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OPTIMAL SOLUTION TO THE ASSIGNMENT PROBLEM
MONA M. GOTHI**, REENA G. PATEL? AND BHAVIN S. PATEL3

ABSTRACT. An assignment mix is a specific form of the transportation mix
that has significant applications in the real world. The assignment mix arises
from various situations for which we ought to decide the best route to dispense
'n’ tasks to 'n’ persons in a piece wise linear function. In the present paper, we
lay out three different approaches for cracking the assignment mix perfectly.
These approaches rely on an iterative cycle of pair-wise diagonal interchanges
between the assigned and unassigned cells. This paper describes the applica-
tion of an iterative cycle of pair-wise diagonal interchanges to elicit a feasible
solution in which the best solution is guaranteed.

1. INTRODUCTION AND PRELIMINARIES

One of the significant problems in mathematical optimization (or operational
research) remains the assignment mix solution. It is a sort of transportation mix
in which the resources are persons and the purposes are jobs. Additionally, one
of the most basic applications of linear programming is the assignment mix, in
which our target remains to distribute n jobs among n persons while keeping costs
to a minimum and profits to a maximum level. An assignment may be persons
to jobs like salesmen to ships, blocks to rooms, operators to machines, drivers to
trucks, problems to research teams, and so on.

In this problem, every source has a supply (because each assignee must be given
exactly one task) and every destination has a demand (because each task must
be given to exactly one assignee). Effectiveness is required in the assignments to
ensure the best possible solution. The problem of assignment mix solutions arises
since the availability of resources, like the working hours of persons, duration of
operating machines, etc., varies.

Koing established and presented a procedure for resolving the assignment pat-
tern and titled his technique Hungarian in 1931. James Munkers, in 1957 [6],
developed the algorithm known as the Kuhn-Munkers algorithm or the Munkers
assignment algorithm, which has been generalized for the transportation problem.
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H.W. Kuhn [1] produced the first specialized approach for the solution of the
assignment problem in 1955, which was later extended to the most common net-
work flow problems. D.P. Bertsekas [2] examined the problem in 1981 and devised
a new algorithm to solve it. Thompson (1981) proposed a repetitive method for
obtaining the solution of the assignment problems. In 2007, S. Anshuman and
T. Rudrajit [4] used the genetic algorithm and simulated annealing to solve the
assignment problem. A much simpler heuristic approach is proposed here to find
an optimal solution with fewer iterations and very simple computations.

There are four techniques for illuminating assignment problems in the litera-
ture so far: (1) Enumeration Method, (2) Simplex Method, (3) Transportation
Method, and (4) Hungarian Technique.

The present paper develops three enumeration methods to assign cost and,
afterward, to check if the solution is optimal by the way of optimality, which is
introduced subsequently.

Notation: d;;?= net difference in cost for ith row and jth column cell, for each
i=12..n-1,p=12...n—-1, for each i.

dy,;;¥ = The net difference in the weight for ith row and jth column cell where,
i=1,2...n-1, p = 1,2...n — i, for each i.

1.1. Mathematical Preliminaries. Given n persons (rows) and n jobs (columns),
and each person’s effectiveness (in terms of costs, profits, time, etc.) for each job,
the concern is to assign each person to just one task in order to optimize the
given measure of effectiveness.

Resources Activities (jobs) Supply
Ji Jo e Jn
W1 011 012 e Oln 1
W2 021 022 e an 1
W, Coi | Cpoa | ... | Chn 1
Demand 1 1 - 1 N

Let x;; denoted the assignment of the facility (Resources) i to job (Activities)
j such that
)1 facility i assigned to activity j

Lij= .
0 otherwise

Then, the mathematical model of the assignment problem can be stated as
follows:

The objective function is to Minimize Z=) ;" | > 7, Cy;;
Subject to constraints: ) 7, x; = 1 for all i(resource availability)
Yoy = 1 for all j (activity requirement)



114 MONA M. GOTHI, REENA G. PATEL, AND BHAVIN S. PATEL

And here, z;; = 0 Vi & j, where C;; represents the cost of assignment of re-
source ¢ to activity j.

