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ONE COMBINATORIAL PROBLEM, BUT MANY SOLUTIONS
ALEKSA SRDANOV!* AND DRAGAN STOJILJKOVIC?

ABSTRACT. The uniqueness of the solution to each task depends on a properly
defined and posed problem. Simple problems can hide plenty of additional
assumptions that need to resolve to arrive at a unique solution. In the case of
combinatorial-type problems, the correct definition of the required outcomes
is perhaps the most pronounced problem leading to many doubts and various
outcomes.

1. INTRODUCTION AND PRELIMINARIES

Combinatorics is a mathematical discipline that is developing rapidly. The
development of the theory of partitions deserves special attention. In this paper,
we will try to reduce the calculation of the number of outcomes of the division
problems to the determination of the number of partitions. An example of this
can be found in the works [4], [5], [6]. The reader can find a similar issue from
[1], [2]. In paper [7], the authors reduced the problem of counting the number of
solutions of equations to counting partitions.

We will solve the following two problems in parallel:

Problem A We have five gifts available. In how many ways can they be divided
among the three children?

Problem B We have n, (n > 1) gifts available. In how many ways can they be
divided into m, (m > 1) children?

Problem B is a general setting of Problem A. We will solve them in parallel for
at least two fundamental reasons. The first is to make it easier to understand the
solution of the Problem B, and the second is to check the accuracy of a simple
example. The given problem A is taken from the primary school textbook and is
an example of a task that will only cause more confusion for gifted students. In
the first place, we want our text tasks to be as short as possible. This is precisely
the most common cause of task indeterminacy. In tasks of type B, doubts arise,
first of all, from different answers to the following questions:

(1) Are the gifts different from each other?
(2) Do we distinguish children from each other?
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(3) Can one gift be divided into more than one child? (It is not excluded that
among the gifts there are soccer balls that can be divided among several
children.)

(4) Do all gifts have to be given out?

(5) Does each child have to get at least one gift?

Someone may distinguish cases in which only part of the gifts or only some
children differ from each other can also be in Problem B. In all cases, it is necessary
to distinguish between the number of gifts and children. Consideration will also
be given to problems when only a certain number of gifts are distributed, as
when only some children receive gifts. In addition to these mandatory questions,
additional conditions can be asked, such as:

e No child should receive more (or less) than k, (k > 1) gifts.

e That the difference between the number of gifts of any two children should
not exceed [, (I > 1).

e One part of the gift can be shared among several children etc.

These and similar conditions change the number of possible outcomes. We will
express the answers to Problem A and Problem B as Solution z.A and Solution
x.B for each considered case separately. For a simpler notation of the solution,
we will use the following annotations and co-factors.

2. CO-FACTORS AND NOTATIONS

Any decomposition of the number n into the sum of m natural parts is called
a partition of the number n of the class m. All partition of number n of class m
is given with:

The number of all partitions of the number n of class m will be denoted by p,, (n).
If some of the parts are allowed to be equal to zero, we will call such a partition
extended. We will mark their number with pp,i0) (). With pp,g, <) (n) we will
denote the number of partitions of the number n of the class m in which the first
parts does not exceed the natural number f.

We will consider partition (2.1) as a sequence of numbers: iy, s, ..., %,. In last
sequence there can also be groups with equal parts. Suppose that among the
parts there is Ay are equal with 21, Ay are equal with s, ..., A\, are equal with
im. To each partition (2.1) we can then associate the following five co-factors:

e Co-factor A. We will use it in cases where we distinguish gifts but not
children. In that case, we increase each partition by an additional number
of outcomes. According to the principle of product rule, we calculate the
co-factor A for every partition (2.1), with the formula:

Aiy +ig+ ... +ip)

_(n n—1i nN—14 — ... ty-1 1
-\ iy im NPV
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e Co-factor B. We use to calculate the total number of outcomes when the
children differ and the gifts do not. For every partition (2.1), we calculate
co-factor B with the formula:

m)!
PYIED VRS W
e Co-factor D. We will use it when we determine the number of additional

outcomes for each partition (2.1) when both children and gifts differ. First
we calculate the co-factor C,

