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SOME UNIQUE COMMON FIXED POINT RESULTS ON C*-ALGEBRA
VALUED METRIC SPACE USING C,-CLASS FUNCTION

MITHUN PAUL!, KRISHNADHAN SARKAR?* AND KALISHANKAR TIWARY?

ABSTRACT. Fixed point theorems have been establishing and developing in many
metric spaces, Banach spaces, Uniform spaces etc. under many different type of ex-
pansive and non-expansive conditions. C. Park et al. [1], H. Massit et al. [3], Z. Ma
et al. ([5], [6]), M. Erden et al. [14] and B. Moeini et al. [15] have established vari-
ous fixed point results on C*-algebra valued metric under different type of contractive
conditions. In this paper we have establish some unique common fixed point results
for six mappings on C'*-algebra valued metric spaces on C-class function, which is
a generalization of theorems of C. Park et al. [1]. Here we have discussed about some
basic definitions, properties and lemmas on C*-algebra valued metric spaces in the
introduction preliminaries section. Some examples and corollaries are also given on
the basis of the results.

1. INTRODUCTION AND PRELIMINARIES

Let X be a non-empty setand 7' : X — X be a map on X.A point x € X is said to
be a fixed point on X if T'x = z. In 2000, Branciary [ ! |] first replacing the triangular
inequality d(u,v) < d(u,w) + d(w, v) by rectangular inequality d(u,v) < d(u,w) +
d(w, z) + d(z,v), forall u,v,w,z € X and w, z are different from u, v, generalized
the generalization of metric spaces.Fixed point theorem have many generalization in
many directions, one of such direction is unique common fixed point theorem. Ma et al
[6] introduced C*-algebra valued metric space and developed some fixed point results.

A complete normed algebra A is called a Banach algebra.A complex algebra with
linear involution * satisfying (uv)* = v*u* and u** = u, for all u,v € A is said to
Banach x-algebra if it is complete with respect to sub multiplicative norm such that
for all u € A, ||u*|| = |lul|.A Banach *- algebra satisfying ||u*u| = ||u||* is called
C*-algebra.A complete unital normed algebra is called a unital Banach algebra.In this
paper, we denote A by an unital( unity element /4) C*-algebra with linear involution
*x.

We call an element u € A a positive element and denote it by u = 04, where 64 is
the zero element in A, if u = u* and p(u) C [0,400), where p(u) is the spectrum of
u.
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We define norm on A by |ju|| = (u*u)%.Set Ap={ueA:u=u"}.

We define a partial ordering < on A, if it satisfying u < v if and only if v — u > 64.
Here A, and A" are definedby Ay ={u € A: 04 <a}land A ={ue A:w =
vu, Vv € A} When A is a unital C*-algebra, then for any u € A, we have

u=1I4< ||ul| <land |4 =1.

In this paper we establish some unique common fixed point theorems for six map-
pings in C*-algebra valued metric spaces under different conditions,which is a gener-
alization of theorems in [1] and [5].

Definition 1.1. [1] Let X be a non-empty set and d : X x X — A be a mapping such
that for u, v € X and for w € X, where w is different from u and v such that

(c1) d(u,v) = 04 if and only if u = v; and 04 < d(u,v), for all u,v € X;

(c1) d(u,v) = d(v,u) for all distinct points u,v € X;

(1) d(u,w) 2 d(u,v) 4+ d(v,w), for all u, v, w € X;

Then (X, A, d) is called a C*-algebra valued metric space.

Note: If A = R, then C*-algebra valued metric space becomes equivalent to the
definition to the real metric space.

Definition 1.2. [1] Let (X, A, d) be a C*-algebra valued metric space with norm |, ||.
A sequence {x,} C X is said to be convergent to z € X with respect to A if for any
€ > 0, there exists NV € N such that for all n > N, ||d(z,, z)|| < e.

Definition 1.3. [3] Let (X, A, d) be a C*-algebra valued metric space with norm ||, ||.
A sequence {x, } C X is said to be Cauchy sequence in X with respect to A if for any
€ > 0, there exists NV € N such that for all n,m > N, ||d(zp, z,,)|| < e.

The space (X, A, d) is complete C*-algebra valued metric space iff every Cauchy
sequence in X with respect to A is convergent in X .

Definition 1.4. [5] Two mappings f and g on a C*-algebra valued metric space (X, A, d)
is said to be compatible if for arbitrary sequence {u,,}>°, C X such that

lim fu, = lim gu, =z € X implies lim fgu, = lim fgu,.
n—o00 n— 00 n—o00 n—o0

Definition 1.5. [5] Let f and g be two maps on a set X (ie, f,g : X — X). If
w = fx = gx for some x € X, then z is called a coincidence point of f and g; and w
is called a point of coincidence of f and g.

A pair of maps f and g is called weakly compatible if they commute at coincidence
points.

Lemma 1.1. [5]
(i) If {un}>2, C Aand lim u,, = 04, then forany v € A, lim v*u,v = 04.
n—o0 n—oo

(ii) If u,v € AL and w € A, then u < v deduces wu < wv, where A, = A, N A’
(iii) Limit of a convergent sequence in a C* -algebra valued metric space is unique.
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Definition 1.6. [1] Let A be a unit C*-algebra and C, be the set of all continuous
functions F, : A, x A, — A, such that for any P, () € A., the following conditions
hold:

() F.(P,Q) = P; (ii) F.(P,Q) = P implies either P = 04, or, Q = 04; (iii)
Fi(04,04) =04;

Definition 1.7. [1] W be the set of all functions ) : A, — A, satisfying the following
conditions:

(i) ¢ is continuous and non-decreasing; (i) (1) = 04 < T = 04.

