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NEW RESULTS ON LEAP ZAGREB INDICES

HARISHCHANDRA S. RAMANE1 AND KARTIK S. PISE2∗

Abstract. In this paper, we investigate the chemical importance of the leap
Zagreb indices, and it is shown that the third leap Zagreb index is useful in
predicting the boiling point of benzenoid hydrocarbons with high accuracy
(with the co-efficient of correlation R=0.9788). We express the leap Zagreb
indices in terms of first-degree based indices, instead of second-degree. We also
obtain explicit formulae for the third leap Zagreb index of some derived graphs.

1. Introduction

Throughout this article, we consider graphs that are simple, finite, connected
and undirected. Let G be a graph with the vertex set V (G) and the edge set
E(G). For a vertex u in G, dG(u) denotes the degree of vertex u in G and d2(u/G)
denotes the number of vertices at distance 2 from u in G. The neighbours degree
sum of a vertex u in G, denoted by δG(u), is defined as δG(u) =

∑
v∈NG(u) dG (v),

where NG (u) = {v : uv ∈ E (G)}.
A molecular graph is a graph-theoretic representation of a chemical compound’s

structural formula. In mathematical chemistry, molecular descriptors (numerical
functions related with molecule structure) play an important role. To share chem-
ical features, they are used in QSAR and QSPR investigations. Graph invariants
are significant types of molecular descriptors because they are numerical functions
from the underlying molecular graph to positive real numbers R+.

The first and second Zagreb indices are graph invariants based on vertex-degree
that were first presented in the 1970s [7, 8]:

M1 (G) =
∑

u∈V (G)

dG(u)2 andM2 (G) =
∑

uv∈E(G)

dG(u)dG(v).

The first Zagreb index has been discovered to be expressed, alternatively, as
[4]

M1 (G) =
∑

uv∈E(G)

(
dG(u) + dG(v)

)
.
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Many degree based indices were introduced after then: the forgotten index
F (G) [5], the re-defined third Zagreb index ReZ(G) [16], the neighbourhood
first Zagreb index NM1(G) [10] and the neighbourhood second Zagreb index [10]
NM2(G), etc.

F (G) =
∑

u∈V (G)

dG(u)3 =
∑

uv∈E(G)

[
dG(u)2 + dG(v)2

]
ReZ(G) =

∑
uv∈E(G)

(
dG(u) + dG(v)

)
dG(u) dG(v)

NM1(G) =
∑

u∈V (G)

δG(u)2

NM2(G) =
∑

uv∈E(G)

δG(u)δG(v).

In 2017, Naji et al. [11] introduced the leap Zagreb indices based on second-
degree, which are analogous to the Zagreb indices, and studied their basic prop-
erties.

Definition 1.1. [11] For a graph G, the first, second, and third leap Zagreb
indices are:

LM1 (G) =
∑

u∈V (G)

d2 (u/G)2 (1.1)

LM2 (G) =
∑

uv∈E(G)

d2 (u/G) d2 (v/G) (1.2)

LM3 (G) =
∑

u∈V (G)

dG(u)d2 (u/G) . (1.3)

In 2019, Maji et al. [9] correlated the third leap Zagreb index with the physico-
chemical properties of octane isomers, and studied the same under different graph
products. See [12, 17] for more works on the leap Zagreb indices.

In this paper, we investigate the chemical importance of the leap Zagreb indices,
and it is shown that the third leap Zagreb index is useful in predicting the boiling
point of benzenoid hydrocarbons with high accuracy. We express the leap Zagreb
indices in terms of first-degree based indices, instead of second-degree. And we
find explicit formulae for the third leap Zagreb index of some derived graphs.

2. Regression model for boiling point

Here, we look into the relationship between the leap Zagreb indices of the rel-
evant molecular graphs and the boiling points (BP ) of benzenoid hydrocarbons.

Experimental values for the boiling points of the benzenoid hydrocarbons shown
in Table 1 are acquired from [13].

Molecular graphs of benzenoid hydrocarbons taken under consideration are
shown in Figure 1. The scatter plot between BP and indices LM1, LM2 and
LM3 are shown in Figures 2, 3 and 4.
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Figure 1. Molecular graphs of benzenoid hydrocarbons under consideration.