Cliy+ig+...+ip) = (Z”‘) . (ni—“) (”—“ —Z;--—Zml),
1 2 m

then we calculate the co-factor D with the formula

B(iy+ig+...+1ip) =

D(iy+ig+...4+im) =B(ig+ic+...+im) - Cig+ia+ ...+ i)
=A(iy+is+ ...+ ip) -mh
e Co-factor E. We will use it when determining the number of outcomes in
which gifts can be repeated, each k time. We define it only for partitions

of the number k - n of class m where the all parts cannot be greater than
n. Let’s replace the observed series of parts k-n = iy + i + ... + iy,

n >1i; > iy > ... > 1, with a complementary series in relation to n, i.e.
with n —i1,n —is,...,n — 1,,. Suppose that among them there is o are
equal with n — iy, o9 are equal with n — 19, ..., 0, are equal with n — i,,.

Now we calculate the co-factor E with the formula:

E(ii4+is+...+1ip)

n n—1i N—1 — ... — Im-1 1
n—i n—is) n—in ol ool oo

3. POSSIBLE SOLUTIONS TO PROBLEMS A AND B

The solution to Problems A or B essentially depends on the answers to ques-
tions: 1 - 5. The "yes” and "no” answers will be split into 32 cases into eight
groups with four subcases each. Let’s consider each of the following 32 instances
separately.

The first four cases consider number of outcomes when the children do not differ

from each other, and neither do the gifts.

(3.1.) {No,No,No,Yes,Yes}.

Solution 3.1.A When the children do not differ from each other, and nei-
ther do gifts, it is identical to when we decompose the natural number
five into the sum of three positive parts. In this case are: 3+ 1+ 1 and
2+ 2+ 1, a total of two solutions.
Solution 3.1.B By analyzing as previous case, for m > n, we easily con-
clude that there is no solution for Problem B and for m < n the total
number of solutions is p,, (n).
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Remark 3.1. Formulas for calculating p,,(n), form = 1,2,...,10 are given

in [4] and [7].

(3.2.) {No,No,No,No,Yes}.
Solution 3.2.A Since not all gifts are distributed, and each child must
receive a gift, it is sufficient to separately calculate the number of possible
partitions when dividing: 3,4, 5 gifts. We find that all possible partitions
are specified with: 1 +1+1,24+1+1,2+2+ 1,3+ 1+ 1, atotal of four
—_— — _

g

solutions.
Solution 3.2.B Based on what has been said in previous case, for m > n,
Problem B has no solution and for m < n the total number of outcomes
is: pn(m) + pm(m+1) + ... + pm(n).

(3.3) {No,No,No,Yes,No}.
Solution 3.3.A Since each child does not have to receive a gift, each solu-
tion case corresponds to one extended partition but no longer than three
parts. The required partitions are: 54+04+0,4+1+0,3+240,3+2+1,
24+ 2+ 1, a total of five solutions.
Solution 3.3.B Under the given assumptions, the problem always has a
solution. The resulting number is 1+py,+0) (). For calculating py,+o) (1)
use the formula:

m(+0) (1 ij =pm (n+m). (3.1)

Formula (3.1) is known as a horizontal total additivity and is found in
paper [1].

(3.4.) {No,No,No,No,No}.
Solution 3.4.A In addition to those we took in the previous case, we should
also add all the remaining extended partitions of numbers: 5,4,3,2/1 and
0 of class three. The number of solutions is:

P3(+0)(5) + P3(+0)(4) + P3(+0)(3) + P3(+0)(2) + Pa(+0)(1) + 1.
By simply writing out all possible extended partitions, we find that the
total number of solutions is 16.
Solution 3.4.B Under the given assumptions, problem always has a solu-
tion given by

me +0 pm(+0)( n) —|—pm(+0)(n —D+...+ pm(+0)(0)