2. APPROACHES

2.1. Median Approach Method (MAM).

Step 1: Construct the assignment table for the given problem. If the prob-
lem has not equal rows and columns then add the necessary number of
dummy rows or columns and also the cost must be zero for those dummy
rows or columns.

Step 2: Find the median of each row and each column and write them
against the corresponding row and corresponding column.

Step 3: Assign the priorities to the largest or smallest median of the rows
or columns subsequently. Choose the smallest or largest cost element and
make an assignment by making a square ((J) around it for the minimiza-
tion or maximization problem, and then cross (x) the row and column
against the assignment cell.

Step 4: Repeat step 3 until each row and column contains exactly one as-
signment.

Step 5: Apply the optimality test.

2.2. Variable Approach Method (VAM).

Step 1: Construct the assignment table for the given problem. If the prob-
lem has not equal rows and columns then add the necessary number of
dummy rows or columns and also the cost must be zero for those dummy
rows or columns.

Step 2: Choose the minimum or maximum cost cell of each row and give
the assignment of the cost cell with the square (O) and cross (x) the row
and column against the assignment cell.

Step 3: Repeat step-2 until each row and column contains exactly one as-
signment.

Step 4: Apply the optimality test.

Test of Optimality for MAM & VAM:

(1) Beginning with the assigned cost value of the row, construct a cycle having
two corners are allocated assigned cost values in the corresponding row
and column, and the remaining two corners containing the cost value of
the matrix.

(2) Allot plus (+) and minus (-) sign alternatively of each corner cell of the
cycle, starting with plus (+) sign for the assigned cost value.

(3) Calculate the net difference in cost (d;;?) for all assigned cells. Locate d;;?
<0/ d;;? > 0 for the minimization or maximization problem. Continue
this process until all assigned cells are resolved.
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(4) If the condition is not satisfied (d;;# < 0/ d;;# > 0) i.e., any assigned
cells (d;;7) value is positive or negative of minimization or maximization
problem, then select the highest positive or lowest negative value of (d;;”)
for minimization or maximization problem and pairwise diagonally inter-
change the cells of the d;;?. Le., interchange the allocated cells of the i*™®
and (i+p)"™ row. This is called the revised cost matrix.

2.3. Weight Approach Method (WAM).

2.3.1. Weight in the Assignment problem. Now suppose w;; be the assigned weights
are the costs C;; for each i=1, 2, 3,. . . nand j=1,2,3,. . . ,n. We assigned the
weights to the costs C;; from the highest to lowest assignment cost for each row
and each column. That is, we assigned weight 1 to the highest (maximum) cost,
subsequent weights to the subsequent costs, and n to the lowest cost for each n
row. Similarly, we assigned weight 1 to the highest (maximum) cost, subsequent
weights to the subsequent costs, and n to the lowest cost for each n column.

We note that weights can possibly be assigned chronologically or randomly
in case of tied costs. We denote the weights assigned to the cost Cj; by wy;
considering the cell in a row and wy; considering it in a column. We consider the
sum of the weights for each cell in the matrix.

We define the sum of weights Si;=w;;+wy; for each cell in the assignment cost
matrix. We define the net difference in the weights dwg’j for each occupied cell
using the sum of weights S;;.

2.3.2. Algorithm.

Step 1: Construct the assignment table for the given problem. If the prob-
lem has not equal rows and columns then add the necessary number of
dummy rows or columns and also the cost must be zero for those dummy
rows/ columns.

Step 2: Assign weights of the given cost matrix and then obtain the sum
of weight S;; for each cell.

Step 3: Identify the maximum/ minimum S;; of each row and assign the
cell by circling (O) and cross off (x) that row and column against the
assignment cell of the minimization/ maximization problem.

Step 4: Repeat step-3 until each row and column contains exactly one as-
signment.

Step 5: Apply the optimality test.