Theorem 1.1. [1] Let (X, A, d) be a complete C*-algebra valued metric space and
T : X — X be a self mapping such that for all x,y € X, the following holds:

p(d(Tz, Ty)) 2 F{e(d(z,y)), ¢(d(z,y))}; where ¢, 0 € ¥ and F, € C.
Then 'T' has a unique fixed point in X.

2. MAIN RESULTS
Definition 2.1. A function ¢y : A, — A, is said to be monotonic non-decreasing if
u=v=1¢u) 2Pw), Yu,v e A
Definition 2.2. A function J, : A, x A, — A, is called a non-decreasing function if
UCcwW,Vcz=J.UYV)=XJ(WZ).

Definition 2.3. (C* -Class function) Let A be a unit C*-algebra. Then a continuous
function J, : A, x A, — A, is called a C,-class function if forany U,V € A, , such
that the following conditions hold:

(i) J. is non-decreasing;
(i) J.(U,V) 2 U;
(iii) J.(U,V) = U implies either U = 04 or V = 0 4;
(iv) J.(04,04) = 04; Here C, will denote the class of all C,-class function.
Let ® be the set of all functions ¢ : A, — A, satisfying the following conditions:
1) :,llﬂil/ o(T) exists, forall Y € Ay;
—
(ii) ¢ is continuous at 64 and ¢(u) = 04 if and only if u = 4.
Theorem 2.1. Let (X, A, d) be a complete C*-algebra valued metric space with norm

|, || and F,G,S, T, H, L are self maps on X such that for all z,y € X, the following
conditions hold:

{d(Hz, Ly)} 2 J{p{M(z,y)}, o{M(z,y)}}, ¥, ¢ € Qand J, € Cy; (2.1
where, M (z,y) = a1d(FGx, Hz) + a2d(STy, Ly) + a3d(STy, Hx) + a,d(FGz, Ly)
+ asd(FGz, STy); where a; € A', Vi=1,2,3,4,5.

2.2)
with a1 + as + 2(ag + ag) + a5 < 1a; 04 < a;, foralli =1,2,3,4,5;

and ||a1|| + [Jaz|| + 2(|las|| + [[aal]) + [|as|| < 1.
Also

(i) H(X) C ST(X),L(X) C FG(X);
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(i) FG = GF,ST = TS, HG = GH, LT = TL:
(iii) {H, FG} is compatible and {L, ST} is weakly compatible; either H or FG is
continuous.

Then F,G,S, T, H, L have a unique common fixed point in X.

Proof: Let xy € X. From condition (i), there exist 1,29 € X such that Hxy =
STxy = yg and Lr; = FGxe = y;. Proceeding inductively we can construct se-
quences {x,} and {y,} in X such that

Yo = Hxg,, = STxo, 1 and Yo, 11 = Lxop 1 = FGxopia, forall n=20,1,2, ...

Case-I: If for some n € Z, ¥, = Yni1 = Yni1 = Ynio-
Now for n is even i.e., for n = 2m, where m € Z™*, we have

Yom = Yom+1 (2.3)
From (2.2) we have

M($2m+27 $2m+1)

= a1d(FGxomy2, Hromo) + asd(STxom 1, Lxomi1) + azd(STxoms1, HXom o)+
a4d(FGxopmio, Lromyi1) + asd(FGTamyo, STTomy1)

= a1d(Yam+1, Yom+2) + @2d(Yam, Yom+1) + a3d(Yam, Yom+2) + aad(Yomi1; Yome1)+
asd(Yam+1, Yam)

= a1d(Yam+1, Yom+2) + @2d(Yom, Yom+1) + a3d(Yom+1, Yom+2) + asd(Yom+1, Yom+1)
= (a1 + a3)d(yam+1, Y2m-+2)

= d(Yom+1: Yom+2)

2.4)
From (2.1) we have
W{d(yamr2, Yoms1)} 2 J{ WM (Zoms2, Tomir) b, HAM (242, Tomi1) }}
= J*{w{d(y2m+17 y2m+2)}, ¢{d(y2m+1, y2m+2)}}
= V{d(Y2m+1, Yom+2) }, Which gives
J*{w{d(yszla Yom+2) }> O1d(Yom+1, Yoms2) } } = V{d(Yomi1, Yomr2) }
Therefore, either Y{d(Yam+1, Yoms2)} = 04, O, O{d(Yami1, Yoms2)} = Oa.
Hence,
d(Yom+1, Yom-+2) = 04 implies Yo 1 = Yam-2 (2.5)

For nis odd i.e., forn = 2m + 1, m € N, then

Yom+1 = Yom+2 (2.6)
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Now from (2.2)we have
M (22m19, Tom+3)
= a1 d(FGromyo, HTomyo) + a2d(ST oy 3, Lxomes) + azd(STxom3, Hromo)+
asd(FGxomo, Lxoms) + asd(FGropya, STxomy3)
= a1d(Yam+1, Yom+2) + a2d(Yom+2, Yom+3) + a3d(Yam+2, Yomr2) + aad(Yam+1; Yom+3)
+ asd(Yam+1, Yam+2)
= a1d(Yam+1, Yom+2) + @2d(Yam+2, Yom+3) + aad(Yam+2, Yom+3) + asd(Yam+1, Yom+2)
= (az + as)d(Yam+1, Yam+2)
= d(Yam+2, Yam+3)

2.7)
From (2.1) we have
w{d(y2m+27 y2m+3)} = J*{w{M<x2m+27 $2m+3)}7 ¢{M<$2m+27 1’2m+3)}}
= JAV{d(Yam+2, Yom+3) }, O{d(Yomt2, Yom+3) }}
= Y{d(yY2m+2, Yam+3) }, which gives,
J*{¢{d(y2m+27 ?J2m+3>}= ¢{d(y2m+2a y2m+3)}} = ¢{d<y2m+2, me+3)}
Therefore, either Y{d(yam+2, Yoms3)} = 04, or, D{d(Yama2, Yoms3)} = Oa.
Hence,
d(y2m+2, y2m+3) =04 implies Y2m+2 = Y2m+3- (2.8)

From (2.6) and (2.8) we have
Yn = Ynt1 IMplies Y, 11 = Ypyo, forall n=1,2,3, ...
Proceeding in this manner we have,
Yn = Yn+1 implies vy, = Y4, fork =1,2,3, ...

