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SOME COMMON COUPLED FIXED POINT THEOREMS FOR
CONTRACTIVE TYPE CONDITIONS IN S-METRIC SPACES

GURUCHARAN SINGH SALUJA

ABSTRACT. In this paper, we prove some common coupled fixed point theo-
rems for contractive type conditions in the setting of S-metric spaces and give
some consequences of the main results. We have applied quadratic inequality
to prove certain common fixed point results. We also give an example to sup-
port the result. The results obtained in this paper generalize, extend and unify
several previously published results from the existing literature.

1. INTRODUCTION

Banach contraction principle [5] in metric spaces is one of the most important
results in the theory of fixed points and non-linear analysis. This famous re-
sult states that every self mapping Q defined on a complete metric space (X, d)
satisfying the condition:

d(Q(x), Qy)) < bd(z,y), (1.1)

for all x,y € X, where b € (0,1), has a unique fixed point and for every zy € X
a sequence {Q"xg},>1 is convergent to the fixed point.

Remark 1.1. Inequality (1.1) also implies the continuity of the mapping Q.

Fixed point problem for contractive mappings in metric spaces with a partial
order have been studied by many authors. On the other hand, Guo and Lak-
shmikantham [11] introduced the notion of coupled fixed point. Bhashkar and
Lakshmikantham in [6] reconsidered the concept of a coupled fixed point of the
mapping F: X x X — X and established some coupled fixed point theorems
in partially ordered complete metric spaces. They also proved mixed monotone
property for the first time and gave their classical coupled fixed point theorem for
mapping which satisfy the mixed monotone property. As, an application, they
studied the existence and uniqueness of the solution for a periodic boundary value
problem associated with first order differential equation. Several other authors
such as Ciric and Lakshmikantham [3], Olaleru et al. [21], Luong and Thuan [15]
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and Nashine et al. [19]) have proved some coupled fixed point theorems in metric
spaces.

In literature, there are many generalizations of the metric spaces and gener-
alized metric spaces are exist. One of such generalization is an S-metric space
proposed by Sedghi et al. [23] as a generalization of G-metric and D*-metric in
2012. They studied its some properties and they also stated that S-metric space
is a generalization of G-metric space. But Dung et al. [9] in 2014 showed by
an example that an S-metric space is not a generalization of G-metric space and
conversely. Consequently, the class of S-metric spaces and the class of G-metric
spaces are different. Many results which were proved earlier in metric space are
valid in the framework of S-metric spaces.

Several authors have introduced various conditions, known as compatible con-
ditions in order to establish the presence of common fixed points. If the two
mappings commute (Jungck [13]), it is the simplest technique to find common
fixed points. However, this condition is the strongest one, it is quite common to
look for weaker one. In 1986, Jungck [1/] proposed the property of compatibility
between two mappings. After that, the idea of weak compatibility was first intro-
duced by Jungck and Rhoades [15] in the year 1998. Recently, some researchers
employed this notion to obtain some new fixed point results in various metric
spaces (see, for example, [2], [1], [7], [L7], [20], [27] and many others).

Recently, Sedghi et al. [25] proved some existence results of the unique common
fixed point for a pair of weakly compatible self-mappings satisfying some ®-type
contractive conditions in the framework of an S-metric spaces and give an example
to validate the results. The results presented in this paper extend and improve
several results from the existing literature.

Aydi [3] proved some coupled fixed point theorems for various contractive type
conditions in the setting of partial metric spaces and give some corollaries of the
established results.

Quite recently, Kim et al. [17] proved some common coupled fixed point results
satisfying some contractive condition for a pair of weakly compatible mappings
in the framework of complete partial metric spaces.

Motivated by the results and concepts mentioned above, the purpose of this
present paper is to improve results on fixed point theorems and prove some com-
mon coupled fixed point theorems for a pairwise weakly compatible (wc) mappings
in the setting of S-metric spaces. The results presented in this paper extend and
generalize several previous works from the existing literature.

2. PRELIMINARIES

In this section, we need some definitions, lemmas and auxiliary results to prove
our main results (see, [23]).