n+m

= pm(n+m) +pu(n+m—1)+ ...+ pu(m men+J

The following four cases determine the number of posmble outcomes
when the gifts differ and the children do not.
(3.5.) {Yes,No,No,Yes,Yes}.
Solution 3.5.A The case when the gifts differ from each other increases the
number of possible outcomes for each partition separately. The number of
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these outcomes is determined by co-factor A. Hence, each of the partitions:
3+1+1and 2+ 2+ 1 should be additionally differentiated with ten and
fifteen arrangements respectively. The total number of possible solutions
is 25.
Solution 3.5.B By analyzing as previous case, we can easily conclude that
for m > n, there is no solution for Problem B. For m < n the total number
of outcomes are:
114124 Fim=n
Z Aliy +ig+ ...+ im).
11292>...21m >1
(3.6.) {Yes,No,No,No,Yes}.
Solution 3.6.A It is necessary to assemble all the partitions of class three of
the numbers: three, four and five which are: 1+1+1,24+1+4+1,3+1+1
and 2 + 2 4+ 1. Then multiply binomial coefficient (f), 1 = 3,4,5 with
the co-factor A for each partition. That’s 10, 30, 10 and 15 additional
outcomes respectively. The solution is the sum of all intermediate results.
A total number of solutions is 65.
Solution 3.6.8 By analyzing as previous case, we conclude that there for
m > n, Problem B has no solution. For m < n the total number of
outcomes is
n  t1+i2+...+im=J n
>y (,)A(i1+i2+...+im).
jmminzia> Zin>1 N
(3.7.) {Yes,No,No,Yes,No}.
Solution 3.7.A In this case, instead of partitions, extended partitions
should be introduced. Extended partitions are: 5+ 0+ 0, 4 + 1 + 0,
3+2+0,3+1+1, 2424 1. The corresponding co-factors A are respec-
tively: 1,5,10,10,15. There a total 41 outcomes.
Solution 3.7.B Under the given assumptions, Problem B always has a so-
lution. The total number of outcomes is Y ;' 123020 A(iy+io+. . .4ipm).
(3.8.) {Yes,No,No,No,No}. -
Solution 3.8.ATable 1. contains all possible outcomes, a total of 187
solutions.
Solution 3.8.B By analyzing as in the example given in the Table 1., we
conclude that the Problem B always has a solution given by:

n 11+t tim=]

>y (7)A(@'1+z‘2+...+z‘m).
J=0 012>i2>..20m >0 J
When we distinguish children but not a gifts, then each arrangement
corresponding to one partition generates as many new outcomes as there
are ways to arrange the elements of the same partition in the sum. They
are a permutation with repetition of the elements that make up that
partition. We increase the number of additional outcomes by co-factor B.
(3.9.) {No,Yes,No,Yes,Yes}.
Solution 3.9.A As the children differ from each other, partition parts
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TABLE 1.
v | Partitions | Co — factorA (i’) Total
0 0+0+0 1 1 1
11 1+0+0 1 5 5
5 2+0+0 1 10 10
1+140 1 10 10
3+0+0 1 10 10
3| 24140 3 10 30
1+1+1 1 10 10
44040 1 5 5
A 3+140 4 5 20
24240 3 5 15
24141 6 5 30
5+0+0 1 1 1
4+1+40 5 1 5
5| 34240 10 1 10
3+1+1 10 1 10
24241 15 1 15

should be ruled out by the law of commutativity. There are only two
partitions that satisfy the conditions 3+ 1+ 1 and 2+ 2 4+ 1. We easily
find that: B(3+1+1) =3 and B(2+ 2+ 1) = 3, so the total number of
possible outcomes is six.
Solution 3.9.B By analyzing as previous case, we can easily conclude that
for m > n, there is no solution for Problem B, and for m < n, a total
number of solutions is: Y ;' T35 0T B (i 4+ ig + ..+ i) -

(3.10.) {No,Yes,No,No,Yes}. -
Solution 3.10.A We will distinguish the cases when distributing three, four
and five gifts. All possible partitions are:1 +1+ 1,2+ 1+ 1,3+ 141,
2 4+ 2+ 1. Corresponding co-factor B are respectively: 1,3,3,3. A total
ten outcomes.
Solution 3.10.B By analysis as previous case, we conclude that for m > n,
there is no solution for task, and for m < n, the total number of solutions

is: Y0 ST T B ia i)
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(3.11.) {No,Yes,No,No,No}.
Solution 3.11.A Extended partitions should be considered instead of par-
titions. Table 2. contains all possible outcomes, a total of 56 solutions.
Solution 3.11.B By analyzing as previous case, we conclude that the

TABLE 2.