Therefore, {y, } becomes a constant sequence and hence a Cauchy one in X.
Case-II: Assume ¥y, # vy, .1, foralln =1,2,3, ...
For n = 2m, we have from (2.2)

M (Zom, Toms1)

= ad(FGxop, Hroy) + asd(STxom i1, Lxomi1) + asd(ST w1, Hrom)+
a4d(FGxom, Lrom 1) + asd(FGTam, STTom 1)

= a1d(Yam—1, Yom) + @2d(Yom, Yom+1) + a3d(Yam, Yom) + @ad(Yam—1, Yom+1)+
a5d(y2m—1, yzm)

= ard(Yam—1, Yam) + @2d(Yom; Yoms1) + aad(Yam—1, Yom) + aad(Y2m, Yom+1)+

@5d(y2m—1, yzm)
(2.9)

If d(Yom, Yom-1) = d(Yam+1, Yom ), then from (2.9) we have
M(l’zm, $2m+1) = (Cbl + a9 + 2a4 + 05)d(3/2m+17 ?J2m)

(2.10)
= d(Yom+1, Yom) [as(ar + az + 2a4 + a5) =X 14]
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From (2.1) we have

¢{d(HI2m7 L$2m+1)} = J*‘W{M(ﬁzm, «T2m+1)}7 ¢{M(x2m7 me—H)}}
or, w{d<y2m7 y2m+1)} j J*{w{d<y2m+1> y?m)}a ¢{d(y2m+la y?m)}}
= V{d(Yom+1,Yom)}, which gives,
J*{w{d<y2m+la y?m)}a ¢{d(y2m+la y2m)}} = 7vb{d(me-l—la y2m)}
So, either Y{d(Yam+1;Y2m)} = Oa, or, p{d(Y2mi1, Yom) } = Oa.

Hence, d(Yom11, Yom) = 04 implies Yo, 11 = Yam, Which is a contradiction.
Hence,

d(Y2m+1, Y2m) =< d(Y2m, Y2m-1) (2.11)
For n is odd i.e., for n = 2m + 1, m € N, then we have from (2.2)
M($2m+27 $2m+1)
= ad(FGxopmia, Hrom o) + aod(STTomi1, Lromi1) + azd(STxom 11, HTomi2)+
a4d(FGxomio, Lromi1) + asd(FGTamyo, STTomy1)
= a1d(Yam+1, Yom+2) + @2d(Yam, Yom+1) + a3d(Yam, Yom+2) + aad(Yomi1, Yoms1)+
asd(Yam+1, Yom)
= ard(Yom+1, Yom+2) + @2d(Yam, Yom+1) + a3d(Yam, Yomi1) + a3d(Yami1, Yome2)+

a5d(y2m+1, yzm)
(2.12)

If d(Yom, Yom+1) = d(Y2m1, Yoms2), then from (2.12) we have

M (zom+2, Tams1) = (a1 + a2 + 2a3 + as)d(Yam+1, Yom+2)

(2.13)
= d(Yam+1, Yom+2) [as(ar + az + 2a9 + as) < 14]

Now from (2.1) we have

V{d(Hoomyo, Lromy1)} = JAV{M (om0, Toms1) } A{M (Tom2, Tom1) }
or, Y{d(Yam+2, Yom+1)} =2 AW {d(Yoms2, Yoms1) }, O{d(Yoms2: Yoms1) }}
= Y{d(Y2m+2, Yom+1)}, which gives
S AV d(Yomr2, Yomr1) } PAd(Yama2, Yomr1) = V{d(Yomr2, Yoms1) }

So, either Y{d(yom+2, Yom+1)} = Oa, or, p{d(Yom+2, Yom+1)} = Oa.
Hence, d(Yomt2, Yom+1) = 04 = Yomso = Yoms1, Which is a contradiction.

Hence

d(Yom+1, Yom+2) < A(Yom, Yom+1) (2.14)
From (2.11) and (2.14) we have
A(Yn, Yns1) < d(Yn—1,Yyn),foralln =1,2,3, ... (2.15)

Therefore, {d(y,,yn+1)} is monotonic decreasing sequence and bounded below and
hence convergent in X.

Let nh_g.lo d(ym yn—H) = U> nh—>r£10 ¢{d(yn> yn-i—l)} =V and nh_{lgo ¢{d(yn> yn-i—l)} = W,
where U, V.W € A, ie., UV, W = 04.
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Claim: U = 0, i.e., lim d(yn, Yns1) = Oa.
n—oo
From (2.1) we have

W{d(Yam, Yam41)} 2 J{Y{IM (22m, Tom11) }, H{M (22, Lom11)}}
or, Y{d(Hxom, Lrami1)} 2 JA{d(yom-1,Y2m) }, H{d(y2m—1, y2m) } } (2.16)
= p{d(Yom—1,Y2m)}
Taking limit as m — oo on both sides of (2.16) we have
Tim 9{d(yam, yom1)} 2 i JAD{M (2o, Tom1) }s HAM (Tam, Tomi) )
< nll_l)lclx) JAv{d(yam—1, yam) } P{d(Yom—1, Y2m) } }
= J*{"{ig;ow{d(yszl,ym)},n{ggo A d(Yom—1,Y2m) }
= nll_ril)o V{d(Yom-1,Y2m)}
Therefore,
V = Tl {1, 92}, 10 {1,y } <V
or, VJ (VW) <XV (2.17)
or, J.(V,W)=V

