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A STUDY OF COMPLETE LATTICES OF COVERING SPACES
PRAVANJAN KUMAR RANA!* AND SARMAD HOSSAIN?

ABSTRACT. Let C(X) denote the set of all covering spaces (X, Z, p) of (X, x)
where (X, x) are path connected, locally path connected and semilocally simply
connected pointed topological spaces. In [1], it is shown that (C'(X),>) is a
lattice with respect to the partial order relation © >’. Also (C(X),>) is a
modular, bounded and complete lattice when 7 (X, ) is abelian. In this paper,
we will study some properties of the complete lattice (C'(X),>).

1. INTRODUCTION AND PRELIMINARIES

Throughout the paper we assume that all the spaces (X, z) are path con-
nected,locally path connected and semilocally simply connected pointed topolog-
ical spaces and maps are base point preserving continuous maps.

A covering space of a space (X, z) is a triple (f( ,Z,p) consisting of a pointed
space (X, z) and a continuous surjective map p : (X, #) — (X, z) such that each
point x € X has a path connected open neighborhood U such that each path
component of p~1(U) is mapped homeomorphically onto U by p.

Let (X1, 21, p1) and (X3, %2, p2) be two covering spaces of (X,z). A homomor-
phism of (X, #1,p1) into (Xa, &2, p2) is a base point preserving continuous map
f 1 (X1,71) = (Xy,4) such that pof = py. If in particular, f is a homeomor-
phism, then the coverings (Xl, Z1,p1) and (X, @2, po) are said to be isomorphic.
Let C(X) denote the set of all covering spaces (X,Z,p) of (X,z). Then for
each (X,#,p) € C(X), the map p : (X,%) — (X, z) induces a monomorphism
p. : m((X,%) — 7(X,z) in the corresponding fundamental groups. The image
group H = p*ﬂ((f(, 7) depends on the choice of the base point & € p~!(z).

Let (S, <) be a partially ordered set and a,b are any two elements of S. The
least upper bound of {a,b} in (S, <), if it exists, is denoted by a V b. Similarly
the greatest lower bound of {a,b} in (S, <), if it exists, is denoted by a A b.

A poset (S, <) is called an upper semi lattice if a V b exists in S for all a,b € S.
Similarly a poset (S, <) is called a lower semi lattice if a A b exists in S for all
a,beS.

A poset (L, <) is called a lattice if a V b and a A b exits in L for all a,b € L.
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Let (L, <) be a lattice and L' be a nonempty subset of L such that a Vb and aAb
exits in L' for all a,b € L' then (L', <) is called a sublattice of (L, <).

A lattice (L, <) is called a modular lattice if for all a,b,c € L, a < ¢ implies
aV(bAc) = (aVb)Ac and is called a distributive lattice if aA(bVe) = (aAb)V (aAc)
for all a,b,c € L.

A lattice (L, <) is called a complete lattice if every subsets of L have both a lub
and a glb.

2. USEFUL RESULTS TO PROVE OUR THEOREMS

Lemma 2.1. ([2]) Two covering spaces (X1, 21, p1) and (X, £, p2) of (X, ) such
that p1(£1) = p2(22) = x are isomorphic if and only if the subgroups p1.m(X1, 1)
and pe.7(Xa, 23) belong to the same conjugacy class in w(X, x).

Lemma 2.2. ([2]) Given a subgroup H of m(X,x),there exists a covering space
(X,%,p) of (X, x) such that p,m(X,%) = H.

Let (X1, 71, p1) and (Xa, £, ps) € C(X). Define a binary relation p on C(X)

by (lel”l,pl)ﬂ ~
(XQ, To,pa) & pl*ﬂ(Xl, 71) = p2.7(X2, Z2). Then p is an equivalence relation.

Let C(X)/p denote the set of all p equivalence classes (X, p)p of the cov-

erings of (X,z). Define © >" on C(X)/p by (X1, 21, p)p = (Xg, @0, p2)p <
P (X1, 1) C paur(Xa, 22).

Proposition 2.3. ([1]) ' >’ is a partial order relation on C(X)/p.
Theorem 2.4. ([1|) The partially ordered set (C(X)/p,>) is a semilattice.

Theorem 2.5. ([1]) Let (X, z) be a space such that its fundamental group m(X, x)
is abelian. Then (C(X),>) is a lattice.