1 | Partitions | Co — factorB | Total
0+0+0
1/1+0+0
2+040
14+1+40
34040
3| 2+140
14+1+1
4+0+0
3+140
24240
24141
54040
4+1+40
5 | 34+240
3+1+1
24-2+1

10

15

21

W W OO WW WO WO WW W w|+—

Problem B always has a solution given by:

n  i1+ig+...Fim=]

>y B(i1+i2+...+im):(n;m). (3.2)

J=0i12i22...20m 20

Another way. If we denote number the gifts with the: 0,1,2,..., m where
we use zero when we do not assign a gift to some of the positions, then
the number of required outcomes is the number of all strings of length n
with the m+1 given elements. The total number of different strings given
by ("1 = (™+"). The result obtained is the sum of (3.2) given in

n
Solution 1.B and represents the result more.

(3.12.) {No,Yes,No,Yes,No}.
Solution 8.12.A All possible partitions are: 5+0+0,44+14+0,3+2+0,
3+141and 2+ 2+ 1. Co-factors B respectively are: 3,6,6,3,3. A total
of 21 outcomes.
Solution 3.12.B Problem B always has a solution, a total number of out-
comes are:
i1Fizt o Aim=n
B(pmso(n) = Y. Blii+iz+...+im) (3.3)

112922>...24m >0
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Another way. The required number of outcomes is the difference between
the number of outcomes with m + 1 elements and with m elements. So,
the required number og outcomes is: (") — (mt;‘*l), which is also the
sum of (3.3). The result obtained represents the result more.
Now suppose that both gifts and children differ. In that case, we use
the co-factor D to calculate the additional number of outcomes per each
partition.

(3.13.) {Yes,Yes,No,Yes,Yes}.
Solution 3.13.A There are only two possible partitions: 3 + 1 + 1 and
2+ 2+ 1. Co-factors A are: 10 and 15. Each partition is increased by 3!
of outcomes. A total number of outcomes are (10 4 15) - 3! = 150.
Solution 3.13.B Based on the above for m > n, there is no solution for
Problem B, and for m < n, the total number of solutions is:

i1+t Fim=m

ml- > Al iyt i)

112022 2%m >1

(3.14.) {Yes,Yes,No,No,Yes}.
Solution 3.14.A Table 3. contains all possible outcomes, a total of 3!-65 =
390 solutions.
Solution 3.14.B Based on the above for m > n, there is no solution for

TABLE 3.

~.

Partitions (f) A | Total
1+1+1 |10 |1 10
24141 5 16 30
3+1+1 1 110 10

2+2+1 1 |15 15

Ot | &~ | W

Problem B, and for m < n, the total number of solutions is:

n  i1+i2+...Fim=m

m-> Y (7)-A(¢1+z'2+...+z'm).
Jmm i il N
(3.15.) {Yes,Yes,No,Yes,No}.

Solution 3.15.A Extended partitions are: 5+0+0,4+1+0,3+2+0,
34+1+1and 242+ 1. Co-factors D are: 3,30, 60,60,90. A total number
of outcomes are 243.

Solution 3.15.B Problem B always has a solution, a total number of out-
comes are:

m t1ti2+...+ij=n

> > Dlitirt...+i). (3.4)

J=1i12i22>...20;20
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Another way. The solution is each arrangement of a single array of length
m in which each member can be from a set of n different objects. There
are m” such sequences. The obtained result is also the required sum in
(3.4).

Third way. To count the number of all outcomes, let’s see one partition
of number n class j,(m <j<n),n =iy +is+ ...+, 9 >ig > ... >
i; > 1. Let’s note that in this case (Z) of choice can be formed for
the first part ¢;. Reasoning similarly for the others, according to the
principle of combining, we conclude that the total corresponds to that
specific arrangement (Z) (”;“) o ("_il_l.'j'j_ijfl), different outcomes with
the observed number of gifts per child. It is enough to add all those
numbers by all partitions. Thus, the solution is given by the formula:

n n—i N—41—...—m . . .

Yy (”) <”‘,“) (”‘“‘j“_z’”‘l).