Therefore, either V = 04, or, W = 64.
Thus, either lim ¥{d(Yam—1,Y2m)} = 04, or, lim &{d(yom—1,y2m)} = 04, which
m—ro0 m—00
gives,
lim d(yom—1,Yom) = 0a.

m—0o0
Hence,
Tim_d(yam1, Yam) = O (2.18)
Similarly, for n = 2m + 1, we have U = 64 i.e.,
im_d(Yamr1, Yom) = 04 (2.19)
Hence, from (2.18) and (2.19) we have
Jim d(yni1,9n) = 0a (2.20)
and hence
T [ld(g1.3.) | = 0 @21)
Step 1:

Now we prove that {y,,} is Cauchy in X with respect to A. For this it is sufficient to
show that {ys,, } is Cauchy in X.
If not then, for € > 0, there exist integers 2n;, and 2my, with 2my > 2n, > k such that

||d(y2mk> y2nk)|| > € and ||d(y2mk—27 yan)H S € (222)

Now € < ||d(Yam,, Y2ni )| < |d(Y2ny > Yome—2) |+ d(Y2me—25 Y2me—1) || F 1A (Y2me—15 Yom, ) || -
Taking limit as £ — oo we get

e < k11_>1£10 (Y2 Yoni )|l < €.
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Hence,
m || d(yamy,, Yo, ) || = € (2.23)
k—oo

Again € < ‘|d(y2mk+17y2nk)u S ”d<y2mk7y2mk+1)u + Hd(ykaJrla y2nk>”
Taking limit as £k — oo we get

€<+ klim | d(Y2my,+1; Yan, )| < €, which gives
—00

Hm ([ d(Yamyt15 Yon,, ) || = € (2.24)
k—o0
By similar way we obtain
khm Hd(meka y2nk+1)H =€ = lim Hd(yanflv y2mk+1)” (225)
—00 k—00

Therefore, there exists U € A, with ||U|| = € such that
im d(Yam,, Yon,) = M d(Yomt1, Yon,) = M d(Yom, , Yone+1) =
k—oo 'k%oo k—o0
klggo d<y2nk717y2mk+1> =U.

Furthermore, there exists X € N and with ¢ > 0 such that

Hd(yQHk*l?mek)” > 5’ ”d(yQHk*l?ank)H < 5’ Hd(y2mk+17y2mk)“ <
%, ||d(y2nk,ygmk+1)|| > %, for all ka,an > K.

Now for 2my, 2n, > K, from (2.2) we have
M (xon, , Tom,+1)
= a1 d(FGxap,, Hrom, ) + a2d(STTom, 1, LTom, 1) + asd(ST o, +1, Hopn, )+
asd(FGxopn,, Lxom, +1) + asd(FGrop, , ST Tom, +1)

=a1d(Yany,—1, Yo, ) + 02 (Yomy» Yomyp+1) + a3d(Yomy, > Yony,) + a4d(Y2n, 1, Yomy+1)+

a5d(y2nk—17 ?J2mk)
(2.26)

Therefore, from (2.26) we have

1M (29 Tomy1) | < NaalldYang 1, yani )| + llazllld(W2mys om0l + llas|l[[d(amy» Yo, )l

+ llaallld(yan,—1, Yomes )1l + llasllld(yan, 15 Yam, )]
(2.27)

Taking limit as £ — oo on both sides of (2.26) we have
im M (22n,, Tam,41) = kh_{go{ald(yanfla Yony,) + @2d(Y2my,, Yomy+1) + azd(Yam,,, Yon, )+

k—o00
asd(Yany,—1, Yamy+1) + a5d(Yan, —1, Y2my, ) }
= ((13 + ay + CL5)U
=U
(2.28)

from (2.1) we get
U{d(Yony, Yomy+1)} = V{d(Hxop,, Lo, 41)}
= JAY{M (22, s o) by GAM (220, Tomy 1)} (2.29)
S YY{M (220, Tomy, )
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Taking limit as k& — oo on both sides of (2.29) we have

Jim D {d (o, yrmy1)} =0 TAYIM (2205 Tomy1) 1 AAM (T2 T2mpe1) 3
j hm w{M(xan7$2mk)}

k—o00

Therefore,

klim V{d(Yany,, Yomy+1)} = Jed lim D{d(z2n,, Tom, 1)}, Hm ¢{d(@2n,, Tom,1)}}
—00 k—o00 k—o00

< lim 1/}{d(x2nk7 ZL‘ka+1)}

k—o00

(2.30)

Therefore, from (2.30) we have
J*{]}LIQO P{d(T2n, s Tamir1) } Lim o{d(@2ny, Tamy+1)}} = Jim Y{d(Tan, s Tamyt1) }-
Hence, by the definition of J, function

either k:h—)ngo w{d(fEan, mek-f-l)} - 9A7 or, k‘li)nc}o QS{d(ank)mek-i—l)} - 0147
which implies that

lim d(zan,, Tom,+1) = 0.4, Which is a contradiction.
k—o0

Hence {y,} is a Cauchy sequence in X.
Since (X, A, d) is complete so, there exists z € X such that

lim y9, = lim Hxy, = lim STxy,.1 = 2. (2.31)
n—00 n—00 n—oo
and
lim y9,41 = lim Lxo,.1 = lim FGroyo = 2. (2.32)
n— 00 n—00 n—00

Assume F'G is continuous.
Then lim (FG)%xy, = FGz and lim (FG)Hzxy, = FGz

n—oo n—oo

As (H, FG) is compatible, so we have lim H(FGzy,) = FGz
n—oo
Step 2:
Claim: FGz = z.
Now from (2.2) we have
M(FGZ’Qn, $2n+1) = Clld((FG)ngn, H(FGIQn)) + CLQd(ST&?Qn+1, L$2n+1>+
a3d(STxon 41, H(FGr2,)) + asd((FG)* 2oy, Lron 1)+

