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RIESZ BASIS AND ITS DUAL IN n-HILBERT SPACE
PRASENJIT GHOSH'* AND T. K. SAMANTA?

ABSTRACT. Concepts of Riesz basis and its dual, very important concept in
Hilbert space, have several application in frame theory. These notions have been
developed in n-Hilbert space. A relationship between Riesz basis and Bessel
sequence in n-Hilbert space are going to be established. Biorthogonal system
in n-Hilbert space is discussed. Also, we give a relationship between frame and
Riesz basis in a n-Hilbert space. .

1. INTRODUCTION AND PRELIMINARIES

Basis plays an important role for an arbitrary vector space. The main idea of a
basis is remain same in finite dimensional or infinite dimensional cases.In both
cases, the elements of a basis are linearly independent which allows every element
to be uniquely represented as a linear combination of the basis elements. When we
are forced to work with infinite series, we shall get some other types of bases also,
such as Schauder basis, orthonormal basis etc. A Riesz basis is a slight modifica-
tion of an orthonormal basis in Hilbert space. A Riesz basis for a Hilbert space H
is the image of an orthonormal basis for H under a bijective bounded operator
i.e., a family of the form {Uey }2° ,, where {ej }32, is an orthonormal basis
forH and U : H — H is a bounded bijective operator.

A frame for a separable Hilbert space is a countable family of elements which
allows for a decomposition of an arbitrary element into an expansion of the frame
elements, but the expansion is not necessarily unique. A frame is more flexible
tool than the basis. One can think about a frame as a basis to which one has
added more elements. Frame and Riesz basis play important role in theoretical
research of wavelet analysis, signal denoising, feature extraction, robust signal
processing and so on.

Frame theory in abstract Hilbert spaces has been introduced by Duffin and
Schaeffer [0] in 1952. They abstracted the fundamental notion of Gabor frames
[7] for studying signal processing. Frames were appeared to generate much interest
outside of signal processing after the work of Daubechies et al.[3] in 1986.

Date: Received: Jun 7, 2023; Accepted: Jun 28, 2023.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 42C15, 46C07; Secondary 46C50.
Key words and phrases. Riesz basis, Bessel sequence, Frame, n-normed space, n-Hilbert
space.
123



124 P. GHOSH, T. K. SAMANTA

The idea of linear 2-normed space was first introduced by S. Gahler [3]. A gen-
eralization of this idea for n > 2 was developed by H. Gunawan and Mashadi
[9]. Diminnie et al.[1, 5] introduced the concept of 2-inner product space. In
1989, A .Misiak [10] developed a generalization of a 2-inner product space for
n > 2 and studied the orthogonality and orthonormality in n-inner product
space. Frame in 2-inner product space was introduced by A. A. Arefijamaal, G.

Sadeghi [1]. P. Ghosh and T. K. Samanta [1 1, 12] presented the construction of a
frame and atomic system in n-Hilbert space. They also discussed frame in tensor
product of n-Hilbert spaces [13]. For few generalizations of frame in n-Hilbert

spaces and their tensor products one can go through the papers [14, 15].

In this paper, we discuss the idea of a Riesz basis and the expansion prop-
erty in a n-Hilbert space. Further we establish a relationship among Riesz basis,
Bessel sequence and frame in n-Hilbert space. Finally we give a orthogonality
relationship between a Riesz basis and its dual Riesz basis in n-Hilbert space.

Throughout this paper, H will denote separable Hilbert space with inner prod-
uct (-, ) and [?(N) denote the space of square summable scalar-valued se-
quences with index set of natural numbers N.

Definition 1.1. [2] Let { f; };_, be a sequence in H.Then { f;};_, is said
to be a frame for H if there exist positive constants A, B such that

ANFIZ < DI )P <BIfIPVfeH (1.1)
k=1

The constants A and B are called frame bounds. If the sequence { fi};,
satisfies only the right inequality of (1.1) then it is called a Bessel sequence with
bound B.