120 ja=0 =0 J1 J2 Jm
At first glance, the second and third solutions are not the same, however,
it can be easily proved that the sum specified in the third solution is
exactly equal to m™. In this sense, you should know that the sum of
binomial coefficients of order n is equal to 2". Also, it can be seen that
addition can be done separately for each sum starting from right to left.
The index i, by which the first addition will start appears only in the
last binomial coefficient, the other binomial coefficients are constant for
that addition and as such do not affect the sum. After addition by ,,,
addition by index 4,, ; continues in a similar way, etc. Hence,

n . .
Z (n — = ... = Zml) _ ogn—it—im

/)
im=0 m
nN—i1—...—tm—2 . .
Z (n — 1 — ... — ZmQ) 2im_1 _ 3n7i17...*im_2
Dy
im—1=0 m-1
- n
g ) (m—=1)""" =m",
(41

i1=0
By mathematical induction it can be proved that the end result is m™.
{Yes,Yes,No,No,No}.
Solution 3.16.A Table 4. contains all possible outcomes, a total of 1024
solutions.
Solution 3.16.B Problem B always has a solution, a total number of
outcomes are:

n n i1+ig 4 Fim=n
Z(j) > D(iitizt ... +im).

J=0 112022 2%m >0

Assume that each gift can be given to several children at the same
time. For simplicity, we will assume that each gift is divisible on exactly
k,(k > 1), children. Also, in the following text, we will consider that in
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TABLE 4.
Partitions | D | Total
0/0+0+0 |1 1
1{1+0+0 |15 15
5 24-0+0 30 90
1+1+0 60
3+0+0 30
3| 2+140 180 | 270
14+1+1 60
44040 15
4 3+1+0 120 .
2+2+0 90
2+1+1 180
9+04-0 3
4+140 30
5| 3+240 60 243
3+1+41 60
2+2+1 90

Problem A it is implied that k = 2.
For k = 1, the task is reduced to already solved cases given under 3.1. -
3.16.
For k£ > m it is easy to see that there is only one possible arrangement
because if a gift is shared it will go to everyone. Therefore, we will continue
to consider only case 1 < k < m.

(3.17.) {No,No,Yes,Yes, Yes}.
Solution 3.17.A 1t is necessary to observe all partitions of the number ten
of class three in which the first part is less than or equal to five. This is
because the maximum number of gifts that a child can receive remains
equal to the total number of gifts. All possible partitions are: 5+ 4 + 1,
54342,4+4+2, 44 3+ 3. The total number of solutions is four.

Remark 3.2. If five gifts are distributed, not one child can get six. The
possibility of multiple sharing of gifts can increase the number of gifts
only up to the total number of gifts.
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Solution 3.17.B As one gift is divided among k children, the possible
number of outcomes are all partitions of the number k£ - n of the class
m whose first part does not exceed the number of gifts n. Based on
the previous argumentation, we conclude that the Problem B for k- n <
m, has no solution and for k- n > m, the total number of solutions is

(3.18.) {No,No,Yes,No,Yes}.
Solution 3.18.A The smallest number of gifts that covers all children is two.
The total number of outcomes consists of all outcomes for the distribution
of 2, 3, 4 and 5 gifts. Table 5. contains all possible outcomes, a total of
10 solutions.
Solution 3.18.B The smallest number of gifts that can be distributed so

TABLE 5.

3 4 3 2

O+4+1

4+3+1

3+2+1

2+1+1

S5+3+2

4+242

2+2+2

4+442

3+3+2

44+3+3

that each child receives at least one gift, with one gift going to k children,
is [%} + 1. In this way, we conclude for k-n < m, that there is no solution
for Problem B and for k-n > m the total number of solutions is given by

the formula: Z;”:[%]H Pm(in<j) (G - ).

(3.19.) {No,No,Yes,Yes,No}.
Solution 3.19.A All possible outcomes are given with the following parti-
tions: 54+54+0,54+4+1,54+3+2,4+4+2, 4+ 3+ 3, a total of five
solutions.

Solution 3.19.B Problem B always has a solution, a total number of

outcomes are: Pp, (i, <n,+0) (k- n).

(3.20.) {No,No,Yes,No,No}.
Solution 3.20.A Possible outcomes are all extended partitions whose first
part is not greater than the number of gifts being shared. Table 6. con-
tains all possible outcomes, a total of 16 solutions.