Theorem 2.6. ([1]) Let (X, z) be a space such that its fundamental group m(X, x)
is abelian. Then (C(X),>) is a bounded lattice.

Theorem 2.7. ([1]) Let (X, z) be a space such that its fundamental group (X, x)
is abelian. Then (C(X),>) is a complete lattice.

Definition 2.8. For the poset (C(X),>), amap f: (C(X),>) = (C(X),>) is
called a closure operator on (C(X),>) if for all (Xl, Z1,p1), (Xg,:fg,pg) € C(X)
col) F((50,51,90) 2 (53,5, 71), ~

(clo2) (X, 2, p2) > (X1, 41, p1) = (X2, 42, p2)) > f((X1, 41, 1)),

(clo3) f(f((X1,41,p1))) = f((X1, %1, p1)).

Remark 2.9. If P(X) be a nonempty subset of the complete lattice (C(X),>),
with the inherited order, then for a subset S(X) of P(X), we have

Ve S(X) € P(X) = Vp(x) S(X) exists and eqauals to /) S(X);

N S(X) € P(X) = Ap(x) S(X) exists and eqauals to /\gy) S(X).
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Definition 2.10. For the poset (C(X),>), let g : (C(X),>) — (C(X),>) be a
map. We say that (X, %,p) € C(X) is a fixed point of g if g(X, %, p)) = (X, Z,p)
and a prefix point of ¢ if (X, Z,p) > g((X, &, p)).

Let gy, denotes the set of all fixed points of g and g,,. denotes the set of all prefix
points of g. Let the least element of gy;,, when it exists, is denoted by 5(g) and
similarly the greatest element of gy;,, when it exists, is denoted by ~(g).

3. SOME PROPERTIES OF THE COMPLETE LATTICE (C'(X),>)

With respect to the partial order relation’ >, (C(X), >) is a lattice (Theorem
2.5). Also, (C(X),>) is a bounded and complete lattice when the fundamental
group 7(X, z) is abelian(Theorem 2.6 and Theorem 2.7). Now, in this section,
we will study some properties of the complete lattice (C(X), >).

Theorem 3.1. For the poset (C(X), >), assume that \ S(X) exists in C(X) for
every nonempty subset S(X) of C(X). Then \/ S(X) exists in C(X) for every
subset S(X) of C(X) which has an upper bound in C(X); indeed \/] S(X) =
A S*(X), where S*(X) = {(X", 2, p') € C(X) : (V(X,&,p) € S(X))(X',2',p) >
(X,Z,p)}

Proof. Let S(X) be a nonempty subset of C'(X) and assume that S(X) has an
upper bound in C(X); thus S*(X) # ¢. Now, by assumption (X", z" p") =
A S*(X) exists in C'(X). Hence, (X", z",p") is the least upper bound of S(X)
(by definition of S*(X)). Hence \/ S(X) = (X", z" p"). O

Theorem 3.2. For the complete lattice (C(X),>), the following are equivalent:
(a) C(X) is a complete lattice;

(b) \S(X) exists in C(X) for every subset S(X) of C(X);

(c) C(X) has a top element T, and \ S(X) exists in C(X) for every nonempty
subset S(X) of C(X).

Proof. (a) = (b) is trivial.
(b) = (c) since the ’glb’ of the empty subset ¢ of C(X) exists only if C(X)
has a top element. (Also lub ¢ exists only if C'(X) has a bottom element).

(¢) = (a) follows from Theorem 3.1. O
Theorem 3.3. For the complete lattice (C ( ),>), let f: (C(X),>) = (C (X) >
) be a monotone map. Then Q(X) := {(X,#,p) € C(X) : (X,%,p) > f(X,Z,p))}

15 a complete lattice.

Proof. To prove that Q(X) is a complete lattice, by Theorem 3.2, it suffices to
show that arbitary 'glbs’ exist in Q(g( ). By Remark 2.9, this happens if for every
subset S(X) of C(X), we have (Xy,21,p1) := \/C(X) S(X) € Q(X)(and then
VQ(X) S(X) = (X1,#1,p)). But, V(X &,p) € S(X), (X,%,p) > (X1, 41, p1) =
f(~()~(,:i,p)) > f((X1,71,p1)) (by definition of Q(X) and as f is monotone) =

(X1, 71, ) > f((X1, 21, p1)) (by definition of A). Therefore,(X;, 71, p1) € Q(X).
Hence Q(X) is a complete lattice. O
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Theorem 3.4. For the complete lattice (C(X),>), let f : (C(X),>) — (C(X),
) be a closure operator on C’(X).