Figure 2. Scatter plot between the boiling point (BP ) and the
first leap Zagreb index (LM1).

Figure 3. Scatter plot between the boiling point (BP ) and the
second leap Zagreb index (LM2).
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Figure 4. Scatter plot between the boiling point (BP ) and the
third leap Zagreb index (LM3).

Table 1. The values of experimental boiling points and the leap
Zagreb indices of 21 benzenoid hydrocarbons.

Benzenoid hydrocarbon BP (◦C) LM1 LM2 LM3

1 218 84 96 64
2 338 152 184 106
3 340 148 176 104
4 431 220 273 148
5 425 216 265 146
6 429 228 288 150
7 440 212 256 144
8 496 286 363 182
9 493 292 376 184
10 497 292 374 184
11 547 340 457 222
12 542 356 466 218
13 535 292 370 190
14 536 284 354 188
15 531 284 354 188
16 519 288 362 190
17 590 420 558 252
18 592 362 470 226
19 596 356 358 224
20 594 356 456 224
21 595 364 473 226

Using the data in Table 1 as input, the following linear regression models for
the boiling point (BP ) were created using the least squares fitting method in the
SPSS Statistics programme.
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Table 2. Correlation coefficient and standard error of the estimation.

Index Correlation coefficient Standard error
(R) with boiling point of the estimate

LM1 0.9656 26.64330
LM2 0.9267 38.50440
LM3 0.9788 20.97238

BP = 171.6991(±20.4775) + 1.1451(±0.0707)LM1 (2.1)

BP = 205.7777(±27.7020) + 0.8136(±0.0756)LM2 (2.2)

BP = 124.2412(±18.1101) + 2.0412(±0.0979)LM3 (2.3)

The model (2.3) demonstrates that the experimentally determined boiling point
of benzenoid hydrocarbons has a stronger association with the third leap Zagreb
index (R=0.9788) than it does with the other leap Zagreb indices.

Hence, the leap Zagreb indices have a strong chemical application. Therefore,
in the following sections, we will discuss some new theoretical studies on them.

3. Leap Zagreb indices in terms of first-degree based indices

Lemma 3.1. [11] Let G be a connected graph with n vertices and m edges. Then

d2 (u/G) ≤

 ∑
v∈NG(u)

dG(v)

− dG(u).

Equality holds if and only if G is a {C3, C4}-free graph.

Theorem 3.2. For a {C3, C4}-free graph G,

d2 (u/G) = δG (u)− dG(u). (3.1)

Proof. Result follows immediately from Lemma 3.1 and definition of δG (u). �

Lemma 3.3. [10] For a graph G,∑
u∈V (G)

δG (u) = M1(G).

Lemma 3.4. [14] For a graph G,

M2 (G) =
1

2

∑
u∈V (G)

dG(u)δG (u) .

Lemma 3.5. [14] For a graph G,

NM1 (G) =
∑

uv∈E(G)

(δG (u) dG (v) + δG (v) dG (u)) .

Now, we express the leap Zagreb indices in terms of the first-degree based
indices, instead of second-degree, in the form of following theorems.
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Theorem 3.6. For a {C3, C4}-free graph G,

LM1 (G) = M1 (G)− 4M2 (G) +NM1 (G) . (3.2)

Proof. Let G be a {C3, C4}-free graph. Then, by definition

LM1 (G) =
∑

u∈V (G)

d2 (u/G)2

=
∑

u∈V (G)

(δG (u)− dG(u))2

=
∑

u∈V (G)

(
δG(u)2 + dG(u)2 − 2δG(u)dG(u)

)
=

∑
u∈V (G)

δG(u)2 +
∑

u∈V (G)

dG(u)2 − 2
∑

u∈V (G)

δG(u)dG(u)

= NM1 (G) +M1 (G)− 2 (2M2 (G))

= M1 (G)− 4M2 (G) +NM1 (G) .