Solution 3.20.B The task under the given assumptions always has a so-

lution where the total number of solutions is calculated according to the
formula: 37 Py <j+o0) (k- 1)
Now let’s assume that children are different and gifts are not. In that case,
apart from the number of gifts, we differentiate the outcomes according
to the mutual arrangement among the children. We have already empha-
sized that in that case the total number of outcomes for each partition
should be increased by the co-factor B.
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TABLE 6.
0 1 2 3 4 5
0+0+0|14+1+0|2424+0(34+34+0(4+44+0]|5+5+0
24+1+1|3+2+1443+1|54+4+1
242+2|4424+2|54+34+2
3+3+2|44+4+2
44343

(3.21.) {No,Yes,Yes,Yes,Yes}.
Solution 3.21.A Possible partitions are: 54+4+ 1, 5+3+ 2, 4+4+ 2,
4 4+ 3 + 3. Responding co-factors B are: 6,6,3,3. A total number of
outcomes are 18.
Solution 3.21.B In this way, we conclude for k- n < m, that there is no
solution for Problem B and for & -n > m the total number of solutions is
given by the formula: Z:j;.’f; ::;:;”12 " B (Pm(ir<n) (k- 1)).
(3.22.) {No,Yes,Yes,No,Yes}.
Solution 3.22.A Table 7.
solutions.
Solution 3.22.B In this way, we conclude for k- n < m, that there is no

contains all possible outcomes, a total of 40

TABLE 7.
2 B3 B4 B |5 B
24+1+1|3 |34241|6 [4+3+1|6 |5+4+1|6
242421 |44+242|3 |[5+3+2]|6
3+3+2(3 [444+2|3
4+3+313

solution for Problem B and for k- n > m the total number of solutions is
given by the formula: Z?:[%]H B (P <j) (k- n)).

(3.23.) {No,Yes,Yes,Yes,No}.
Solution 3.23.A Table 8.
solutions.

Solution 3.23.B The task always has at least one possible solution and
the total number of solutions is given by the formula:

contains all possible outcomes, a total of 21

m i1+iz+-+ij=kn

2 2

J=0 n>ip>..>i;>1

B (Pm(ir<jro) (k- n)) -
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TABLE 8.

Partitions | Co — factorB

5+5+0

3

5+4+1 6
5+3+2 6
3

3

444+2
4+3+3

Another way. The sum obtained does not differ numerically from the
result obtained in (3.12.) and amounts ("7™) — (”J’f_l).

(3.24.) {No,Yes,Yes,No,No}.
Solution 3.24.A Table 9. contains all possible outcomes, a total of 56
solutions.

Solution 3.24.B According to the obtained result, there is always at
least one possible solution, and the total number is given by the formula:
250 B (Pmiir<jro) (57 1)) -

Another way. If we number the gifts with the numbers 0,1,2,..., and
count the number of all different strings of length k - n, where we use zero
to mark the place where we do not distribute the gift, then the number of
those strings is exactly equal to the number of strings of length n because
all the elements are repeated exactly k times. Hence it follows that the
number of all those sequences does not depend on £ and is the same as in
case (3.11.), ("Zm) The obtained result represents a higher result because
it follows that the number of all partitions of the class £ number n is equal
to the number of those extended partitions of the class m number k& - n
whose first sum is not greater than n. (p,,(n) = Dm(i,<n,+0) (k- 1)).
Suppose now that the gifts are different and the children are not. The
additional number of solutions per each partition is determined by co-
factors E.

(3.25.) {Yes,No,Yes,Yes,Yes}.

Solution 3.25.A Table 10. contains all possible outcomes, a total of 40
solutions.

Solution 3.25.B In this way, we conclude for k- n < m, that there is no
solution for Problem B and for k- n > m the total number of solutions is
given by the formula: 22;?;2;’”;:; E (P <jro) (k- n)) .

(3.26.) {Yes,No,Yes,No,Yes}. S
Solution 3.26.A Table 11. contains all possible outcomes, a total of 58
solutions.