Definition 2.1. ([23]) Let X be a nonempty set and let S: X3 — [0,00) be a
function satisfying the following conditions for all x, y, z, a € X:

(S1) 0 < S(z,y, 2) for all z,y,z € X with x # y # z;

(S2) S(z,y,2) =0if and only if z = y = z;

(S3) S(x,y,2) < S(z,z,a)+ S(y,y,a) + S(z, z,a).
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Then the function S is called an S-metric on X and the pair (X, .S) is called
an S-metric space.

Example 2.2. ([23])

(1) Let X =R™ and || - || a norm on X, then S(z,y,z) = ||ly+ 2z — 2| + ||y — 2|
is an S-metric on X.

(2) Let X =R™ and || - || a norm on X, then S(z,y,2) = ||z — z|| + ||y — 2] is
an S-metric on X.
Example 2.3. ([21]) Let X = R be the real line. Then S(x,y, 2) = |[z—z|+|y—2|

for all z,y,2z € R is an S-metric on X. This S-metric on X is called the usual
S-metric on X.

Example 2.4. ([16]) Let X be a non-empty set and d be an ordinary metric on
X. Then S(z,y,2) = d(z,2) + d(y, z) for all x,y,z € R is an S-metric on X.

Example 2.5. ([20]) Let X be a non-empty set and d;, da be two ordinary metrics
on X. Then S(x,y,2) = di(z, z) + da(y, 2) for all z,y,z € X is an S-metric on
X.

Example 2.6. ([23]) Let X = R? and d an ordinary metric on X. Put S(z,y,2) =
d(z,y) + d(z,2) + d(y, 2) for all x,y,z € R?, that is, S is the perimeter of the
triangle given x,y, z. Then S is an S-metric on X.

Definition 2.7. Let (X, S) be an S-metric space. For r > 0 and z € X we
define the open ball Bg(z,r) and closed ball Bg[z,r] with center z and radius r
as follows, respectively:

Bs(z,r)={y € X : S(y,y,z) <r},

Bslz,r] ={y € X : S(y,y,x) <r}.
Example 2.8. ([24]) Let X = R. Denote by S(z,y,2) = |y + 2z — 22| + |y — 2|
for all x,y,z € R. Then
Bs(1,2) = {yeR:S(y,y1)<2}={yeR:jy—-1[<1}
{yeR:0<y<2}=(0,2),

and
Bs[2,4] = {yeR:S(y,y2) <4} ={yeR:|y-2[<2}
= {yeR:0<y<4}=10,4].
Definition 2.9. ([23], [21]) Let (X, S) be an S-metric space and A C X.

(A1) The subset A is said to be an open subset of X, if for every x € A there
exists > 0 such that Bg(z,r) C A.

(Ay) A sequence {y,} in X converges to y € X if S(Yn,Yn,y) — 0 as n — oo,
that is, for each € > 0, there exists ng € N such that for all n > ny we have
S(Yn, Yn,y) < €. We denote this by lim,, o yn =y or y, — y as n — oo.

(A3) A sequence {y,} in X is called a Cauchy sequence if S(yn, Yn, Ym) — 0 as
n, m — oo, that is, for each £ > 0, there exists nyg € N such that for all n,m > ng
we have S(Yn, Yn, Ym) < €.
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(A4) The S-metric space (X, .5) is called complete if every Cauchy sequence in
X is convergent in X.

(As) Let 7 be the set of all A C X with the property that for each x € A and
there exists r > 0 such that Bg(x,r) C A. Then 7 is a topology on X (induced
by the S-metric space).

(Ag) A nonempty subset A of X is S-closed if closure of A coincides with A.

Definition 2.10. ([23]) Let (X, S) be an S-metric space. A mapping 7: X — X
is said to be a contraction if there exists a constant 0 < A < 1 such that

S(Tz, Ty, Tz) <hS(x,y, z), (2.1)
for all x,y,z € X.

Remark 2.11. If the S-metric space (X, S) is complete then the mapping defined
as above has a unique fixed point (see [23], Theorem 3.1).

Definition 2.12. ([23]) Let (X, S) and (Y, S’) be two S-metric spaces. A function
f: X — Y is said to be continuous at a point zy € X if for every sequence {z,}
in X with S(z,, zn, x0) = 0, S'(f(xn), f(zn), f(x0)) = 0 as n — co. We say that
f is continuous on X if f is continuous at every point zg € X.