(l5d((FG)2J]2n7 STC(]Qn+1)
(2.33)
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Taking limit as n — oo on both sides of (2.33) we have
lim M(FGxay, xont1) = a1d(FGz, FGz) + agd(z, 2) + asd(z, FGz) + a4d(FGz, z)+

asd(FGz, z)
= (a3 + a4 + a3)d(FGz, 2)
= d(FGz,2)
(2.34)

Now from (2.1) and using (2.34) we have
@Z){d(Hl‘Qna LxQn—i—l)} = J*{’I/J{M(ﬁgn, $2n+1)}7 QS{M(:EZH: $2n+1)}} (235)

Taking limit as n — oo on both sides of (2.35) we have
Jim p{d(Hzon, Lropia)} = im JAD{M (Ton, T2nt1) }s GIM (Ton, Toni1) 1
or, lim Y{d(Hwsn, Lroni1)} = Juo{ im O{M (2o, Ton41)}, im G{M (22, Z2n11)}}
Therefore,
nh_}n;() Y{d(Hzop, Lroni1)} = J*{nll_>113O P{d(FGxap, L$2n+1)},nh_>nolo W d(FGxop, Lrani1)}}
= lim Y{d(FGrgn, Lroni1)}

o (2.36)
Therefore,
J*{nh_)n;o V{d(FGxap, Lroni1)}, nh_)nolo {d(FGxop, Lrani1)}} = nh_)rgo V{d(FGxap, Lroni1)}s
which gives, either lim {d(FGza,, Lxon1)} = 04,01, lim ¢{d(FGxay, Lro,i1)} =
04. B B
Therefore, in both cases

lim d(FGxop, Lxoni1) = 04, or, d(FGz,z) =04

n—o0

Hence,
FGz ==z (2.37)

Step 3:
Claim: Hz = z.
Now from (2) we have

M(Z, x2n+l)
= ald(FG’z, HZ) + CLQd(ST(]?Qn+1, L$2n+1) -+ agd(ST$2n+1, HZ) + a4d(FGz, L$2n+1>
+ CL5d(FGZ, STZL'Qn_H)

(2.38)
Taking limit as n — oo on both sides of (2.38) we have
lim M (z, x2,41)
n—oo
= a1 d(FGz,Hz) + asd(z,z) + azd(z, Hz) + ayd(FGz, z) + asd(FGz, z) (2.39)
= agd(z, Hz) .

< d(z, Hz)
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Now from (2.1) and using (2.39) we have
w{d<HZ7 LIQTL—H)} j J*{w{M(Za x2n+1)}7 ¢{M(Z7 I2n+1)}} (240)

Taking limit as n — oo on both sides of (2.40) we have
Jim {d(Hz, Lrgpga)} = lim JAP{M (2, 22n11)}, o{M (2, T2n11)
or, lim Y{d(Hwsn, Lropi1)} = J{ im O{M (2, 23n41)}, im G{M (2, Zon11)}}
or, lim Y{d(Hz, Lon1)} 2Ju{ lim p{d(Hz, Leani1)}, lim o{d(Hz, Lania)}}

j lim ¢{d<H27 Lx2n+1)}
n—oo
(2.41)

Hence,

J*{JLIIC}O Y{d(Hz, Lrani1)}, Jim P{d(Hz, Lrony1)}} = Jim Y{d(Hz, Lroni1)},
which gives either lim {d(Hz, Lxa,41)} = 04, or, lim ¢{d(Hz, Lxa,4+1)} = Oa.

n—oo n—o0
Hence,

lim d(Hz, Lroyy1) = 0a0r, d(Hz,2) =04

n—oo
Hence,
Hz==z (2.42)
Hence, from (2.37) and (2.42) we have
FGz=Hz=z. (2.43)
Step 4:
Claim Gz = z.

Again putting x = z and y = x3,,11 in (2.2) we have
M(Gz, w9541)
= ad(FGGz, Hz) + asd(STxop 1, Lroni1) + azd(STxo, 1, HG2)+  (2.44)
asd(FGGz, Lray1) + asd(FGGz, STxo,41)
Now as F'G = GF,HG = GH, so
H(Gz) =G(Hz) = Gzand FG(Gz) = GF(Gz) = G(FGz) = Gz
Taking limit as n — oo on both sides of (2.44) we have
lim M(Gz,x,11) = a1d(Gz, 2) + a2d(z, z) + a3d(z, Gz) + a4d(Gz, 2) + asd(Gz, z)

n—oo
= (a1 + a3+ a4+ as)d(Gz,2)
=2 d(Gz, 2)
(2.45)

Now from (2.1) and using (2.45) we have
W{d(HGz, Lrgni1)} 2 JAY{M (G2, w2n 1)}, { M (G2, 22041) }} (2.46)
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Taking limit as n — oo on both sides of (2.46) we have
lim G{d(HGz, Lagyi)} 3 lim J{0{M (G2, 22,1}, 6{M (G2, 22011)})
or, lim W{d(Gz, Lirsr)} < LA lim o {M(Gz w30}, lim ${M(Gz,2011)})
or, nh_}n(r}o W{d(Gz, Lrayy1)} = J*{nh_{Eo P{d(Gz, Lxgnﬂ)},nli_{go o{d(Gz, Lrani1)}}
= lim Y{d(Gz, Lrani1)}
(2.47)

Therefore,
Jod lim 9{d(Gz, Lrgpia)}, lim ¢{d(Gz, Lognya)}} = lim p{d(Gz, Lgns)}-
Therefore, either nh_{go V{d(Gz, Lxa,+1)} = 04, or, nh_>rrolo {d(Gz, Lrayi1)} = 0a.
Hence,

lim d(Gz, Lxg,i1) = 04 0r, d(Gz,2) = 04.