Solution 3.26.B In this way, we conclude for k- n < m, that there is no
solution for Problem B and for k- n > m the total number of solutions is

given by the formula: ZL[%]H E (pm(i1§j7+0) (5 - n)) .
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TABLE 9.

i | Partitions | Co — factorB
0[0+0+0
1{1+1+0
24240
2+1+1
3+3+0
3| 34+2+1
24242
4+4+40
4+3+1
44242
3+3+2
9+5+0
o+4+1
5 | 54342
4+44-2
44343

W W OO O W W W O Wi O WWwWw W w|~

TABLE 10.

Parttitions | Complements | Co — factorE
S+4+1 0,1,4 5
5+3+2 0,2,3 10
44+4+2 1,1,3 10
44+3+3 1,2,2 15

(3.27.) {Yes,No,Yes,Yes,No}.
Solution 3.27.A Table 12. contains all possible outcomes, a total of 41
solutions.
Solution 3.27.B With a similar reasoning as in the example, while rec-
ognizing that the number of outcomes is additionally increased by the
distribution of a smaller number of gifts than possible because they differ
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TABLE 11.
Partitions | Complement | Co — factorE | Total
2+1+1 0,1,1 1 1
3+2+1 0,1,2 3 A
24242 1,1,1 1
4+3+1 0,1,3 4
44242 0,2,2 3 13
3+3+2 1,1,2 6
o+4+1 0,1,4 5
O+3+2 0,2,3 10 10
4+442 1,1,3 10
4+3+3 1,2,2 15
TABLE 12.
Partition | Coplement | Co — factorE
5+5+0 10,0,5 1
5+4+1 |0,1,4 5
5+3+2 (0,2,3 10
44+4+2 11,1,3 10
4+3+43 |1,2,2 15

from each other. Problem B always has a solution, a total number of

outcomes are: Y ' T T ZE B (py <oy (K n))

(3.28.) {Yes,No,Yes,No,No}.

Solution 3.28.A Table 13. contains all possible outcomes, a total of 69
solutions.

Solution 3.28.B We conclude for k - n < m, that there is no solution for
Problem B and for k-n > m the total number of solutions is given by the
formula: 57 ST B () (i)

There is still a case when we distinguish between children and gifts. In
this case, we increase each possible partition additionally by the product

of co-factors B and E.

(3.29.) {Yes,Yes, Yes, Yes, Yes}.

Solution 3.29.A Table 14. contains all possible outcomes, a total of 240
solutions.



A. SRDANOV, D. STOJILJKOVIC

TABLE 13.
v | Parttions | Complement | Co — factorE | Total
0/0+0+0 0,0,0 1 1
1/1+1+0 0,0,1 1 1
5 24240 0,0,2 2 A
24141 0,1,1 2
3+3+0 0,0,3 1
31 3+2+1 0,1,2 3 5
24242 1,11 1
4+4+0 0,0,4 1
A 4+3+1 0,1,3 4 17
44242 0,2,2 6
3+3+2 1,1,2 6
5+5+0 0,0,5 1
5+441 0,1,4 5
5 | 5+3+42 0,2,3 10 41
4+4+2 1,1,3 10
44343 1,2,2 15

Solution 3.29.B We conclude for k - n < m, that there is no solution for

TABLE 14.
Partitions | Co — factorB | Co — factorE | Total
5+4+1 6 5 30
5+3+2 6 10 60
44442 3 20 60
44+3+3 3 30 90

Problem B and for k-n > m the total number of solutions is given by the
formula:
11+i2+...Fim=kn
B (pm(ilgn,+0) (k - ”)) B (pm(ilgn,+0) (k- ”)) .

n2i) >ig>.im>1



ONE COMBINATORIAL PROBLEM 17

(3.30.) {Yes,Yes,Yes,No,Yes}.
Solution 3.30.A Table 15. contains all possible outcomes, a total of 250
solutions.
Solution 3.30.B We conclude for k - n < m, that there is no solution for

TABLE 15.

2 B|FE|3 B|FE |4 B|FE |5 B FE
5+4+116 |5

443416 |4
3+2+1 16 |3 5+34+216 | 10

2414113 |2 4424213 | 6
2424211 |1 4+44+2 13 | 10

3+3+2|3 |6
443433 | 15
Total 6 19 60 165

Problem B and for k-n > m the total number of solutions is given by the
formula:
n i1+io+...+im=in

> > B(pmia<ico) (i-n)) - E (pmgin<iro) (i - 1)) .