Theorem 1.2. [2] Let { fr } 32, be a sequence in H. Then { fi }32, is a Bessel

sequence in H if the series > ¢y, fr is convergent for all {cy }5, € [2(N).
k=1

Definition 1.3. [J] Let X be a linear space of dimension greater than equal to n

over the field K of real or complex numbers. A real valued function |-, ---, - :

X" — R is called a n-norm on X if the following conditions hold:

() |lx1,xo, -, x,] = 0 if and only if x4, ---, x,, are linearly depen-
dent,
(6)  ||x1,xo, -, x,| isinvariant under permutations of zq, o, -+, x,,
(i)  Jazi, 22, -, 2, = |a| |21, 22, -, z0] ¥V a €K,
() Nz +y, zo, - anl <o, ze, s znll + [y, 22, zall.
The pair (X, ||+, ---, -||) is then called a linear n-normed space.
Definition 1.4. [10] Let n € N and X be a linear space of dimension greater
than or equal to n over the field K, where K is the real or complex numbers
field. A function (-, |-, ---,-) : X" — K is satisfying the following five
properties:
(1) (x1,x1|xo, -, 2,y > 0 and (x1, 21|22, -+, 2,) = 0 if and

only if x4, s, ---, x, are linearly dependent,
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(i) (x,y|xo -+, xn) = {(x,y|x, -, x;, ) for every permutation
<i27"'ain) of (2a"'an)7
(Z“) <I’,y|$27"-,$n> = (y,x|x2,---,xn>,
(iv) (azx,y|xe, -, x,) = al{x,y|xe, -, x,), foral a € K,
(U) <$+y72|$27'”71‘n> = <l',2|1'2,"',l’n>+<y,2|$2,"‘,l’n>.
is called an n-inner product on X and the pair (X, (-, |-, -+, -)) is called
an n-inner product space.
Theorem 1.5. (Schwarz inequality )[10] Let (X, (-, |-, -+, )) be a n-inner
product space and x, Yy, xo, -+, x, € X. Then
|<$;y‘1’2,"',xn>| < Hxax27"'7xn|| Hy7I27”'7xn”7
where
lz1, zo, - anll = V(z, o1fze, -, 20).
Definition 1.6. [9] Let (X, |-,---,-|) be a linear n-normed space. A se-

quence {xr} in X is said to be convergent if there exist an = € X such
that

lim ||z — x,eq, -, e,] =0
k—o00
for every eq, ---, e, € X and it is called a Cauchy sequence if
lim ||z — 2y, €9, -, e,|| =0
k,l—o0
for every e, ---, e, € X.The space X is said to be complete if every Cauchy

sequence in X converges to an element in X. A n-inner product space is called
n-Hilbert space if it is complete with respect to its induce norm.

Let (X, (-, |-, --,-)) be a n-Hilbert space and as, as, ---, a, be the
fixed elements in X. Let Lp denote the linear subspace of X spanned by the
non-empty finite set F' = { as, az, -+, a, }. Then the quotient space X / Lp

is a normed linear space with respect to the norm
lz + Lellp = |z, a2, -, a,]| foreveryz € X.
Let Mp be the algebraic complement of Lp, then X = Lrp & Mp. Define
(z,y)p =(x,ylaz, - ,a,) on X,

Then (-, -) is a semi-inner product on X and this semi-inner product induces
an inner product on the quotient space X / Ly which is given by

<x+LF7y+LF>F:<x7y>F:<x7y|a27"'7an> vx?Z/eX

By identifying X / Ly with Mg in an obvious way, we obtain an inner product
on Mp. Now for every @ € Mp, we define ||z ||p = +/(2z, x), and it can be
easily verify that (Mg, || - ||r) is a norm space. Let Xz be the completion of
the inner product space Mp.