2.3.3. Test of Optimality.

(1) Beginning with the assigned cell of the row, construct a cycle with two
corners that are allocated cells with a sum of weights S;; in the corre-
sponding row and column, and the remaining two corners having the sum
of weights S;;.

(2) Allot plus (4) and minus (-) sign alternatively of each corner of S;; of the

cycle, starting with plus (4) sign for the assigned cell of S;;.
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(3) Calculate the net difference in the weight (dwijp) for all assigned cells.
Locate dy,;” > 0/ dy,;? < 0 for the minimization or maximization problem.
Continue this process until all assigned cells are resolved.

(4) If the condition is not satisfactory (dw,;” > 0/ dy,,» < 0) i.e., any assigned
cell (dy,;?) value is negative or positive for the minimization or maximiza-
tion problem, then select the lowest negative or highest positive value of
dy,;P for the minimization or maximization problem and pairwise diago-
nally interchange the cells, i.e., interchange the assigned cells of i*' row
and (i+p)™ row. This is called the revised cost matrix.

Formula: The number of cycles for the assigned cell = Z?:_ll i, where n is the

number of rows or columns in a given square matrix.

3. NUMERICAL EXAMPLES

Example 1 An advocate’s company hires typist in terms of hourly remuneration for
their regular typing jobs. There are five typists for their jobs, and their
remuneration and typing speeds are different. As per the company’s pol-
icy, only one job is to be given to one typist. Determine the minimum job
allocation pattern for the provided statistics:

PIQIR| S |T
85|75 65| 125 | 75
00 | 78|66 | 132 | 78
75|66 | 57| 114 | 69
80| 7260|120 | 72
76| 64|56 | 112 | 68

= O Q| @ =

e MAM Method

Using the median approach method, specify the median against the
corresponding row and column. Identify the largest median among them
and assign the cell with the lowest cost. We got assignments for the cost
matrix as follows:

Pl QR S T | Row Median | priorities

A 85 | 75 | 65 | 125 ||75] 75 4

B 90 | 78 ||66]] 132 | 78 78 3

C |75 66 | 57 | 114 | 69 69 %

D 80 [[72]] 60 | 120 | 72 72 5

E 76 | 64 | 56 |[112]] 68 68 X
Column Median | 80 | 72 | 60 | 120 | 72
priorities 2 X X 1 X

Total Number of cycles for the assigned cell = Zf’:—ll 1 =10
We check the optimality,
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d151:75 - 65 + 66 - 78 :(—2)7 d152:(—4), d15320, d154:(—6), d231: (—6),
das*=0, d3®=(-10), d3,'=1, ds;°=(-3), dys2'=0

Here, ds;'=1> 0, so we interchange assigned cells of the 3¢ and 4*"
Row

PIQ[R] S [T
85 | 75 | 65 | 125 ||75]
90 | 78 ||66]| 132 | 78
75 [166]] 57 | 114 | 69
180|| 72 | 60 | 120 | 72
76 | 64 | 56 |[112]] 68

oliwik@llivelis-

dis' =(-2), di5°=(-3), di5°=(-2), di5"=(-6), daz'=(-3), daz®=(-4), daz’=(-
10), dsy'=(-1), d32°=0, dy'=(-4)

Since, Vd;;# < 0 so, the optimality test is satisfied and the optimum
assignment has been attained and is given as:

A—-T,B—>R,C—>Q,D— P, E—~S
Thus, the least cost =75 4+ 66 4+ 66 + 80 + 112 = 399

e VAM Method
Using variable approach method, choose the minimum cost cell for each
row and get the assigned cost matrix as given below,

PIQI R ST
85 | 75 || 65]] 125 | 75
90 | 78 | 66 | 132 ||78]
75 [166]| 57 | 114 | 69
180|| 72 | 60 | 120 | 72
76 | 64 | 56 |[112]] 68

H O QW =

Check the optimality test,
d131:27 d132:<_1>7 d133:07 d134:(_4)7 d251:<_3)7 d252:(_4>7 d253:<_10)7
d3o' =(-1), d3p*=0, day'=(-4)