�

Theorem 3.7. For a {C3, C4}-free graph G,

LM2 (G) = M2 (G)−NM1 (G) +NM2 (G) . (3.3)

Proof. Let G be a {C3, C4}-free graph. Then, by definition

LM2 (G) =
∑

uv∈E(G)

d2 (u/G) d2 (v/G)

=
∑

uv∈E(G)

(
δG(u)− dG(u)

)(
δG(v)− dG(v)

)
=

∑
uv∈E(G)

(
δG(u)δG(v)− (δG(u)dG(v) + δG(v)dG(u))

+dG(u)dG(v)

)
=

∑
uv∈E(G)

δG(u)δG(v)−
∑

uv∈E(G)

(δG(u)dG(v) + δG(v)dG(u))

+
∑

uv∈E(G)

dG(u)dG(v)

= NM2 (G)−NM1 (G) +M2 (G) .

�

Theorem 3.8. For a {C3, C4}-free graph G,

LM3 (G) = 2M2 (G)−M1 (G) . (3.4)
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Proof. Let G be a {C3, C4}-free graph. Then, by definition

LM3 (G) =
∑

u∈V (G)

dG(u)d2 (u/G)

=
∑

u∈V (G)

dG(u) (δG(u)− dG(u))

=
∑

u∈V (G)

(
dG(u)δG(u)− dG(u)2

)
=

∑
u∈V (G)

dG(u)δG(u)−
∑

u∈V (G)

dG(u)2

= 2M2 (G)−M1 (G) .

�

4. Third leap Zagreb index of some derived graphs

The following graphs, which are derived from G, are considered here:

• The line graph, denoted by L = L(G), is a graph with V (L(G)) = E(G)
and two vertices in L(G) are adjacent if and only if their corresponding
edges are adjacent in G.
• The subdivision graph, denoted by S = S(G), is obtained by introducing

a vertex of degree 2 on every edge of G.
• The paraline, denoted by PL = PL(G), is defined as PL(G) = L(S(G)).

We need the second degree of an edge in a graph G, as a vertex in L(G) is in
association with its corresponding edge in G.

Proposition 4.1. For any edge e = uv of a {C3, C4}-free graph G,

d2 (e/G) = δG(u) + δG(v)− 2 (dG(u) + d2 (v/G)) + 2.

Proof. Let e = uv be an any edge of {C3, C4}-free graph G. Then,

d2 (e/G) = d2 (uv/G)

=

(
Number of vertices at distance 2

from u not through v

)
+

(
Number of vertices at distance 2

from v not through u

)
= (d2 (u/G)− (dG(v)− 1)) + (d2 (v/G)− (dG(u)− 1))

= d2 (u/G) + d2 (v/G)− dG(u)− dG(v) + 2.

From Eqn. (3.1), the above equation becomes

d2 (e/G) = (δG(u)− dG(u)) + (δG(v)− dG(v))− dG(u)− dG(v) + 2

= δG(u) + δG(v)− 2 (dG(u) + d2 (v/G)) + 2.

�

Theorem 4.2. For a {C3, C4}-free graph G with n vertices and m edges,

LM3 (L) = 6M1 (G)− 8M2 (G)− 2F (G) +ReZ (G) +NM1 (G)− 4m.
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Proof. Let G be a {C3, C4}-free graph and e = uv be any edge of G. Then

LM3 (L) =
∑

e∈V (L)

dL (e) d2 (e/L)

=
∑

uv∈E(G)

dG (uv) d2 (uv/G)

=
∑

uv∈E(G)

(dG(u) + dG(v)− 2)
(δG(u) + δG(v)− 2 (dG(u) + d2 (v/G)) + 2)

=
∑

uv∈E(G)

(
(dG(u)δG(u) + dG(v)δG(v))

+(dG(u)δG(v) + dG(v)δG(u))

−2(dG(u)2 + dG(v)2)− 2(δG(u) + δG(v))

−4dG(u)dG(v) + 6(dG(u) + dG(v))− 4
)

=
∑

uv∈E(G)

(dG(u)δG(u) + dG(v)δG(v))

+
∑

uv∈E(G)

(dG(u)δG(v) + dG(v)δG(u))

−2
∑

uv∈E(G)

(dG(u)2 + dG(v)2)− 2
∑

uv∈E(G)

(δG(u) + δG(v))

−4
∑

uv∈E(G)

dG(u)dG(v)

+6
∑

uv∈E(G)

(dG(u) + dG(v))−
∑

uv∈E(G)

4

= ReZ(G) +NM1(G)− 2F (G)− 2(M2(G))− 4M2(G) + 6M1(G)− 4m

= 6M1 (G)− 8M2 (G)− 2F (G) +ReZ (G) +NM1 (G)− 4m.

