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ON COMMON SOLUTION OF FIXED POINT PROBLEM AND
CONVEX MINIMIZATION PROBLEM THROUGH MODIFIED
PROXIMAL POINT ALGORITHM

KIRAN DEWANGAN*

ABSTRACT. The study of finding common elements from the set of fixed point
and set of solutions of convex minimization problems for nonlinear operators
increase rapidly due to its applications in different branches of mathematics
and engineering. In optimization theory, the proximal point algorithm plays
an important role in solving problems with nonlinear operators. Several modi-
fications of proximal point algorithm are introduced. Here a modified proximal
point algorithm (MPPA) is introduced with strong convergence of MPPA in
Hilbert spaces.

1. INTRODUCTION

Fixed point theory has a great implications in the field of analysis. Banach
contraction principle [1] is widely used in existence and uniqueness theories. On
the other hand to study fixed point of nonexpansive type mappings, some geo-
metric assumptions are needed either on the structure of mappings or spaces.
Determining the fixed point of nonexpansive mappings is frequent problem in
Mathematics and Physical sciences.

There are several applications of fixed point theory in integral equations, differ-
ential equations, optimization theory etc. There are lots of activity in the field of
optimization theory, especially study of convex minimization problem along with
fixed point problem for nonlinear operators and due to this activities, researchers
attracts to obtain more and more results in this field.

In the optimization theory, we often come to the problem to find a point x € M
such that

9(z) = min g(u),

where g : M — (—00,00) be a proper convex and lower semi-continuous function
and B be a non-empty closed convex subset of a Hilbert space M with inner
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product (.,.) and norm [|.||. Recall that the set of all minimizers of g on B is
denoted by argmin,cpg(u).

To solve optimization problems, an important tool, namely proximal point
algorithm is used. Initially the proximal point algorithm (PPA) was introduced
and studied by Martinet in 1970 [11]. Note that a constrained minimization
problem

min{g(x) : x € B}

is called consistent, if constrained minimization problem has a solution. In 1976,
Rockafellar [16] studied convergence of proximal point algorithm for finding so-
lution of constrained minimization problem in the framework of Hilbert space as

follows:

xr1 € M,

B _ 1 ) (1.1)
T = argmingen[g(u) + o3 |lzr — ul]?],

where A\, > 0 for all & > 1. Rockafellar [16] proved that the sequence {z;} gen-
erated by (1.1) converges weakly to a minimizers of g provided that > ;7 ; Ay = co.

In general, the proximal point algorithm does not necessarily converge strongly.
Several researchers proposed the modification of Rockafellar PPA to have strong
convergence like-in 2000, Takahashi and Kamimura [18] combined proximal point
algorithm with Halpern iteration process [8] to obtain strong convergence of the
sequence. In 1991, Guler [7] proposed a proper lower-semi continuous and con-
vex function in [, space for which PPA converges weakly but not strongly. This
arises an open question that the sequence {zy} converges strongly? Can PPA
be modified to guarantee strong convergence? To solve these questions, several
works have been done (see Reich [15], Chidume [2] etc.).

In 2003, Xu [21] proposed the following iteration scheme:

o € M, (1 2)
Tpt1 = Oékb + (I — CKkA)ka, k Z 0. ‘

Xu [21] proved that the iteration scheme (1.2) converges strongly to the unique so-
lution of the minimization problem, where U is nonexpansive mapping in Hilbert
space M and A is strongly positive bounded linear operator.

In 2006, Marino and Xu [10] extended the results of Xu [21] and Moudafi’s [1]
by following iteration scheme:

xg € M,
(13)
Tpr1 = apyf(zg) + (I — o A)Uxy, k>0,

where {ay} is a sequence in (0,1), A is bounded linear operator on M and U is
nonexpansive mapping. They proved that the iteration scheme (1.3) converges
strongly to a fixed point of U under suitable conditions, which is also a unique
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solution of the VIP:
(Az" =~ f(a"),a" —p) <0, Vp e FU).
In 2016, Chang [3] et al., introduced the following proximal point algorithm:
r1 € B,
wp = argmingeng(y) + 5 |lzn =yl
2 = (1 = Br)zr + Brw, wi € Uy,
1 = (1 — ag)xp + agvy, v € Uz,

(1.4)

where {ax} is a sequence in (0,1) and {5} is a sequence in [0, 1] such that
0 <a< ag fr <b<1foral k> 1, and {\} is a sequence such that
A > A >0 for all £ > 1 and for some A. They proved that the iteration scheme
(1.4) converges weakly to an element of Q, where Q = F(U)Nargmin,cpg(u) # 0.