Here, di3'=2> 0, so we interchange assigned cells of the 15 and 27
Row

PIQ[R] S [T
85 | 75 | 65 | 125 |[75]
90 | 78 [[66]] 132 | 78
75 [166]| 57 | 114 | 69
180]] 72 | 60 | 120 | 72
76 | 64 | 56 |[112]] 68

oliwii@]liveiis-s

d151:(_2)7 d152:(_3)7 d153:(_2)7 d154:(_6)7 d231:(_3)7 d232:(_4)7 d233:(_
10), dso'=(-1), d32*=0, da1'=(-4)
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Since, Vd;;# < 0 so, the optimality test is satisfied and the optimum
assignment has been attained and is given as:

A—-T,B>R,C—>Q,D— P, E—~S
Thus, the least cost =75 4+ 66 4+ 66 + 80 + 112 = 399

e WAM Method
Using step-2 assign weights to the cost matrix and obtain the sum of
weights S;; given below

PIQ[R] S T
A 852 [ 753 [ 653 | 1251 | 753
B[ 002 | 783 [66° | 132! | 782
C | 752|664 [ 573 | 114% | 692
D | 802 | 723 603 | 1201 | 722
E | 763 647562 | 1121 | 687

PIQ[ R[S [T
A 857 [ 757 | 657 | 125°% | 759
B[ 905 | 78% | 66° | 1322 | 78°
C [ 757|665 | 57° | 114° | 697
D [80° | 725 | 60° | 120% | 727
E [ 765 | 647 [ 5670 | 1120 | 68°

By step-3 identify the maximum S;; of each row and assign cell, and
get assigned cost matrix given below,

P QR S | T
851 | 755 ||657]] 1258 | 75
003 | 781 | 66° | 1322 ||78%
757 |166%|| 570 | 1145 | 697
180°]| 72¢ | 60% | 1201 | 727
765 | 64° | 5610 | | 1129 683

mHo|Q|m| >

Total No. of cycles for assigned cell = Zf’;ll 1 =10, we check the opti-

mality,
Ay =0, dy,>=1, dyp,>=0, duw,* =0, duy =2, Ay >=0, dups>=1,dy,, =0,
Qs> =0, dy, ' =1

Since, V d,,,” > 0 so, the solution is optimal and the optimum assign-
ment has been attained and is given as:

A—-R,B—»T,C—Q,D— P, E— S
Thus, the least cost =65 + 78 + 66 + 80 + 112 = 401
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Example 2 [Maximization problem| Five salespersons are required to be allotted to
five particular regions. Forecast of sales revenue (in thousands) for each
individual salesperson is provided in the following matrix. Find the as-
signment pattern that maximizes the sales revenue.

PIQIR|[S|T
32 (38 [40 | 28|40
40 [24 2821136
A1 (273330 |37
22 |38 [41 |36 36
29 (33 (40| 35| 39

= O Q| 3| >

o MAM Method

With the help of MAM, we obtain the assigned cost matrix for maximization.

P | Q| R|S|T| Row Median | priorities

A 32 |[38]] 4028 |40 38 X

B [40]| 24 [28]21]36 28 1

C 41 [ 27 [33]30(37 33 4

D 22 | 38 [41]36]36 36 X

E 29 | 33 [40[35]39 35 5
Column Median | 32 | 33 [ 4030 |37
priorities X 3 | x| 2| X

Way of optimality test ,
d121:227 d122:8, d123:8, d124:5, d211:0, d212:33, d213:23, d351:7, d352:5,
d441:()
By, optimality test, since, V d;;* > 0, so, the solution is optimal and optimum
assignment has been attained and is given as:
1-B,2—- A 3—E 4—- C,5—- D

Thus, the maximum sales revenue = 38 + 40 + 37 + 36 + 40 = 191 thousand
rupees.

e VAM Method

With the help of VAM, we obtain the assigned cost matrix for maximization.

