 2Dy B4 ) )
m,p /1y w1
{(Dw m;ﬁﬂi ) } } < Wy(2) + ‘wijz\y;(z),
then
m,p /1y w1
‘111(2) ~ {(D)\,,u (avﬂ;jiy)f(z)) } ~ ‘1/2(2»
pz
CONCLUSION

In this work, we introduced a novel multiplier differential operator denoted by
D" (e, 8,7, v). It was shown that the multiplier differential operator generalizes
many existing differential operators. Further, our main investigations covered the
subordination, superordination and sandwich properties.
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