In 2017, Suparatulatorn [17] et al., introduced modified proximal point al-
gorithm combined with Halpern iteration scheme for nonexpansive mapping in
complete CAT(0) space as follows:

Let g be a proper convex and lower semi-continuous function on X. The MPPA
is defined by u,x; € X and

{yk = argmin[g(y) + 5-d(y, zx)?],

(1.5)
T = oqu @ (1 —ag)Uyr, ¥V k €N,

where A\, > 0 for all £ € N. They proved that if g has a minimizer and { A}, {a}
satisfy some mild conditions, then the iteration scheme (1.5) converges strongly
to its minimizer.

Motivated by above work, now we introduced the following MPPA in the frame-
work of Hilbert space. Let B be a non-empty closed convex subset of real Hilbert
space M. Let g : B — (—00,0) be a proper convex and lower semi-continuous
function and U : B — B is a nonexpansive mapping. Let f : B — M be a
b— Lipschitzian mapping and A : B — M be a k— strongly monotone and L—
Lipschitzian mapping. Let {x} be a sequence defined by

(

To € B,
2, = argmingepg(u) + g5 |lu — 2],
q wr = Uz, (1.6)

v, = (1 — Br)zk + Brws,
| Trr1 = Py f (@) + (I — nogA))us,

where {ay}, {0k} are sequence in [0, 1] such that limy e a = 0, > 70y = 00,
limy_o0 inf Bk (1 — Bx) > 0 and {A\x} is a sequence such that 0 < A < \; for all
k21andf0rsome)\and0<7]<z—’§.

Our aim in this paper is to study strong convergence of the iteration scheme
defined by (1.6) for nonexpansive mappings and finite family of nonexpansive
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mappings under some mild conditions for fixed point problems as well as convex
minimization problems in Hilbert spaces which are solutions of some variational
inequality problems (VIP). Our results generalizes several results.

2. PRELIMINARIES

This section contains some basic informations and included some useful results.

Definition 2.1. [24] A function ¢ : B — (—o00,00) defined on a non-empty
convex subset of a Hilbert space M is lower semi-continuous at a point = € B, if

g(x) <liminf g(zy),
k—o00

for each sequence {xy} such that limy_,o 2 = x. A function g is said to be lower
semi-continuous on B, if it is lower semi-continuous at any point in B.
Definition 2.2. [23] A mapping U : B — B is called-

(i) nonexpansive, if

WUz = Uyl| < [lz—yll, Vx,y € B,
(ii) k— strictly pseudo-contractive, if for k& € [0, 1],
Uz = Uyll2 < llo =yl + kll(T = U)o — (I - Ol ¥ oy € B (2.)

Remark 2.3. (i) Every nonexpansive mapping is strictly pseudocontractive.
(ii) In a real Hilbert space M, (2.1) is equivalent to
1—k
Uz —Uy,z—y) < |lz—y|] - TII(I —U)z— (I = Uyl (2.2)

Definition 2.4. [23] For any = € M, there exists a unique point Pxx € B such
that

|z = Preal| < [lz —yll, Vy € B.

Here Py is called metric projection of M onto B.
Remark 2.5. The metric projection Py is a nonexpansive mapping of M onto B.

Recall that the metric projection Py satisfies

(x — vy, Pgx — Pxy) > ||Pxx — Pxyl||*, ¥ z,y € M. (2.3)
Furthermore Pgx is characterized by the property
(x — Pxx,y — Prx) <0, Vy € B. (2.4)
Definition 2.6. [13] A nonlinear operator U : M — M is said to be

(i) monotone if
(x —y,Ux—Uy) >0, Va,ye M,
(ii) n— strongly monotone, if there exists > 0 such that
(x =y, Uz = Uy) Znllz —yl", Yo,y € M,
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Definition 2.7. [23] Let M be a real Hilbert space and U : M — M be a
mapping. I — U is said to be demiclosed at 0 if for any sequence {z;} in M such
that {x} converges weakly to x € M, and {Uxy} converges strongly to some y,
then Ux = y.