PIQ[R|[S]T
32 | 38 [[40]] 28 | 40
40| 24 | 28 | 21 | 36
41 | 27 | 33 | 30 ||37]
22 |[38]] 41 | 36 | 36
29 | 33 | 40 [[35]| 39

oliwii@]ivsii -
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Using the optimality test,
d131:207 d132:4, d133:(-1), d134:7, dglle, d212:32, d213:25, d351:12, d352:3,
d421:4

Here, d3°=(-1)< 0 so we interchange 1°* and 4'} row

PIQ[R[S][T
32 [[38]] 40 | 28 | 40
140]] 24 | 28 | 21 | 36
41 | 27 | 33 | 30 ||37]
22 | 38 |[41]] 36 | 36
29 | 33 | 40 [[35]| 39

oliwii@]liveii-

Way of optimality test,
d121:227 d122:87 d123:1, d124:12, d211:0, d212:31, d213:257 d351:97 d352:37
d431:0

By, optimality test, since,V d;;# > 0, so, the solution is optimal and optimum
assignment has been attained and is given as:

1-B,2—- A 3—E , 4— C,5—- D

Thus, the maximum sales revenue = 38 + 40 4 37 + 36 + 40 = 191 thousand

rupees.

o WAM Method

By, step-2 assign weights to the cost matrix and obtain the sum of weights S;;.

PIQIRJ[S]|T
A 3231383 405 | 287 [ 402
B | 405 | 243 | 282 | 212 | 363
Cla1l 2733330537
D | 222 | 383 | 41} | 367 | 36
E [ 297 [ 333 [ 40! | 353 | 392

PIQJR[ S [T
A 327 [ 38%]40% | 287 |40°
B | 40% [24° [ 28% | 2170 | 36°
Cl 412 [27°1337| 307 [ 37
D | 2210 38% [ 41?2 | 36* | 36°
E | 297 [33°]40%| 35° | 397

We obtained the assigned cost matrix by WAM for maximization.

By, optimality test,
dwlsi:(_g)v dw1322:<_2)7 dw1313:17 dw134:('5>? dwzllzo? dw212:('12)7 dw213:(_11)7
dw35 :(_9)7 dwas :<_1>7 dw42 :('2)

Here, d,,,3=1 > 0, so we interchange assigned cells of the 15" and 4™ Row
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Pl Q | R]|S]|T
Al 327 | 38% |[40%|| 289 | 403
B|[403]| 24° | 28% | 2110 | 36
Cl 412 | 27 | 337 | 307 ||37°]
D | 2210 || 384]| 412 | 36% | 36°
E| 29° | 33° | 40* |[35°]] 39*

PT QR[S | T
A 327 |[38%]] 403 | 28° | 403
B [[403]] 249 | 28% | 210 | 36°
C| 412 | 27° | 337 | 307 ||37%]
D | 2210 | 381 [[412]| 36" | 36°
E| 209 | 33° | 40t |[35°]| 391

Methods of optimality test,
dwlzlz(_g)? dw122:(_3)’ dw123:<_1)7 dw124:(_7)7 dw211:O7 dw212:(_13)? dw213:(_11)7
dw351:('9)’ dw352:('1>7 dw431:('1)

By, Optimality test, since, V d,,,;” < 0 so, the solution is optimal and optimum
assignment has been attained and is given as:

A—- Q, B—-P, C—T,D— R, E—= S

Thus, the maximum sales revenue = 38 + 40 + 37 4 36 + 40 = 191 thousand
rupees.

4. CONCLUSION

The present paper discusses the three distinctive approaches by means of the
statistical tools as well as the variables themselves. The methodology here pro-
vides viable results for the optimal solution to an assignment mix. Hither, the
procedure focuses on the possibility of diagonally interchanging to pair of cells
from the cycle of an assigned cell. This paper produces an initial basic feasible
solution through the enumeration methods along with the discussion of the op-
timality test to acquire the best (or optimal) solution to the minimization and
maximization assignment mixes.
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