For the remaining part of this paper, (X, (-, -|-, .-+, +)) is consider to be a
n-Hilbert space. Ir will denote the identity operator on Xp and B ( Xg) denote
the space of all bounded linear operator on Xp [11].
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Definition 1.7. [11] Let { fi };_, be a sequence in X.Then { f; },2, is said
to be a frame associated to (asg, ---, a, ) for X, if for each f € X there exist
constants A, B > 0 such that

oo
AHf7a27"'7an||2 S Z ’<f7 fk:|a27"'7an>|2 S B||f7 CLQ,"',ClnHQ.
k=1

The infimum of all such B is called the optimal upper frame bound and supre-
mum of all such A is called the optimal lower frame bound. A sequence { fj } =,
satisfies only the right inequality of the above inequality is called a Bessel sequence
associated to (ag, --+, a,) in X with bound B.

Theorem 1.8. [11] A sequence { fr},—, € X isa frame associated to (asz, -+, a, )
with bounds A and B if and only if it is a frame for the Hilbert space Xp with
bounds A and B.

2. RIESZ BASIS AND IT’S PROPERTIES IN n-HILBERT SPACE

In this section, we shall discuss Riesz basis and its dual in n-Hilbert space
and describe some of their properties. The relation among the Bessel sequence,
frame and Riesz basis in n-Hilbert space are going to be established.

Theorem 2.1. A sequence { fr}32, C X is a Bessel sequence associated to
(ag, -+, ay,) with Bessel bound B if and only if it is a Bessel sequence in the
Hilbert space Xp with bound B.

Proof. Proof of this Theorem directly follows from the Theorem 1.8. OJ
Definition 2.2. Let {e; };2, bealinearly independent set of vectors in X. Then
{e;};2, is said to be an orthonormal basis associated to (az, -+, a, ) for X
if
(i) (e;,ejlas, -+, an,) =20;; VYV i,j € N, where
T S
0 if ¢ # 5.
(Z'l) f = Z <f7 €i|a’27 T an) €i, for all f € X.
i=1
If {e;};2, be an orthonormal basis associated to (as, ---, a,) for X, then

it is easy to verify that

o0
Hf7 a27"'7an||2 - Z’<f7ei|a27"'7an>|27

i=1

for all f € X.

Theorem 2.3. An orthonormal sequence { ey}, associated to (aq, -+, ay)
in Xr is a Bessel sequence associated to (ay, -+, a,) in X.
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Proof. Let {dy}>, € [*(N). Then

q p q
deek_zdkek Z drep , @z, ~++ , ap
k=1 k=1 F k=p+1
q q
= < Z dey Z djej|a27"'aan>

2 2

k=p+1 j=p+1
q q
= Z dy, <€k7 Z djej’a27"'7an>
k=p+1 j=p+1
q
= Z dk <6k‘7dp+16p+1+"'+dq€q|a27”'7an>
k=p+1
q
= Z dk{<€k:dp+1ep+1‘@2:"'7an>+"'+<ek7dqeq‘a27"'>an>}
k=p+1
q [ —
- Z dk{dp+1 <6k76p+1|a2a'”7a’n>+”'+dq<6k7€q|a27"'7an>}
k=p+1
q —
= Z di dy [since (ey,ejlag, -, a,) =06; ¥V k,J]
k=p+1
q
- S
k=p+1

This implies that > dyej, is convergent in Xp if {dy }32, € [?(N). Using
k=1
2

the continuity of n-norm function we get

> dier| = > |di|? By The-
k=1 k=1

F
o0

orem 1.2, convergence of > dj ey, implies that {ey }72, is a Bessel sequence
k=1

in X and hence by the Theorem 2.1, { e } 72, is a Bessel sequence associated

to (asg, --+, a,) in X.This completes the proof. O
Definition 2.4. A Riesz basis associated to (ag, -+, a,) for X is a family
of the form {Uey};., where {ej} , is an orthonormal basis associated
to (ag, -+, a,) for Xp and U : Xp — Xp is a bounded linear bijective
operator.