Lemma 2.8. [5] Let M be a real Hilbert space. Then for every x,y € M, and
every X € [0, 1], the following hold:

e+ yll* < [l2]* + 2(y, 2 + y),
1Az + (1= Nyll* = All=[]* + (1 = Mly[]* = A1 = N[z = y]]*.

Lemma 2.9. [20] Assume that {ay} is a sequence of non-negative real numbers
such that agy1 < (1 — ag)ag + ox for all k > 0, where {ax} is a sequence in (0,1)
and {oy} is a sequence in R such that

(8) > 2ok = 00,

(b) limsup,_,o 28 <0 or 357 o] < oo.

Then limy,_, o ar, = 0.

Lemma 2.10. [19] Let M be a real Hilbert space. Let B be a non-empty closed
conver subset of M and A : B — M be a k— strongly monotone and L— Lips-
chitzian operator with k > 0, L > 0. Assume that 0 <n < i—k and T = n(k— L—;’Z)
Then for each t € (0,min(1, 1)), we have

(I = tnA)x — (I —tnA)y|l < (L —t7)|lz —yl|, 2,y € B.

Let B be a non-empty closed convex subset of real Hilbert space M. Let
g: B — (—00,00) is proper convex and lower semi continuous. For every A > 0,
the Moreau-Yosida resolvent of g denoted by JY is defined by

, 1
Sz = argmingeplg(v) + ——||z — ul|?,
2

for all x € M. In [7], it was shown that the set of fixed points of the resolvent
associated to g coincides with the set of minimizers of g. Also the resolvent Jy of
g is nonexpansive for all A > 0 (refer [10]).

Lemma 2.11. [12] Let B be a non-empty closed convex subset of real Hilbert
space M. Let g : B — (—o00,00) is proper convex and lower semi conlinuous.
For every r > 0, A > 0, the following holds:

A A
Jiv = JIx(—x+ (1 —=))J .
r r

Lemma 2.12. [0] Let B be a non-empty closed convex subset of real Hilbert space
M. Let g: B — (—00,00) be a proper convexr and lower semi continuous. For
every x,y € M, X > 0, the following holds:

1 1 1
S8 = gl = Sl =yl + Sz = ol + g(J8x) < g()

Lemma 2.13. [9] Let {t;} be a sequence of real numbers which does not decrease
at infinity in the sense that there exists a subsequence {tx,} of {tx} such that
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tr < tg,41 for all © > 0. For sufficiently large k € N, let {1} be the sequence of
integers defined as follows:

7(k) = max{k < m:t, <t +1}.
Then (k) — 00 as k — oo and max{t (), tx} < tr(r)+1-

Proposition 2.14. [17] Let (X,d) be a complete CAT(0) space and let g : X —
(—00,00) be a proper conver and lower semi-continuous function. Let U be a
nonexpansive mapping on X such that F(U) N F(Jy) # 0 for all X\. Then for,
any A >0, F(Uo Jy) = FU)NF(J,).

Lemma 2.15. [22] Let (X,d) be a complete CAT(0) space and let B be non-
empty closed convex subset of X, and U : B — B be a nonexpansive mapping.
Let w € B be fixred. For each t € (0,1), the mapping v, : B — B defined
by vz = tu @ (1 — )Uzx, for x € B has a unique fized point y; € B, i.e.,
Yy = vy = tu @ (1 — t)Uy;.