Definition 2.13. Let X be a non-empty set and let f,g: X — X be two self
mappings of X. Then a point u € X is called a

e fixed point of operator f if f(u) = u;

e common fixed point of f and ¢ if f(u) = g(u) = u.

Definition 2.14. ([!]) Let F' and G be single valued self-mappings on a set X.
If 2z = Fv = Guv for some v € X, then v is called a coincidence point of F' and

GG, and z is called a point of coincidence of F' and G. We denote the coincidence
point of F' and G by C(F,G), that is, C(F,G) = {v € X : Fv = Guv}.

Definition 2.15. ([I1]) Let F' and G be single valued self-mappings on a set X.
Mappings F' and G are said to be commuting if FGz = GFz for all z € X.

3

Example 2.16. Let X = [0, 2] and define F,G: X — X defined by F(z) = %
and G(z) = x* for all z,y € X. Then the mappings F and G have two coincidence

points 0 and }L. Clearly, they commute at 0 but not at }1.

Definition 2.17. ([3]) An element (z,y) € X x X is said to be a coupled fixed
point of the mapping F: X x X — X if F(z,y) =z and F(y,x) = y.

Example 2.18. Let X = [0,+00) and F: X x X — X defined by F(z,y) = =¥
for all x,y € X. One can easily see that F' has a unique coupled fixed point (0, 0).

Example 2.19. Let X = [0, +00) and F': X x X — X be defined by F(z,y) =
I for all z,y € X. Then we see that F has two coupled fixed point (0,0) and
(1,1), that is, the coupled fixed point is not unique.

Definition 2.20. ([%]) Let X be a nonempty set. Then we say that the mappings
F: X xX — X and A: X — X are commutative if A(F(x,y)) = F(Az, Ay).
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Definition 2.21. ([3]) An element (x,y) € X x X is called a coupled coincidence
point of the mappings F': X x X — X and A: X — X if F(z,y) = Az and
Fly,x) = Ay.

Definition 2.22. ([2]) The mappings F': X x X — X and A: X — X are called
weakly compatible if A(F(z,y)) = F(Azx, Ay) and A(F(y,x)) = F(Ay, Az) for
all z,y € X, whenever A(x) = F(x,y) and A(y) = F(y, z).

Proposition 2.23. ([1]) Let F and G be weakly compatible self mappings on a
set X. If F and G have a unique point of coincidence w = Fax = Gz, then w is
the unique common fized point of F and G.

Lemma 2.24. ([23], Lemma 2.5) Let (X, S) be an S-metric space. Then, we have
S(x,xz,y) =S(y,y,z) for all z,y € X.

Lemma 2.25. ([23], Lemma2.12) Let (X,S) be an S-metric space. If x, — x
and y, =y as n — oo then S(x,, Tn,yn) — S(z,x,y) as n — oco.

Lemma 2.26. ([10], Lemma8) Let (X,S) be an S-metric space and A is a
nonempty subset of X. Then A is said to be S-closed if and only if for any
sequence {x,} in A such that x, — x as n — oo, then v € A.

Lemma 2.27. ([23]) Let (X, S) be an S-metric space. If r > 0 and x € X, then
the ball Bs(x, ) is an open subset of X.

Lemma 2.28. ([21]) The limit of a sequence {x,} in an S-metric space (X, S)
1S UNIqUE.

Lemma 2.29. ([23]) Let (X,S) be an S-metric space. Then any convergent
sequence {x,} in X is Cauchy.

In the following lemma we see the relationship between a metric and S-metric.

Lemma 2.30. ([12]) Let (X, d) be a metric space. Then the following properties
are satisfied:

(i) Sa(z,y,2) = d(z,2) + d(y, z) for all x,y,z € X is an S-metric on X.

(17) ©, = x in (X, d) if and only if x, — = in (X, S).

(1ii) {xn} is Cauchy in (X, d) if and only if {x,} is Cauchy in (X,Sy).

() (X, d) is complete if and only if (X, Sy) is complete.

We call the function S, defined in Lemma 2.30 (i) as the S-metric generated by

the metric d. It can be found an example of an S-metric which is not generated
by any metric in [12, 22].