=k g i 20> 21
m

Remark 3.3. The result is more easily obtained by comparing it with the
already considered case given under (3.14.).

(3.31.) {Yes,Yes,Yes,Yes,No}
Solution 3.31.A Table 16. contains all possible outcomes, a total of 123
solutions.
Solution 3.31.B Problem B always has a solution, a total number of

TABLE 16.
Partitions | Co — factorB | Co — factorE | Total
5+5+0 |3 1 3
5+4+1 |6 5 30
5+3+2 |6 10 60
44442 |3 10 30

outcomes are:
i1+io+...+im=kn

B (pgis<my (k- 1)) - E (Pragis <y (k- ) -

N> i >0

(3.32.) {Yes,Yes,Yes,No,No}.
Solution 3.32.A Tt is necessary to sort the extended unordered partitions
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for the numbers 0 to 5. Using the cofactors B and E, we get 248 outcomes.
Solution 3.32.B We conclude for k- n < m, that there is no solution for
Problem B and for k-n > m the total number of solutions is given by the
formula:

n i1+i2+...+ij=k‘-n

Z Z B (pm(ir<j) (k- n)) - E (pm@i<j) (k- n)) -

j=E41 nzir2..2i;20

Remark 3.4. Here also a result can be obtained more by comparing the
obtained solution with the case under (3.16.). It can be concluded that the
number of possible outcomes under the given conditions does not depend
on the number k.

4. CONCLUSION

We have presented how determining the number of partitions can be used to
determine the number of divisions. Apart from the standard observation of the
term partition (as in (2.1)), it is necessary to introduce three more terms.

1. Extended partitions, when a zero can appear as a part.
2. Unordered partitions, when the law of commutation is cancelled.
3. Extended unordered partitions.

Knowing how to calculate the listed four types of partitions, it is possible to
solve all division problems. In several cases, for calculating the total number of
outcomes, some simple formulas are given. For many remaining, the task remains
to simplify.

The mentioned ambiguities are not the only ones. Further elaboration on this
topic deserves attention. Furthermore, we analyzed to what extent linguistic
doubts can affect the solving process.

5. DECLARATION

Competing interests. The authors have no relevant financial or non-financial
interests to disclose.
Funding. No funds, grants, or other support was received.

REFERENCES

[1] Brice Halimi, Settings and misunderstandings in mathematics, Synthese, 196(11), (2019.),
4623-4656. http://www.jstor.org/stable/45220044

[2] Kevin McCain, Summary of Common Misunderstandings, Published online by Cambridge
University Press: 17 June 2022, DOI: 10.1017/9781108997027.012

[3] Igor Vladimirovich Protasov, Lectures in combinatorics. (2020)

[4] Aleksa Srdanov, Fractal form of the partition functions p(n), AIMS Mathematics, 2020,
5(3): 2539-2568. DOT: 10.3934/math.2020167

[5] Srdanov Aleksa, The universal formulas for the number of partitions, Proc. Indian Acad.
Sci. (Math. Sci.) 128:40, https://doi.org/10.1007/12044-018-0418-z, 2018.

[6] Aleksa Srdanov, Invariants in partition classes, AIMS Mathematics. 5(6), (2020), 6233-
6243 doi.org/10.3934/math.2020401.



ONE COMBINATORIAL PROBLEM 19

[7] Aleksa Srdanov and Dragan Stojiljkovic, Counting natural and integer solutions to equa-
tions and inequalities, International Journal of Mathematics Trends and Technology
(IJMTT), Volume-67 Issue-7 July 2021. DOI: 10.14445/22315373 /IJMTT-V6717P503

! THE ACADEMY OF APPLIED TECHNICAL STUDIES BELGRADE, POZAREVAC, REPUBLIC
OF SERBIA.
Email address: aleksa.srdanov@gmail.com

2 THE ACADEMY OF APPLIED TECHNICAL STUDIES BELGRADE, POZAREVAC, REPUBLIC
OF SERBIA.
Email address: themosha@gmail.com



	1. Introduction and preliminaries
	2. Co-factors and notations
	3. Possible solutions to Problems A and B
	4. Conclusion
	5. Declaration
	References
	References