n—oo
Hence,
Gz ==z (2.48)
Therefore,
H:=Gz=Fz=z (2.49)
Step S:

As H(X) C ST(X), there exists u € X such that z = Hz = ST'u.
Claim: Lu = z.
Again putting * = x5, and y = u in (2.2) we have

M (29, u) = a1d(FGxapn, Hroy) + aod(STu, Lu) + azd(STu, Hxoy,) + asd(F Gy, Lu)

+ asd(FGxap, STu)
(2.50)

Taking limit as n — oo on both sides of (2.49) we have
lim M (zon,u) = a1d(z, z) + agd(z, Lu) + asd(z, z) + asd(z, Lu) + asd(z, z)
n—oo
= (as + a4)d(z, Lu)

= d(z, Lu) S
2.51)

Now from (2.1) and using (2.51) we have
W{d(HGz, Logni1)} =2 JA{M(Gz, 22n41) }, oH{M (G2, 22041) }} (2.52)
Taking limit as n — oo on both sides of (2.52) we have
T {d(Hn, L} = i JA0AM (220, )}, 6{M (220, 0} }
or, lm {d(Hryy. Lu)} < J.{ T (M (. )}. im 6(M (a2, )})
or, lim Y{d(Hwsn, Lu)} < JA lim ¢{d(Hzon, Lu)}, lim ¢{d(Hzan, Lu)}}
< lim {d(Hzs,, Lu)}
(2.53)
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Therefore, J.{ lim {d(Hxa,, Lu)}, lim ¢p{d(Hzxa,, Lu)}} = lim Y{d(Hz,, Lu)}.
Therefore, eith%?ifi_}rgo Y{d(Hzap, Lu)n;io 04, or, nh_g)lo o{d(H xQZTEOu)} =04.
Hence,

lim d(Hza,, Lu) = 04

n—oo

or, d(z, Lu) = 04.

Hence,
z=1Lu (2.54)
Hence,
STu=z= Lu (2.55)
As {L, ST} is weakly compatible, we have ST Lu = LSTu.
Thus
STz =Lz (2.56)
Step 6:

Claim: Lz = z.
Now from (2) we have

M (zap, 2) = a1d(FGrap, Hxoyn) + a2d(ST'z, Lz) + a3d(STz, Hxay) + ayd(FGxay, L2)

+ asd(FGxay, STz)
(2.57)
Taking limit as n — oo on both sides on (2.57) we have
lim M (xon, 2) = a1d(z, 2) + aed(STz, Lz) + asd(Lz, z) + asd(z, Lz) + asd(z, Lz)
n—oo
= (CL3 + ay + CL5>d<LZ, Z)
< d(Lz, z2)
(2.58)

Now from (2.1) and using (2.58) we have
V{d(Haon, L2)} = J{{M (220, 2) }, p{M (220, 2) } } (2.59)
Taking limit as n — oo on both sides of (2.59) we have
Tim y{d(Hwy, L2)} 2 lim J{{M (220, 2)}, ${M (220, 2) }}
or, lim {d(Ha,. L2)} % Ju{ lim (M (w00, 2)}, lim o{M(22,,2)}}
or, lim Y{d(Hwsy, L2)} = J.{ lim p{d(Hwzn, L2)}, lim ¢{d(Hza,, L2)}}
= lim Y{d(Hwon, L2)}
(2.60)
Therefore, J.{ lim ¢{d(Hxs,, Lz)}, lim ¢{d(Hxs,, Lz)}} = lim Y{d(Hxs,, Lz)}.
Therefore, eithré?ji_}r{)lo Y{d(Hzayp, Lz)n;io 04, or, nh_g)lo ¢{d(H$QZTZOz)} =04.
Hence,
lim d(Hzay,, Lz) = 04, or, d(Lz,z) = 04.

n—oo
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Hence,
Lz =z (2.61)
As LT =TL and ST =TS, we have
LTz=TLz=Tzand ST(Tz) =T(STz) =T-=.

Step 7:
Claim: Tz = 2.
Now from (2.2) we have

M (z9,,Tz)
= ad(FGxoy, Hray) + aod(STTz, LT2) + a3d(STTz, Hxay,) + asd(F Gy, LTz)+

asd(F Gz, STT 2)
(2.62)

Taking limit as n — oo on both sides on (2.62) we have
lim M (x9,, T2) = a1d(z, 2) + a2d(Tz, Tz) + asd(T'z, z) + asd(2,Tz) + asd(z,T'2)

n—oo

= (ag + a4 + as)d(z,Tz)

<d(z,T=z)
(2.63)

Now from (2.1) and using (2.63) we have
U{d(Hwgn, LT2)} 2 JA{{M (220, T2)}, p{M (20, T2) } } (2.64)
Taking limit as n — oo on both sides of (2.64) we have
Jim {d(Hwgn, LT2)} 2 lim JAY{M (220, T2)}, G{M (220, T2)}}
or, nh_g)lo Y{d(Hz,, LTz)} < J*{nh_g)lo Yﬂ{M(Ian,TZ)},T}i_{EO AHAM (z2,,T2)}}
or, RILI& Y{d(Hzo,, LTz)} < J*{nhﬁrgo @D{d(HQTQn,TZ)},T}LIEO o{d(Hzxon, Tz)}}
< lim {d(Hs, T2)
(2.65)
Therefore, J*{nll_glo w{d(HxQn,Tz)},nli_)Holo o{d(Hxo,, T2)}} = nh_)rrolo V{d(Hzo,, Tz)}.
Therefore, either 7111_)120 V{d(Hzy,,Tz)} = 04, or, nh_)rrolo ®{d(Hzxs,, Tz)} = 04, which
gives
lim d(Hza,,Tz) =04, or, d(Tz,2) = 04.

n—oo
Hence,
Tz = z. (2.66)
Now STz=Tz=2= Sz=z.
Hence,
Sz=Tz=Lz=z. (2.67)

Combining (2.49) and (2.67) we have
H:=Gz=Fz=8z=Tz=Lz=z. (2.68)
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Therefore, F, G, S, T, H, L have a common fixed point in X.
Step 8:

Assume H is continuous.