Example 2.31. ([12]) Let X = R and the function S: X? — [0,00) be defined
as

S([L’,y,Z) = |£L‘—Z| + |$—|—Z—2y|,
for all z,y,z € R. Then the function S is an S-metric on X and (X,S) is an
S-metric space. Now, we prove that there does not exists any metric d such that
S = S4. On the contrary, suppose that there exists a metric d such that

S(z,y,z) =d(x, z) + d(y, 2),
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for all x,y, z € R. Hence, we obtain
S(x,x,z) =2d(z, z) = 2|z — 2|,
and
d(z,z) = |z — z|.
Similarly, we get
Sy, 2) = 2d(y, 2) = 2|y — 2|,
and
dy,z) = ly — 2|,
for all z,y, 2 € R. Hence, we have
v —z[+ ]z +2 -2y =z —z2[+ |y — 2],

which is a contradiction. Therefore, S # Sy and (R, S) is a complete S-metric
space.

3. MAIN RESULTS

In this section, we prove some unique common coupled fixed point theorems
for contractive type mappings in the setting of S-metric spaces.

Theorem 3.1. Let (X,S) be a complete S-metric space. Let F: X x X — X
and H: X — X be two mappings such that

[S(F(z,y), F(u,v), F(z,w)]* < ai[S(Hx, Hu, H2)]*> + ay [S(Hy, Hv, Hw)]?
+ag[S(F(v,y), F(z,y), Ho)]*
+ag [S(F(u,v), Fu,v), Hu)]*
+as [S(F(z,w), F(z,w), H2)J, (3.1)

for all x,y,u,v,z,w € X, where ay,as,as,as,as are nonnegative constants such
that a1 + ag + a3 + a4 + a5 < 1. Assume that F and H satisfy the following
conditions:

(i) F(X x X) C H(X),

(17) H(X) is complete, and

(131) H is continuous and commute with F'.

Then F and H have a coupled coincidence point in X. Moreover, if F and H
are weakly compatible, then F' and H have a unique common coupled fixed point.

Proof. Let zg,yo € X. Since F(X x X) C H(X), we can choose x1,y; € X such
that Hxy = F(xg,y0) and Hy; = F(yo, o). Again since F(X x X) C H(X),
we can choose xq,y2 € X such that Hzy = F(xy,y1) and Hys, = F(y1, 7).
Continuing this process, we can construct two sequences {z,} and {y,} in X
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such that Hz,, = F(x,,y,) and Hy, 1 = F(yn,x,). For n € N, by equation
(3.1), and using Lemma 2.24, we have

[S(Hzp, Hx,, H:vn+1)]2

<

[S(F(2n-1,Yn-1), F (-1, Yn-1), F(n, yn))]2

ay [S(Hxp_y, Hrp 1, Hry) ) 4 ag [S(Hyn-1, Hyn_1, Hy,))?
+ag [S(F(2n-1,Yn—1), F(@n-1,Yn-1), Hrpr)]?

+ay [S(F(xn1,Yn—1), F(Zn1,Yn1), Hrp1)]?

+a5 [S(E (. )y P ), Hrg)

ay [S(Hp—1, Hry 1, Hx,))? + ag [S(Hyp—1, Hyn_1, Hyn)]?
tas [S(Hzy, Hxn, Hry1)]? + a4 [S(Hzy,, Hrypy, Hrp o))
tas [S(Hrpyy, Hrpoy, Hry))?

(ay + as + ay) [S(Hzp_1, Hrp— 1, Hz,))?

+ay [S(Hyn—1, Hyn—1, Hy,))?

tas [S(Hzp, Hr,, Hr,yh))? (3.2)

Similarly by equation (3.1), we obtain
[S(Hyna Hyna Hyn+1)]2

- [S(F(yn—la xn—l)y F(yn—la xn—l)v F(yny xn))]Q
< (a1 +az +as) [S(Hyn-1, HYn—1, Hy,))?
+as [S(Hxy—1, Hrp 1, H;zcn)]2

+as [S(Hyn, Hyn, Hyn41)]*. (3.3)
Set
M, = [S(Hz,, Hr,, Hr, 1)) and N, = [S(Hyn, Hyn, Hy,1)]?,  (3.4)
and
R, =M, +N,. (3.5)
Hence, from equations (3.2)-(3.5), we obtain
R = [S(Hzp, Hrp, Hrpi 1)) + [S(Hyn, Hyn, Hypi1)]?
= M,+N,
< (a1 +az+ay)) My +as N1 + as M,

+(ay +az + ay) N1+ as M1 + as N,

(a1 + ag + as + CL4> [Mnfl +Nn71]

+as [My, + N,)]
= (a1 +ao + as + a4) Rn—l + as Rn (36)

This implies that
R < (

aitaz+asztaq

where 6 = < i

ai +as +as + aq

1 ~as )Rn,1 = 57?,”,1, (37)

< 1, since a; + as +as + a4 + a5 < 1.