3. MAIN RESULTS

Theorem 3.1. Let B be a non-empty closed convex subset of a real Hilbert space
M and g : B — (—00,00) is a proper convex and lower semi-continuous. Let
f B — M be a b— Lipschitzian mapping and U : B — B 1is nonexpansive
mappings such that Q = F(U) N argmingepg(u) # 0. Let A: B — M be a k—

strongly monotone and L— Lipschitzian mapping. Let 0 < n < i—’;, 0<yb<rT,

where T = n(k— LTZW) and I —U is demiclosed at the origin. Let {xy} be a sequence
defined by (1.6), where {ay},{Br} are sequences in [0, 1] such that limg_,o ap = 0,
Yoo = 00, limyooinf B(1 — Bx) > 0 and {\} is a sequence such that
0 <A<\ forall k > 1 and for some X\. Then the sequence {x\} generated by
(1.6) converges strongly to z € Q which is also a unique solution of the variational

inequality problem (VIP):

(nAz" —~f(«),z" —p) <0. (3.1)
Proof. Suppose that a; € (0, min{1, %}) We prove the the theorem in the fol-

lowing manner:

(i) The sequence {zy} generated by (1.6) is bounded.

(ii) ' € Q is the unique solution of the variational inequality problem (3.1).

(iii) The sequence {x;} converges strongly to =’ € Q.
)

(i) Since Q = F(U) Nargmin,epg(u) # 0, so suppose that p €  and, hence
g(p) < g(u) for all w € B. This implies that

1 2 1 2
—p—p|®< —||u — pl||*.
g(p)+2Ak||p Pl _g(U)JrQAkHu Dl
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Hence J fk p = p for all £ > 1. Using nonexpansivenes of J fk, we have

||z = pl| = ||, 2% — J3, 2]
<zx — pll,

|[wi — pl| = [|Uz — pl|
<|zx — pll,

or = pll = [[(1 = B)aw + Brwy, — pl|
< (1= Bi)llzk — pll + Bellze — pl|
< lzx — pl|-
By using Lemma 2.10, we have
[zr1 = pl| = [| Pre (e f () + (I — nagA))vr — pl|
< [l f(xx) + (I — nagA)vy — pl|
= |y f(zx) + (I — nogA)vi, — (I — noyA)p + (I — nowA)p — pl|
< ey f (k) + (I = noA)p — pl| + [|(I = nagA)ve — (I — naA)pl|
= [lawyf(zk) — nawApl| + ||(I — naxA)ve — (I — nowA)pl|
< (1 = awm)|ve = pl| + ary|[f (k) = D]+ llewy f(p) — crnApl|
< (1= aw7)|zi — pl| + arybl[zi — pl| + axl|vf(p) — nApl|
< (1 = ap(m =)z — pl[ + cwl|vf(p) — nApl|

| |7vf(p) — nAp||
’ T —~b ’

< max{||z — pl

Applying induction, we get

| v/ (p) — nApll

’ T —b '
for all £ > 1. This implies that {z;} is bounded.

(ii) By using Lemma 2.8, we have

ok = pII”> = ||(1 = Br)w + Brwi — plf”
= (1= Bo)llex = pl* + Brllw — plI* = Br(1 = Bi)||zx — wel]”
= (1= Bllzx = pl* + Bell Tz — plI” = Bi(1 = B[k — wi|®
< (1= B)llzx = pl1? + Brllzw — pl* = Be(1 = Bi)llzx — wi
<Mz = plI* = Br(1 = Bi)llax — wel]*.

[|k1 = plI < max{]fzo — p|

zrr1 — plI* < |[(wyf(ax) + (I = noA)vy, — pl|?
< |lawyf () + (I = nogA)vy, — (I = o A)p + (I = nogA)p — pl|?
< (1 = enr)?|Jo = plI” + oIy f(zx) — nAp|[?
+ 20 (1 — 7o) [[vf (wr) — nApI|-||vx — pl|

< apllvf(@r) — nApll* + (1 — awr)*[[Jon — plI* — aw (1 — ) (1 — 7o)l — wi]|’]

+ 200 (1 = 7oy || f (z) — nAp||.| vk — pl|.
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Since {x} is bounded sequence , so suppose that

(1 —7aw)?|wr — wi|[* < Mok — pl* = [[2rer — pl* + 205D, (3.2)
where D > 0.
Now consider VIP: find 2z’ € Q such that
(nAz’ —vf(z'),2 —p) <0, Vp € Q. (3.3)

We will show the uniqueness of the solution of (3.3). Let z',z* € Q are
the solutions of (3.3), then

('r;A:c/ — fyf(a:/),:c/ —2") <0
and

(nAx* —7f(a*),a" —2') <0
subtracting above, we get

(nAz* — nAz — yf(a") +7f(z'), 2" =2’ — 2 +27) <0
= (nAz* —nAz —yf(z") +7f(z),2" —2) 0.