�

Theorem 4.3. For any graph G with n vertices and m edges,

LM3 (S) = 3M1 (G)− 4m.

Proof. Let G be any graph. Then the subdivision graph S = S(G) of G is always
free from {C3, C4}. For u ∈ V (G), dS(u) = dG(u) and d2(u/S) = dG(u). For
e = uv ∈ E(G), dS(uv) = 2 and d2(uv/S) = (dG(u) + dG(v)− 2).

LM3 (S) =
∑

x∈V (S)

dS (x) d2 (x/S)

=
∑

x∈V (G)∪E(G)

dS (x) d2 (x/S)

=
∑

u∈V (G)

dS (u) d2 (u/S) +
∑

e∈E(G)

dS (e) d2 (e/S)
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LM3 (S) =
∑

u∈V (G)

dG(u)dG(u) +
∑

uv∈E(G)

2 (dG(u) + dG(v)− 2)

=
∑

u∈V (G)

dG(u)2 + 2

 ∑
uv∈E(G)

(dG(u) + dG(v))−
∑

uv∈E(G)

2


= M1(G) + 2 (M1(G)− 2m)

= 3M1 (G)− 4m.

�

Lemma 4.4. [6] Let S be the subdivision graph of the graph G. Then

M1 (S) = M1 (G) + 4m.

Lemma 4.5. [2] Let S be the subdivision graph of the graph G. Then

M2 (S) = 2M1 (G) .

Lemma 4.6. [3] Let S be the subdivision graph of the graph G. Then

F (S) = F (G) + 8m.

Lemma 4.7. [1] Let S be the subdivision graph of the graph G. Then

NM1(S) = 4M1 (G) + 2M2 (G) + F (G) .

Proposition 4.8. Let S be the subdivision graph of the graph G. Then

ReZ (S) = 2F (G) + 4M1 (G) .

Proof.

ReZ (S) =
∑

xy∈E(S)

(
dS (x) + dS (y)

)
dS (x) dS (y)

=
∑

uv∈E(G)

(
(dG(u) + 2) dG(u)2 + (2 + dG(v)) 2dG(v)

)
=

∑
uv∈E(G)

(
2
(
dG(u)2 + dG(v)2

)
+ 4 (dG(u) + dG(v))

)
= 2

∑
uv∈E(G)

(
dG(u)2 + dG(v)2

)
+ 4

∑
uv∈E(G)

(dG(u) + dG(v))

= 2F (G) + 4M1 (G) .

�

Theorem 4.9. For any graph G with n vertices and m edges,

LM3 (PL) = 2M2 (G)− 2M1 (G) + F (G) .

Proof. Clearly, PL (G) = L (S (G)). Also, for any graph G, the subdivision graph
S = S(G) of G is always free from {C3, C4}. Therfore, applying Theorem 4.2 on
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S(G), we have

LM3 (PL) = LM3 (L (S))

= 6M1 (S)− 8M2 (S)− 2F (S) +ReZ (S) +NM1 (S)− 4ms

= 6 (M1 (G) + 4m)− 8 (2M1 (G))− 2 (F (G) + 8m) + (2F (G) + 4M1 (G))

+ (4M1 (G) + F (G) + 2M2 (G))− 4 (2m)

= 2M2 (G)− 2M1 (G) + F (G) .

�

5. Conclusions

In this paper, the chemical importance of the leap Zagreb indices is investi-
gated, and it is shown that the third leap Zagreb index is useful in predicting
the boiling point of benzenoid hydrocarbons with high accuracy (with the co-
efficient of correlation R=0.9788). We expressed the leap Zagreb indices in terms
of first-degree based indices, instead of second-degree. Using all these, we ob-
tained explicit formulae for the third leap Zagreb index of some derived graphs.
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