Consequently, for each n € N, we obtain
Ry <Ry 1 <P Rpo<---<3"Ry. (3.8)
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If Ry = 0, then [S(Hzo, Hro, Hx1)|*+[S(Hyo, Hyo, Hy1)|* = 0 and so S(Hxo, Hzy,
Hzy) = 0 and S(Hyo, Hyo, Hy1) = 0. Hence, by condition (52), we get Hxy =
Hzxy = F(xo,y0) and Hyy = Hy; = F(yo,x0). Thus, (Hxo, Hyo) is a coupled
fixed point of F' and H. Now, we assume that Ry > 0. For each m > n, where
n,m € N, and using (S3), we have

S(Hzp, Hr,, Hx,,) + S(HYn, HYypn, Hym,)

IA

2S(Hzxp, Hx,, Hxy1) + S(Hpy, Hrp, Hap i)
+25(Hyn, Hyn, Hypns1) + S(HY, Hym, Hypy1)
= 2(S(Hzn,Hxyp, Hr,q) + S(HYn, HYyp, Hyni1))
+S(Hxy, Hrpm, Hrp1) + S(HYmy HYmy HYni1)

IN

2(72” FRpp1i o+ Rt + Rm>

206" + 8" 4+ 0T 4+ ™R
20"(1+8+6+... )Ry
26"
<1—5>R°
0 as n — oo,

IA

IA A

IN

4

since 0 < § < 1. Thus, {Hx,} and { Hy,} are S-Cauchy sequence in H(X). Since
H(X) is complete, we get {Hx,} and {Hy,} are S-convergent to some r € X
and t € X respectively. Since H is continuous, we have { HHzx,} is S-convergent
to Hr and {HHy,} is S-convergent to Ht. Also, since H and F' are commute,
we have

HHz, = H(F(xnayn)) = F(meHyn)a
and
HHy,1 = H(F(Yn, xn)) = F(Hyn, Hzy,).

Therefore,

[S(HHI‘»,HJ, HHan,_l, F(T’ t))]g

[S(F(Hz,,, Hy,), F(Hz,, Hy,), F(r,t))]?

ay [S(HHz,, HHx,, Hr)]* + a3 [S(H Hy,, H Hy,,, Ht)]?
+a3 [S(F(Hz,, Hy,), F(Hz,, Hy,), HHz,)]?
+ay [S(F(Hx,, Hyy,), F(Hx,, Hy,), HHx,)]?
+as [S(F(r,t), F(r,t), Hr))?
= a [S(HHz,, HHz,, Hr)]* + ay [S(H Hy,,, H Hy,, Ht)]?
tas [S(HHZp 1, HH, 1, HH2,,))?
tay [S(HHZ 1, HHT, 1, HH2,,))?
+as [S(F(r,t), F(r,t), Hr)]%.

—~ =

IN

—~
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Passing to the limit as n — oo, using Lemma 2.24, Lemma 2.25 and the condition
(52), we obtain that

[S(Hr,Hr, F(r,t))]> < as[S(Hr,Hr, F(r,1))]?
< (a1 +ay+as+ag+as) [S(Hr, Hr, F(r,t))?
<

[S(Hr,Hr, F(r,1))]?,

which is a contradiction, since a; + as + a3 + a4 + a5 < 1. Hence, we get
S(Hr,Hr,F(r,t)) = 0, that is, Hr = F(r,t). Similarly, we can show that
Ht = F(t,r). Thus (Hr, Ht) is a coupled coincidence point of the mappings
F and H. Since the pair (F, H) is weakly compatible, so by weak compatibility
of the mappings F' and H, we have

H(F(r,t)) = F(Hr,Ht) and H(F(t,r)) = F(Ht,Hr).

Hence (Hr, Ht) is a common coupled fixed point of F' and H.