Note that
2 2

L L
57 >0k — 57 <k
2
— n(k — 777) <nk
— 7 < nk
=0 < by <71 <nk.
Also note that
(nAz* —nAz —f(z*) +vf(x)), 2" = 2') = (nk — by)[|a* — 2|,
this implies that z* = z’.
(iii) We claim that Po(I + (tvf —ntA)) is contraction mapping. For this, let
z,y € M, and ¢ € R such that ¢ € (0, min{1, 2}). Then
|Pa(I + (tvf —ntA))x — Po(I + (tv.f — ntA))yll < [|(I + (tv.f — ntA))z
— (I + (7 f = ntA))yll
= [[tvf(2) =t f (W)l
+[(I =tnA))z — (I —tnA)yl|
< tyblle —yl[ + (1 = 78|z - yl|
= (1 =t(r =)}z = yll
< 6z —yl],
where § = (1 — ¢(7 — vb). It concludes that Po(I + (tvf — ntA)) is a
contraction mapping. So by Banach contraction principle, Po(I + (tvf —
ntA)) has a unique fixed point say z in M. That is z = Po(I + (tvf —
ntA))z. In the view of inequality (2.4), it is equivalent to the following

VIP:
(nAz —vf(2),z—p) <0V z € Q.
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By uniqueness of the solution of (3.1), we have z = z*.

To show that the sequence {z\} converges strongly to z € Q. Consider
the following cases:

Case I: when the sequence {||zy — p||} is monotonically decreasing. Since
{||zx — p||} is bounded, hence {||zx — p||} is convergent and

lim [z, — plI* = ||z — pl* = 0.
k—o0
So from (3.2), we have

lim (1 — TOzk)QHl"k — wkHz = 0,
k—o0

which implies that ||z — wi|[* = 0 as limg_,o ax = 0. Also by Lemma
2.12 and since g(p) < g(zx), we have for Jiz = x4 and y = 2

1 1 1
Sl = 2]l = Sl = 24l + 711 = el + go) < gz1)

= ok — 2l* < Mo = 26l* + [l — @l
+ Ag(r) < Ag(zr)
= ok — 2ll* < Mo — 2ll* + [l — @l
By using Lemma 2.8, we have

2o — pIP < |[(owy f(azx) + (I — narA))v, — pl
< lawyf(wr) + (I = nogA)vy, — (I = nagA)p + (I = norA)p — pl|?
= [|(({ = naxA)vx — (I —narA)p + (I —nayA)p)
+ apy f () + (p — nowAp) — pl
< |I((I = noeA)ve — (I — nag A)pl|* + 2w f (xx) + p—
nagAp, (I — nagA)v, — (I — nagA)p
+ apyf(zx) + p — narAp — p)
< (1- 7'0%)2Hvk - sz + 2(ary f (k) — narAp, Tp1 — p)
|lzx — plI* + 200 (v f (2x) — nAp, i1 — p)
< (1= 7a)?||we — pl* + 200 (v f (i) = 7f () + 7S (D) — nAP, Ts1 — p)
< (L= rap)*|Ja, — pl* + 2009 f (i) — F )]l @41 — Dl
+ 20| |7 f (p) — nApl|-|rx11 — Dl
< (1 = 7o)z = pl* + 225702k — pl|-|2k41 — pl]
+ 20|l f (p) — nApl|.|zk41 — pI|.