Then lim H?xz,, = h_)m Hz and li_)m H(FGxy,) = Hz.

n—o0

As {H, FG} is compatible, so we have lim FG(Hzs,) = Hz.

n—oo

Claim: Hz = 2.
Now from (2.2) we have
M(HIQTL, I2n+1) = ald(FGngn, H2C(72n) + (lgd(ST(EQn_H, LZL’Qn+1) + CL3d(STZE2n+1, HQIQ,-L)
-+ a4d(FGHx2n, L$2n+1) + CL5d(FGH.T2n, ST$2n+1)
(2.69)
Taking limit as n — oo on both sides of (2.69) we have

lim M(Hxzop, Tons1) = a1d(Hz, Hz) + asd(z, 2) + azd(z, Hz) + ayd(Hz, z) + asd(Hz, 2)
n—oo
= (ag+ a4 +as)d(Hz, z)
= d(Hz,z)
(2.70)

Now from (2.1) and using (2.70) we have
Y{d(HHxon, Lroni1)} = JAV{IM (Haon, ont1) } M (Hxon, Tons1)}}  (2.71)

Taking limit as n — oo on both sides of (2.71) we have

lim ¢{d(H2$2m L$2n+1)} = nll_{Ic}o J*{l/J{M(H@m l’2n+1)}7 ¢{M<H$2m $2n+1)}}

n—oo
or, T}glgo ¢{d(H2352n, L$2n+1)} = ‘]*{,113.10 ¢{M(H952n,932n+1)},7}££10 ¢{M(H332n,1'2n+1)}}
or, lim w{d(}p@m Ll‘2n+1)} = J*{ lim ¢{d(H2$2m L$2n+1)}7 lim ¢{d(H2$2mL$2n+1)}}
n— 00 n—0o0 n—0o0
j hm w{d(H2$2n, L$2n+1)}
n—o0
(2.72)

Therefore,

J*{nh_{rolo Y{d(H?w2,, Lx2n+1)},7}i_>r{)10 d{d(H?vop, Lxoy11)}} = nh_)rglo Y{d(H*v2y,, Loy 11)}-
Therefore, either nh_)rxolo V{d(H?*x9p, Lxo,11)} = 02, or, nh_%lo A{d(H? vy, Lxoyi1)} =

6 4, which gives

lim d(H2$2n,L$2n+1) =04, or, d(Hz,2) = 0,.

n—»00
Hence,
Hz==z (2.73)
Proceeding same as in Step 2-Step 4 we have
Lz=8Tz=52=Tz= 2. 2.74)
Step 9:

As L(X) C FG(X), there exists v € X such that z = Lz = FGw.
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Claim: Lu = z.

Again putting * = v and y = x9,11 in (2.2) we have

M (U; 1?2n+1)

= ald(FGv, HU) + (Igd(STl‘gn_H, LJ;Zn-ﬁ-l) + agd(ST$2n+1, HU) + a4d(FGv, Ll‘2n+1)

+ CL5d<FG’U, ST$2n+1)
(2.75)

Taking limit as n — oo on both sides of (2.75) we have
lim M (v, za41) = a1d(z, Hv) 4 a2d(z, 2) + aszd(z, Hv) + a4d(z, z) + asd(z, z)

n—oo
= (a1 + a3)d(z, Hv)
= d(z, Hv)
(2.76)
Now from (2.1) and using (2.76) we have

P{d(Hv, Lrgn 1)} = JAP{M (0, 22041) }, ¢{M (0, 22011) } } (2.77)
Taking limit as n — oo on both sides of (2.77) we have
Tim G {d(Hv, Lzn)} < 1 JAG{M (0, 22000)}, 6{M (v, 22011)})
or, lim W{d(Hv, Ltsgin)} < L lim &AM (v, 22000)}, lim 6{M (0, 220.11)}}
or, nhjEO PY{d(Hv, Lxon41)} = J*{JLIEO w{d(HU,L@nH)},JE& ¢{d(Hv, Lxon+1)}}

=< lim Y{d(Hv, Lz,41)}
. (2.78)
Therefore, J*{nh—>nolo Y{d(Hwv, LxQ”H)}’r}i—g}o ¢{d(Hv, Lxoni1)}} = nh_}n(r)lo W{d(Hv, Loy 1)}-
Therefore either lim ¢ {d(Hv, Lxo,11)} = 04, or, lim ¢{d(Hv, Lro,11)} = 04,
which gives, B e
lim d(Hv, Lxo,11) = 04, or, d(Hv,z) = 04.

n—oo
Hence,
Hv==z (2.79)

Therefore,

FGv=Hv=Lz=z. (2.80)
As {H, FG)} is compatible so, we have H(FGv) = FG(Hv).
Therefore, Hz = F'Gz and Gz = z.
Proceeding similarly as in Step 6 we have

Fz=Gz=Hz==z (2.81)
Hence, by (2.80) and (2.81) we have
Fz=Gz=Hz=Lz=8z=Tz=z. (2.82)
Therefore, z is a common fixed point of F, G, H, L, S, T.