Now, we show the uniqueness of the common coupled fixed point of F' and
H. Assume that (Hry, Hty) is another common coupled fixed point of F' and H
with Hr # Hry and Ht # Hty, that is, (Hr, Ht) # (Hry, Hty). Then by using
equation (3.1), using Lemma 2.24 and the condition (52), we have

(r,t), F(r,t), F(r1,t1))]”
ay [S(Hr, Hr, Hr1)]* + ay [S(Ht, Ht, Ht,)]?
+%W(() F(r,t), Hr)]?
+ay [S(F(r,t), F(r,t), Hr)?
tas [S(F(ry,t1), F(ry, t1), Hry))?
= ay [S(Hr, Hr, Hr))* + ag [S(Ht, Ht, Ht,))?
+az [S(Hr, Hr, Hr)|*> + ay [S(Hr, Hr, Hr))?
+as [S(Hry, Hry, Hry)]?
= ay[S(Hr,Hr, Hr)]* + ay [S(Ht, Ht, Ht,)]*.

[S(Hr,Hr,Hr)]* = [S(F

IN

(3.9)
Similarly, one can obtain
[S(Ht, Ht, Ht,)]* < a1 [S(Ht, Ht, Ht,)|* + ao [S(Hr, Hr, Hr)]?.  (3.10)
Again, set
D =[S(Hr,Hr,Hr)]* and & = [S(Ht, Ht, Ht,))?, (3.11)
and

F=D+E. (3.12)
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Hence from equations (3.9) and (3.12), we obtain
F = [S(Hr,Hr,Hr))* + [S(Ht, Ht, Ht)]?

= D+¢&
a1 D+a € +a1E+ayD

= (a1 4+a2) D+ (a1 +a2) €

= (@1 +a2) (D—I—E) = ((11 —|—a2)}"

< (a3 +as+asz+ag+as) F

< F,
which is a contradiction, since a; + as + a3 + a4 + a5 < 1. Hence, we con-
clude that F = 0, that is, [S(Hr, Hr, Hry)]* + [S(Ht, Ht, Ht;)]> = 0 and so
S(Hr,Hr,Hry) = 0 and S(Ht, Ht,Ht;) = 0. Thus, Hr = Hry and Ht = Ht,.

This shows that F' and H have a unique common coupled fixed point. This
completes the proof. O

IA

From Theorem 3.1, we obtain the following result.

Corollary 3.2. Let (X, S) be a complete S-metric space. Let F: X x X — X
and H: X — X be two mappings such that

[S(F(z,y), F(u,v), F(z,w))]? < A max{ S(Hz, Hu, Hz))?, [S(Hy, Hv, Hw)]?,

(
S(F(z,y), F(z,y), Ho)]*,
S(F(u,v), F(u,v), Hu)J*,
(

S(F(=,w), F(zw), He) .

for all x,y,u,v,z,w € X, where A € [0,1) is a constant. Assume that F' and H
satisfy the following conditions:

() F(X x X) € H(X),

(17) H(X) is complete, and

(13i) H 1is continuous and commute with F.

Then F and H have a coupled coincidence point in X. Moreover, if F' and H
are weakly compatible, then F' and H have a unique common coupled fixed point.

—_— o e o/

Proof. Follows from Theorem 3.1 by noting that
ay [S(Hz, Hu, H2)]* + ay [S(Hy, Hv, Hw)]> + a3 [S(F(x,y), F(z,y), Hz))?
+a4 [S(F(u,v), F(u,v), Hu)]* + a5 [S(F(z,w), F(z,w), Hz)]?
< (a1 +as + a3 + as + az) max {[S(H:p, Hu, H2))%, [S(Hy, Hv, Hw)?,
[S(F(x,y), F(z,y), Ho)*, [S(F(u, v), F(u,v), Hu)]?,
[S(F(zw), F(zw), H2) 2}
= A max{[S(Hx Hu, H2))?,[S(Hy, Hv, Hw))?, [S(F(z,y), F(x,y), Hr)]?,

[S(F(u,v), Fu,v), Hu))2, [S(F(z,w), F(z,w), Hz)]Q},
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where A =a; +ay +as +as +as < 1. O

Remark 3.3. Theorem 3.1 is an extension and a generalization of the results of
Aydi [3] from partial metric space to the setting of S-metric space.