Theorem 2.5. Let { fr }32, be a Riesz basis associated to (aq, -+, a,) for
X. Then the sequence { f1 } 32, is a Bessel sequence associated to (asq, -+, ay,)

in X. Furthermore, there exists a sequence { gy } 3>, such that

f:Z<fagk|a27"'7an>fk vV feXp

k=1



128 P. GHOSH, T. K. SAMANTA

Proof. Since { fi }%2, is a Riesz basis associated to (as, -+, a, ), we can write
{fr}z, = {Uex};_,, where {ej}72, is an orthonormal basis associated
to (ag, -+, a,) for Xp and U : Xp — Xp is a bounded linear bijective

operator. Now, for each f € Xp, we have

Z |<f7fk|a2a"'7an>|2 = Z |<f7U€k|a2a"'aan>|2
k=1 k=1

o
- Z | <U*f7 6k|a27 7an> |2 = ||U*f7a27 7an||2
k=1
<NUIPNf,az, - anl®
This shows that { fr } 32, is a Bessel sequence in Xy and hence by the Theorem
2.1, {fr}g2, is a Bessel sequence associated to (as, ---, a,) in X. Since
{er} 72, is an orthonormal basis associated to (as, -+, a, ), we obtain
o0
U™ f =) (U ferlas, - an)ex
k=1

- Z (f,(U) exlaz, -+, an) e
k=1

Now,

f=U0U0"f=U (Z<f> (U_l)*6k|a27"',an>€k)
k=1

<f7 (U_l)*ek|a'27“'7an> Uek

hE

B
Il
—

WE

(f.gklaz, -, an) fr Vf e Xp

e

-
—

Since (U~')" is bounded and bijective, so {gs};2, = {(U™')" e }20:1 is
also Riesz basis associated to (as, -+ -, a, ). This completes the proof. O

Remark 2.6. Let the sequence { fr}r, = {Uer},_, be a Riesz basis as-
sociated to (aq, -+, a,) for X, where {ey}?2, is an orthonormal basis as-
sociated to (ag, -+-, a,) for Xp and U be a bounded linear bijective op-
erator on Xp. Then according to the Theorem 2.5, the sequence {gx}5, =
{(U)" ey }:;1 is also a Riesz basis associated to (ag, --+, a,) for X. The
sequence { gy }72, will be called dual Riesz basis associated to (aq, -+, ay)
of { fr}ily

Definition 2.7. Let { fr}7; and {gx}?2, be two sequences in X.Then
{fe}2, and {gx } 7>, aresaid to be biorthogonal associated to (asg, --- , ay)
if

1 if k = j

<fk,gj‘a2>"'>an> :(Sijk,j € N, where 5kj: {0 if & # j.
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Theorem 2.8. Let { fr}72, and {gr}32, be a pair of dual Riesz basis asso-
ciated to (ag, -+, ay,) for X.Then

(1) { e}y and { gk}, are biorthogonal associated to (asq, --- , ay).
(17) For every f € Xp,

=S (Fogrlas, v an) fo = SO, filas, -+ an) g
k=1 k=1

Proof. (i) Since { fr}32, and { gk}, are pair of dual Riesz basis associated
to (ag, ---, a,), we can write

{fedtizi ={Uer}2, & {gr}ii: = {(Uil)*ek}:}:l’

where {ej}72, is an orthonormal basis associated to (as, ---, a, ) for Xg
and U is a bounded linear bijective operator on Xg. Now,
<fk;gj|a2>"‘7an> = <fk7 (U_l)*6j|a27"'7an>
= (Uey, (U’l)*ej\a27...,an>
= <U_1U€k‘7 6j|a27 ) an>
= (ex,ejlaz, -+, an) = 0.
Therefore { fr } 72, and { gy } 32, are biorthogonal associated to (aq, -+ -, a, ).

(it) Now, for each f € Xp,

(e 9]

Z U f€k|a2,"'; n>€k:Z<faUek|a2;"'7an>ek

k=1

<f fk|a2,"',an>€k.