Then f(C(X)) = C(X); {(~ t.p) € C(X) : f(X,2.p)) = (X, &,p)} is
a complete lattice, in whzch /\C S(X) = Aex) S(X) and \/C(X)f S(X) =
FNV o) S(X)) and Tre ) ( x))-

PTOOf (Xl,.rl,pl) - C( ) (Xlafh])l) = f((Xl,fl,pl)) < f(C(X)), while

if (Xl,xl,pl) = f((XNx p)) for some (X,,p) € C(X), then f((Xy,21,p1)) =
F(F(X,2,p) = f(X,Z,p) = (X1,71,p1)(by (clo3) of Definition 2.8). So,
(X1, 41, m) € C(X);. Thus f(C(X)) = C(X);. By (clo3) of Definition 2.8
this set is just the set Q(X) of the Theorem 3.3. Hence C(X); is a complete
lattice (by Theorem 3.3), whose 'glbs’ coincide with those in C(X), that is,
Nex), S(X) = Aex) S(X).

Now, let (X, %, p2) = F(V ey S(X)), where S(X) is the subset of C'(X);.
Certainly, (Xa,4%,p2) € f(C(X)) = C(X);. Also, (X,#,p)) € S(X) =
Ve S(X) 2 (X, 2, p))(by definition of V¢ ) = (X2, 22, p2) = f(V(x) S(X)) 2
f((X,%,p)) = (X,Z,p) (by (clo2) of Definition 2.8). So, (X, #,ps) is an up-
per bound for S(X) in C(X);. Also, for for any upper bound (X3, 73, p3) for
S(X) with (X3, 43, p3) € C(X)y, V(X,7,p) € S(X), (X3, 73,p3) > (X, Z,p) =
(X5, 23,p3) = V() S(X) (by definition of \/ o yy) = (X3, 23, p3) = (X5, 23, p3)) 2
f(Vex) S(X)) = (Xa, 23, p2)

(by (col2) of Definition 2.8). So, (Xa,#,py) is the least upper bound(lub).
Finally, Trcx)) = f(Tewx)) (by (coll) of Definition 2.8). O

Theorem 3.5. For the poset (C(X),>), let g : (C(X),>) — (C(X),>) be a
monotone map. Assume that g possesses a least preﬁa: point o/ (g). Then the least
fized point o(g) exists and satisfies (X, &,p) > g(X,7,p) = (X,Z,p) > alg).
If (C(X),>) is a complete lattice, then a(g) = o/(g).

Proof. Let o/(g) exists. We have to show that /(g) € gfi,. Since gy, is a subset
of gpre, we must have that a(g) = o/(g).

As a/(g) € gpre, by Definition 2.10, we have o/(g) > g(a/(g)). As g is monotone,
then g(a/(g)) > g(g9(c/(g))), so that g(a/(g)) € gpre- Since a'(g) is the least
element of g,.., we then have g(a’(g)) > o/(g). Hence, o/(g) is indeed a fixed
point of g.

Now, if C'(X) is a complete lattice, then there is an obvious for /(g), namely
A gpre. Monotonicity of g implies o/(g) = A gpre € Gpre, that is, &/(g) = a(g). O

Theorem 3.6. For the complete lattice (C(X),>), let g : (C(X),>) = (C(X), >
) be a monotone map. Then N{(X,#,p) € C(X): (X, & p) > g((X, & ,p))} is the
least fived point of g. Dually, g has a greatest fixed point, given by \/{(X,,p) €

C(X): g((X,7,p) > (X,7,p)}.
Proof. This follows from Theorem 3.5 and its dual. O

Theorem 3.7. g,.. and gg;, are complete lattices when (C(X),>) is a complete
lattice.
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Proof. gpre is a complete lattice follows from Theorem 3.3.

Let S(X) be a subset of C(X). Define P(X) := {(X",2/,p/) € C(X) : (X,Z,p) >
g(X', 2, p)) > (X', 2, pP)V(X,Z,p) € S(X)} and let § := Ve P(X). But by
Definitions of P(X) and gy, it follows that 6 = A apin (X). Hence by Theorem
3.2, gfir 1s a complete lattice. 0
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