Theorem 3.4. Let (X,S) be a complete S-metric space. Let F: X x X — X
and H: X — X be two mappings such that

[S(F(z,y), F(u,v), F(z,w))]*> < b max{[S(Hx,Hu,Hz)]Q,[S(F(m,y),F(x,y),Hx)]Q,

[S(F(2,9), F(z,y), Hu)l*}
by max {[S(F(u, v), F(u,v), Hz)]?,

1S(F(2,w), F(z,w), HZ)JQ}

+b3 S(F(x,y), F(x,y), H2)S(F(z,w), F(z,w), Hu),

forall x,y,u,v,z,w € X, where by, by, b3 are nonnegative constants with by + by <
1. Assume that F and H satisfy the following conditions:

(i) F(X x X) C H(X),

(17) H(X) is complete, and

(13i) H 1is continuous and commute with F.

Then F' and H have a coupled coincidence point in X. Moreover, if F' and H
are weakly compatible, then F' and H have a unique common coupled fixed point.

Proof. Let zg,yo € X. Since F(X x X) C H(X), we can choose x1,y; € X such
that Hxy = F(xo,y0) and Hy, = F(yo,x). Again since F(X x X) C H(X), we
can choose o, ys € X such that Hzy = F(z1,y1) and Hyy = F(y;,x1). Contin-
uing this process, we can construct two sequences {x,} and {y,} in X such that
Hxn—i—l = F($nayn> and Hyn—i-l = F(ynaxn>‘ Set M,, = [S<HxnameHxn+1)]2
and N, = [S(HYn, Hyn, Hy,11))?>. For n € N, by equation (3.13), using Lemma

(3.13)
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2.24 and (52), we have
M, = [S(Hw,, Hz,, Hz,1)]?
= [S(F(@n-1,Yn-1), F (@01, Yn-1), F (@0, yu))]”
< by max {[S(Hwoor, Hayr, Hao) P [S(F(am, yot)s F@nor, g, Haoo)P,

[S(F(Tnfl;ynfl)uF(xnflyynfl)aHxnfl)]z}
+b2 maX{[S(F(xn—layn—l)uF(xn—layn—l)nyn)]Q,

[S(E (s y0), s yn). Hao)]}
+b3 S(F(xn—hyn—l);F(xn—lyyn—l)aHxn)S<F(xnayn>7F(xn7yn)7Hxn—l)
= b max{[S(Hzn_l,Hxn_l,Hxn)]g, [S(Hzy, Hry, Hz, 1))?,

[S(H,, Ha,, Hxnfl)]Q}

+by max {[S(Hxn, Hz,, H:Un)]2, [S(Hzpy1, HTpyq, Ha:n)]Q}
+b3 S(Hxy, Hxy, Hry)S(Hpy1, Hrpoq, Hx, 1)
= b} max {[S(Hmn,l, Hzx,_q, Hmn)]Z, [S(Hzp_1, Hx, 1, Hxn)]Q,

[S(Hzp 1, Hry 1, H:):n)]Q}
+by max {O, [S(Hzy, Hx,, Hwn+1)]2} +b3.0

= b; max {Mn_l,./\/ln_l,./\/ln_l} + by max {O,Mn}

= b Mu_1+ b M,,. (3.14)
Similarly by equation (3.13), we obtain
Noo = [S(Hyn, Hyn, Hyns1))?
— [S(FWn1s 0 1), F (Yot T 1), F s n))?
< by Ny + b N, (3.15)
Again, we set
Vo =M, +N,. (3.16)
Now, from equations (3.14)-(3.16), we obtain
Vi = Mn+ N,

< UMy 1+ b M+ N1+ N,
= by (M1 +Np1) + by (M, + N,)
= bV 1+bV,.

This implies that

Vo< (5 Elb)vn_l — BVr, (3.17)
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1—by
Consequently, for each n € N, we obtain

Vn S ﬁvn—l S ﬁz Vn—? é ttt S ﬂn VO' (318)
If Vo = 0, then [S(Hzy, Hzo, Hx1)*+[S(Hyo, Hyo, Hy1)]*> = 0 and so S(Hxg, Hx,
Hzy) = 0 and S(Hyo, Hyo, Hy1) = 0. Hence, by condition (52), we get Hzy =
Hzy = F(xg,y) and Hyo = Hy; = F(yo,x0). Thus, (Hxo, Hyo) is a coupled
fixed point of F and H. Now, we assume that Vy > 0. The rest of the proof
follows from Theorem 3.1. This completes the proof.

where 5 = ( b1 ) < 1, since by + by < 1.