Hence

< (1—Tay

(1 — 7)ok — 2l < Mk — plPP + | ze1 — plI* + 72|z — plI+
2039b||7x — pl|||2s1 — pl| + 20x] |7 f () — nAP||-||2x+1 — Dl
= 0as k — oo.
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Next, we prove that

limsup(nAz* — v f(z*), 2" — zx) <O0.

k—o00

Since M is Hilbert space and {z;} is bounded sequence, there exists a
subsequence say {zy,} of {zx} such that it converges weakly to m € B
and

limsup(nAz* — v f(z*), 2" — x) = limsup(nAz* — v f(z*), 2" — zy,).

k—o0 k—o0

Since I —U is demiclosed, we have m € F(U). Now by using Lemma 2.11,
we have

|z = S]] < llox — 2l + (|26 — TRzl

< g = zell + 15,20 = JXkl|

A A
<o — 2l + [ (2 + (1= ) Daean) — Jlz]]

Ak Ak
A
< llow = 2l + (1 = =)l — @l
k
A
<(2- )\—k)llxk — 2|

= ||lzp — Jizk|| = 0 as k — oc.

Since I —U is demiclosed and J{ is nonexpansive, we have m € F(Jy) =
argmingepg(u). Therefore m € 2. Hence

limsup(nAz* — v f(z"), 2" — ;) = limsup(nAz® — v f(z"), 2" — ay,)
k—oo k—oo
= (nAz* — v f(z"), 2" —m) <0.
Now
zrar — 2| < (| (v f (zn) + (I — nogA)vg — 2|

<l f(wr) + (I — naxA)vy,
— (I = nagA)p + (I = napA)p — o' ||*
< (1= (7 =by)an)?l|zr — 2'|)* + 200(nAz — v f(2), 2" — Tps1)
—0as k — oo.

!
Hence x, — z .

Case II: when {||xx — p||} is not monotonically decreasing sequence. Let Cj =
||zr, — p|| and 7 : N — N be a mapping for all k£ > kq by 7(k) = max{k € N: k <
m, C < Cry1}. Clearly {7} is non-decreasing sequence such that 7(k) — oo as
k — oo and Crpy < Criyqa for all k > ky. From (3.2), we have

(1 — 7o) l|we — wi| > < 20,06D — 0 as k — oo
= ||z — wi|| = 0 as k — oo.
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By doing similar argument as in Case I, we have

limsup(nAz”™ — v f(2%), 2" — z,4)) < 0.

k—o00

Thus for all k > kg, we have
0 < |lzrmyrr = 2 |* = [[er) — 11> < arpo (=(7 = 0))|2rgy — 2|
+ 20[-,—(]@ (UA:E/ - ")/f(ﬂf/), ZIZ'/ - xT(k)+1)
’ 2 ! !
T - 2 < ———(nAz — T Ty
ey = < Gy 0’ =), 2 = )

—0as k — 0.

Therefore limy_,o Cr(xy = limgoo Crry41 = 0. Then by Lemma 2.13, we have
0 S Ck S maX{OT(k),CT(k)+1} = Cr(k)—&—l‘ Hence limk_wo Ck = 0, that is {:L‘k}
converges strongly to x . 0

Corollary 3.2. Let B be a non-empty closed convex subset of a real Hilbert
space M and g : B — (—00,00) is proper convex and lower-semi continuous. Let
f B — M be a b— Lipschitzian mapping and Uy : B — B is finite family of
nonexpansive mappings such that Q@ = F(U) Nargmin,epg(u) # 0 for all p € Q,
where F(U) = M_{F(Ug). Let A: B — M be a k— strongly monotone and L—

Lipschitzian mapping. Let 0 < n < i—’;, 0 <~b< T, where T = n(k — LTQW) and
I — Uy, are demiclosed at the origin for k = 1,2,...,n. Let {zx} be a sequence
defined by (1.6), where {ax}, {Br} are sequence in [0, 1] such that limg_,oo ap = 0,
Yopeoar = 00, limy oo inf B,(1 — B) > 0 and {\} is a sequence such that
0< X<\ forallk > 1 and for some \. Then the sequence {xy} generated by
(1.6) converges strongly to z € Q, which is a unique solution of the variational

inequality problem:
(nAz’ —~f(«),2" = p) <0.