TME@ [

Therefore, for each f € Xp, we have

f=w)turf= (U (fj<f,fk|a2,-~,an>ek)
<f frlaz, -+ an) (U") 7 ey

<f frlaz, - an) (UT1) ey

<f fk|a27"'7an>gk-

TM87M87M8

And the first part of (#i) follows from the Theorem 2.5.This completes the
proof. O
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Theorem 2.9. Let { fr }32, be a Riesz basis associated to (aq, -+, a,) for
X. Then for every f € Xp, there exist constants A, B > 0 such that
A”f)aQa'”aanHZ S Z |<fafk|a'27"'7an>|2 S B||faa27"'7an||2~
k=1
Proof. Since { fr }72, is a Riesz basis associated to (a9, ---, a,) for X, we
can write { fr}72, = {Uex},_,, where {e)}72, is an orthonormal basis
associated to (ag, -+, a,) for Xp and U : Xp — Xp is a bounded linear
bijective operator. By the Theorem 2.5, { fx } 22, is a Bessel sequence associated
to (asg, -+, a,) in X, so there exists B > 0 such that
Z | <f7 fk’a‘Qa 7an> |2 S B ||f7a27 Tty an||2 v f € XFJ
k=1
where B = || U ||2. Now, for each f € Xp, we have
||f7a27"'7an|| = H(U_l)*U*f7a2"”’a””
SH(U71>* ||U*f7a27"'7anH
= |\U U f,as, -, an]- (2.1)
Since
HU*faa27 7a'nH2:Z’(U*faek’a27"'aan>|2
k=1

|<f,U€k‘(12, '”aan>’2

I
NE

=
Il
—

1(f, frlag, -, an)|?

NE

B
Il
—

and therefore by (2.1), we have
||f7a2""7an||2 < HU_1H HU*f’a“Q"”?anH
= HU_1H2Z |<fafk‘a27"'>an>|2‘
k=1

This implies that

1 2 _ 1 2
ﬁ‘|f’a27"'aanu SZ’(fﬂfk|a2a"'aan>’ :
| | =1

Therefore, for each f € Xp, we get

AHf,CLQ,"',CLnHQ < Z |<f7fk‘a27"'7an>|2 < BHf,CLQ,"',CLn”Q
k=1
1
where A = ————— and B = || U || This completes the proof. O

o=
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Theorem 2.10. A Riesz basis associated to (as, -+, a,) in X is a frame
associated to (asq, -+, ay,) for X.

Proof. Let { fr}5.; = {Uex }32, beaRiesz basis associated to (asq, -, a,)
in X, where {ej }?°, is an orthonormal basis associated to (as, ---, a, ) for

Xr and U is a bounded linear bijective operator on X, then by Theorem 2.9,
for each f € Xp, we have

Allfras, - anll® < DI frlaz, -+ an) | < B[ f az, -+ anll?,
k=1
1
where A = W and B = || U ||2. Now, according to the Theorem 1.8, it
follows that { fx }32, is a frame associated to (asg, ---, a,) for X. O
Theorem 2.11. Let { fr }72, C X be a Riesz basis associated to (as, -+, ay ).

Then there exist A, B > 0 such that for every finite scalar sequence { cy },

AN el < | Y ersiraz, o an]| < BY lenl
Proof. Since { fi } 22, is Riesz basis associated to (ag, --+, ap),s0 { fr }22, =

1
{Uey }2, where { ey }72, isan orthonormal basis associated to (az, --- , ay,)
for Xr and U is a bounded linear bijective operator on Xp. Now,

Hg cefr,as, -+, an, :Hg cp.Ueg,as, -+, an,
IHE U(Ckek>>a27"'>an

<UD enersaz, o an

2 2

2

2

Now, we get that

Hzckek;a27"'aan
= Z ch<6k,€j|a27"';an>
k

J
= Z|Ck|2 [since for j = k,(ex, €j]|as, -, a,) = 1]
k

2

2
= E ‘<E Cr€k, €j a27"'7an>
j k
2

From the above two calculation we get,

‘ E ckfr,az, -, ay

k

2

<NUIY . el (2.2)
k
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2

Also, we have
E Cr€g, Az, -, anp

el = |
k k
= U_1U<chek>,a2,---,an

k

=||u™ (Z Ckfk>7a2a ey Qg

k

2 2

U_l <ZCkU€/€> y A2yt Ap

k

§ Ckfk,@g,"',&n

k

2
< o’