O

If we take by = b3 = 0 and b; = k in Theorem 3.4, then we obtain the following
result.

Corollary 3.5. Let (X, S) be a complete S-metric space. Let F: X x X — X
and H: X — X be two mappings such that

[S(F(z,y), F(u,v), F(z,w))]* < k;max{[S(Hx,Hu,Hz)]z,[S(F(az,y),F(:c,y),H:c)]Q,

S(E(x,y), Fl.y). Hu)*},

for all x,y,u,v,z,w € X, where k € [0,1) is a constant. Assume that F and H
satisfy the following conditions:

(i) F(X x X) C H(X),

(17) H(X) is complete, and

(13i) H 1is continuous and commute with F.

Then F and H have a coupled coincidence point in X. Moreover, if F and H
are weakly compatible, then F' and H have a unique common coupled fixed point.

If we take by = b3 = 0 and by = h in Theorem 3.4, then we obtain the following
result.

Corollary 3.6. Let (X,S) be a complete S-metric space. Let F: X x X — X
and H: X — X be two mappings such that

[S(F(z,y), F(u,v), F(z,w))]* < hmax{[S(F(u,v),F(u,v),Hz)]2,
[S(F(=,w), F(z,w), H2))},

for all x,y,u,v,z,w € X, where h € [0,1) is a constant. Assume that F' and H
satisfy the following conditions:

(i) F(X x X) C H(X),

(17) H(X) is complete, and

(13i) H 1s continuous and commute with F.

Then F and H have a coupled coincidence point in X. Moreover, if F and H
are weakly compatible, then F and H have a unique common coupled fized point.

Remark 3.7. Our results extend and generalize the corresponding results of Aydi
[3] from partial metric spaces to the setting of S-metric spaces.

Now, we give an example to justify the result.
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Example 3.8. Let X = [0,1] and the function S: X? — [0, 00) be defined as
S(x,y,2) =y — 2l + ly + 2 — 2],

for all z,y,z € X. Then the function S is an S-metric on X and (X, S5) is an
S-metric space. Define a map F: X x X — X by F(z,y) = ”y for z,y € X.
Also, define H: X — X by H(x) = . We have

(1)
[S(F(x,y), F(u,v), F(z,w)]? = [|F(u,v) + F(z,w) = 2F(2,y)|
+|F(U>U) - F(va)HQ

_ [‘u+v+z+w 2(m+y)‘
- 25 25 25
‘u+v Z+w]2
25
[1| + 2| + 1! + 2y|
= |Zlutz—22+—-v+tw-—
25 25 4

o= 2|+ oo —uf]
25U z 257) w

= :2i5(|u+z—2x|+|u—z|)

]_ 2
—|—2—5(]v +w —2y| + v — w\)}

- [

‘u+z_2x+u_z‘>

5 9 5! 5 5

vow 2y+v wD]?
5)

[S(Hz, Hu, Hz) + S(Hy,Hv,Hwﬂ2

5 5

IN

IN
—
N}
—_—

=

e~

8

T

S

A

&

+

@
-~
=
=
<
=
£

holds for all z,y,z,u,v,w € X. It is easy to Check that inequality (3.1) of
Theorem 3.1 is satisfied for a1 =0y = Q3 = Qg = A5 = Wlth a1+ as+az+as+
as = 35 < 1.

(2 ) H(z) = £ is continuous and H(X) is a complete subspace of X.

(3) Now, we show that H is commute with F. Here, we have

Sl

T+ r+y
H(F(z,y)) = H( ) _ ,
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and
Ty Tty
F(Hz, H :F<_,_>: _
(Hz, Hy) 55 125
Thus

H(F(z,y)) = F(Hzx, Hy).

This shows that H is commute with F'. Hence F' and H satisfy all the conditions

of

Theorem 3.1 and so F' and H have a unique common coupled fixed point,

namely F(0,0) =0 and H(0) = 0.

n

4. CONCLUSION

In this paper, we prove some unique common coupled fixed point theorems
the setting of S-metric spaces for a pair of weakly compatible mappings. Our

results extend and generalize several previously published results from the existing
literature.
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