Step 10:
Uniqueness: If possible let, u and z be two distinct fixed points of F\ G, H, L, S, T
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e, Fu=Gu=Hu=Lu=Su=Tu=vand Fz =Gz =Hz =Lz =5z =
Tz = z with u # z. Now from (2.2) we have

M(u, z) = ayd(FGu, Hu) 4+ a2d(STz, Lz) + a3d(STz, Hu) + a4d(FGu, Lz) + asd(FGu, STz)
= (a3 + a4 + a5)d(u, 2)

= d(u, z)
(2.83)

Now from (2.1) and using (2.83) we have

Y{d(Hu, Lz)} = J{{M (u,2)}, p{ M (u, 2)}}
=< JAY{d(u, 2)}, ¢{d(u, 2)} }
< {d(u,2)}

Therefore, J.{{{d(u, 2)}, p{d(u, z)}} = ¥{d(u, 2)}, which gives

either Y{d(u, z)} = 04, or, p{d(u, 2)} = Oa4.

Hence, d(u, z) = 04, which is a contradiction.

Hence, the common fixed point of I, G, H, L, S, T is unique.

This completes the proof.

Note: If we replace the condition (iii) by if {L, ST} is compatible and {H, FG} is
weakly compatible and either L, or, ST is continuous, then Theorem 2.1 also holds.

Example 2.1. Assume X = R and A = M5(R) be the set of all bounded linear oper-
ators on a Hilbert space R>.

_( Kle—yl 0
Define d(x,y) = 0 z— |
be a complete C*-algebra valued metric space.
Assume S(v) = 182, T(x) = 3, H(z) = z,L(x) = 22, F(xr) = 62,G(z) = 3,
then ST(x) = 6z, FG(x) = 3z and H(X) C ST(X),L(X) C FG(X); and
FG=GF,ST=TS,HG=GH,LT =TL.

>, where k > 0 is a constant.Then (X, A, d)

Now
k|3x — x 0 k|12y — 2 0
d(FGm,Hx):( | 0 | 132 — >,d(STy,Ly):< | y() vl 12y — 2 ),
kE|12y — x 0 k|3z — 2 0
d(STy,Hx):( e ),d(FGx,Ly)Z( B )
k|3x — 12 0 klx —2 0
d(FGx,STy):( | 0 Yl 32 — 12 ),d(Hx,Ly):( | 0 Yl |I—2y|)
Here
M(z,y)

B k|3z — x| 0 k|12y — 2y 0 k|12y — x| 0
_al( 0 |3x—x|>+a2( 0 12y — 2y ) T8 0 112y — |

k|3x — 2y| 0 k|3x — 12y| 0
+&4( 0 |3z -2y ) “‘5( 0 132 — 12y

We take (P) = 2P and ¢(P) = £, VP € A,. Then
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V{d(Hz, Ly)} <k|2x0_ 1l |2I84y|)

A (00 (00 {00 _
ssume ay; = 0 0 , Qo = 00 , A3 = 0 0 , Qg =
50)

6

(45

Now 5k’ 5k| |
_ 5l — 2y| 0 _ [ FlT—2 0

Therefore the condition Y{d(Hx, Ly)} < J{V{M(x,y)}, p{M (x,y)}} holds.
Here x = 0 is the unique common fixed point of F',G,S, T, H, L.

oo
oo
~_
S
(@2
I

Corollary 2.1. Let (X, A, d) be a complete C*-algebra valued metric space and F, G, S, T,
H, L are self maps on X such that for all x,y € X, the following conditions hold:

Y{d(Hz, Ly)} = J{U{M (z,y}), p{M (2, y)}}, ¥, ¢ € Pand J. € Ci;  (2.84)

where, M (z,y) = a1d(FGx, Hx) + a2d(STy, Ly) + asd(STy, Hx) + a4d(F Gz, Ly)+
asd(FGx, STy);
(2.85)

with a; + as + 2(az + a4) + a5 < 1,a; > 0 foralli=1,2,3,4,5.
and

(i) H(X) C ST(X),L(X) C FG(X);

(ii) FG=GF,ST =TS, HG = GH,LT =TL;
(iii) {H, FG} is compatible and {L, ST} is weakly compatible; either H or FG is

continuous.

Then F,G,S,T, H, L have a unique common fixed point in X.

Corollary 2.2. Let (X, A, d) be a complete C*-algebra valued metric space and F, G, S, T,
H, L are self maps on X such that for all x,y € X, the following conditions hold:

V{d(Hz, Ly)} 2 {M(z,y} — o{M(z,9)}, ¥, ¢ € ®; (2.86)

where, M (z,y) = a1d(F Gz, Hz) + a2d(STy, Ly) + asd(STy, Hx) + a,d(FGx, Ly)+

asd(FGx,STy); where a; € A, foralli=1,2,3,4,5.
(2.87)

with a1 + as —|—2(a3 +CL4) +as = Ia; 04 <0a;, Vi=1,2,3,4,5;
larll + llaz|l + 2(llasll + llaall) + [las|| < 1.
and
(i) H(X) C ST(X), L(X) C FG(X);
(i) FG = GF,ST = TS, HG = GH. LT = TL:
(iii) {H, FG} is compatible and {L, ST} is weakly compatible; either H or FG is
continuous.

Then F,G,S, T, H, L have a unique common fixed point in X.
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Corollary 2.3. Let (X, A, d) be a complete C*-algebra valued metric space and F, G, S, T,
H, L are self maps on X such that for all x,y € X, the following conditions hold:

Wd(Hz, Ly)} 2 9{M (2, y)} — o{M(2,9)}, ¥, 6 € &; (2.88)

where, M(z,y) = a1d(F Gz, Hz) + a2d(STy, Ly) + asd(STy, Hx) + a,d(FGx, Ly)+

asd(FGz, STy);
(2.89)

with a; + as + 2(az + a4) + a5 < 1; a; > 0 foralli =1,2,3,4,5;
and
(i) H(X) C ST(X), L(X) C FG(X);
(i) FG = GF,ST =TS, HG = GH, LT = TL;
(iii) {H, FGY} is compatible and {L, ST} is weakly compatible; either H or FG is
continuous.

Then F,G,S,T, H, L have a unique common fixed point in X.
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