2

Therefore
2

g Ckfk7a27"'7&n

k

1
o 2o s ‘

k

From (2.2) and (2.3), we get

1
e > ler]® < Hzckfk,az,"wan
k k

Hence,

2

<O Y el
k

2

AN e )? < < BY il
k k

1
where A = T and B = ||U||?. This completes the proof. O
Theorem 2.12. Let { fr }32, and { gk}, be two complete Bessel sequences
associated to (ag, ---,a,) in X.If {fr}e, and {gx}2, are biorthog-

onal associated to (ag, -+, a,), then { fr}3L, is Riesz basis associated to
(a27 T a’n) fO’I" X.

E ckfr,az, -, ap

k

Proof. Since { fy }72, is complete, for every f € span{ f;},;_, has a unique

representation of the form f = > ¢y fr, where {cy} is a finite scalar se-
k=1
quence. Also, { fr }72; and { g } 72 are biorthogonal associated to (aq, -+, a, ),

so by (it) of the Theorem 2.8, for each f € Xp, we get

f= Z (f,grlas, -, an) fr
k=1

Let { ey } %2, be an orthonormal basis associated to (ag, -+, a, ) for Xp. Define
U:span{ fr}t,_, = Xp by U(fi) = ey
Now, for f € span{ fj },_, we have

||Uf7a27"'7an||2 = <Uf7Uf|a27"'7an>
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o oo
:<Z<f7gk’a’27'”7a’n>€k7z<f7gj’a27'”7a’n>ej‘a27'”7an>
k=1

j=1

= <mh—r>nookz:l<f7gk’a2’”"an>ek’mh—r>nooz<f7gj’a2,.”’an>ej|a27”.’an>

j=1

= lim <Z <fagk|a27"'7an>€kaz<fagj‘a27"'7an>€j|a27"'70Jn>

m — 0o 4
k=1 j=1

using the contnuity of n-inner product function
g y

:mharnooz <f7gk|a27"”an> <ek’z<f’gj|a27'”7an>6j|a2v"'7an>

k=1 j=1
:mh_l;n()OZ’ f gk‘QQ,"'7 n>’2[SinC6 <€k7ej|a27“'aan>:5k’jVkaj]
o0
Z f?gk|a27"'aan>’2SBHLﬂa?a"'aanHQ
-1
[since { gk } 7= is a Bessel sequence assoicated to (ag, ---, ay,)].

By the completeness of { fr }72,, U has an extension to bounded operator on
Xr. By the assumption, we can also extend V gp = e, to bounded operator on
Xp. Let us now consider the linear combinations of { fx }72; and {gx } 2,

f = Z cp fr, and g = Z di gk, where {cy }, {d} } are finite scalar sequences.
k=1 k=1
Now
<Uf7Vg|a2’---7an>:<ch6k72dk€k|a2;"'y n>
= k=1
=Z (foglas, - an)
[since { fr } 221, {9k } 7, are biorthogonal sequence assoicated to (ag, -+- , a,)].

Thus, by continuity and completeness, we get
<Uf7 Vg|(l2, B an> = <f7 g|a27 Tty an> vfu g € XF
Therefore, for any p € Xp, we have

Hpaa2a"'aan”2:<p7p|a27"'7an>:<Upavp|a27"'7an>
S||Up7a27"'7an|| ||Vp7a27"'7an||
SHVH Hp7a27"'7an” ”Up7a27"'7an”'
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This shows that U is injective. Now, for given ¢ € Xp, we can write

(o]
q = Z <q7ek‘a27”'7an>ek
k=1

o0

=U Z(qaek|a27"'7an>fk [SinceUszek]

k=1

and this verifies that U is surjective. Also, it is easy to verify that f, = U~ ley.
Hence, { fi }%2, is Riesz basis associated to (asg, -+, a, ) for X. O
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