Theorem 3.3. Let B be a non-empty closed convex subset of a real Hilbert space
M and g : B — (—00,00) is proper convex and lower semi-continuous. Let
f B — M be a b— Lipschitzian mapping and U : B — B 1is nonexpansive
mappings such that Q = F(U)Nargmin,cpg(u) # 0 for allp € Q. Let A: B — M
be a k— strongly monotone and L— Lipschitzian mapping. Let 0 < n < i—’;,
0 <~b< T, where =n(k— LT%’) and I —U is demiclosed at the origin. Let {xy}
be a sequence defined by (1.6), where {ay}, {Br} are sequence in [0,1] such that
limy oo o = 0, D70 gy = 00, limy_o inf B4 (1 — Bg) > 0 and {\;} is a sequence
such that 0 < A < X\, for all k > 1 and for some X\. Then the sequence {xy}
generated by (1.6) converges strongly to x' € Q, which is together a minimizer of
g in B and a fized point of U.

Proof. Since {xy} is bounded, therefore {v;}, {J),xr} all are bounded. Also
||zrs1—z||> = 0 as k — oo,, we have limy,_,o ||z 1 —x1|| = 0. Also limy_oo ||75—
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wg|| = 0. Now by nonexpansiveness of U, we have
U o Jixy, — axl| < [|U o Jixk — wil + [[wy — ]
< ||U o SRz — Uzl + [fwp — |
< [k = 2l + |lwe — 2]
— 0 as k — oo.

Now for ¢ € (0,1), let v; : B — B such that vy = (1 — t)z + (U o J{)z. Then

from Lemma 2.15, we conclude that v, has a fixed point say z € F(U o J7), i.e
= F(U o J{)z. Also by Proposition 2.14, we have F(U o J{) = F(U) N F(J}),

z is together a minimizer of ¢ in B and a fixed point of U. OJ

Corollary 3.4. Let B be a non-empty closed convex subset of a real Hilbert
space M and g : B — (—00,00) is proper convex and lower semi-continuous.
Let f : B — M be a b— Lipschitzian mapping and Uy : B — B is family of
nonexpansive mappings such that Q = F(U) N argming,epg(u) # O for all p € Q,
where F(U) = M_F(Ug). Let A : B —> M be a k— strongly monotone and

L— Lipschitzian mapping. Let 0 < n < LQ, 0 <~b< T, where T = n(k — L;”)
and I — Uy is demiclosed at the origin for k =1,2,...,n. Let {xy} be a sequence
defined by (1 6), where {ax}, {Br} are sequence in [O 1] such that limg_,o, oy, = 0,
Yopeor = 00, limy oo inf B,(1 — Bx) > 0 and {\} is a sequence such that
0< )\ < A for all k > 1 and for some A. Then the sequence {xy} generated by
(1.6) converges strongly to z € Q, which is together a minimizer of g in B and

a fized point of U.

Corollary 3.5. Let B be a non-empty closed convex subset of a real Hilbert
space M and g : B — (—00,00) is proper convexr and lower semi-continuous. Let
f:B — M be a b— Lipschitzian mapping and U : B — B is k— strictly pseudo-
contractive mappings such that Q = F(U) N argmingegg(u) # O for all p € Q.
Let A : B —> M be a k— strongly monotone and L— Lipschitzian mapping. Let
0<n<2%, 0<b<Tt, where T =n(k — %") and I — U is demiclosed at the
origin. Let {x} be a sequence defined by (1.6), where {cy},{Pr} are sequence
in [0,1] such that limy_,oc ap = 0, Y10 o = 00, limy_,o inf B(1 — Sx) > 0 and
{Ax} is a sequence such that 0 < X < X\ for all k > 1 and for some X. Then the
sequence {x1,} generated by (1.6) converges strongly to ' € Q, which is together
a minimizer of g in B and a fized point of U.

Proof. Since every nonexpansive mapping is strictly pseudo-contractive mapping,
therefore result follows from the Theorem 3.1 O

Corollary 3.6. Let B be a non-empty closed convex subset of a real Hilbert
space M and g : B — (—00,00) is proper convex and lower semi-continuous. Let
f B — M be a b— Lipschitzian mapping and U, : B — B is family of k—
strictly pseudo-contractive mappings such that Q = F(U) N argmingepg(u) # 0
for all p € Q, where F(U) = N{_F(Ug). Let A: B — B be a k— strongly
monotone and L— Lipschitzian mapping. Let 0 < n < i—’;, 0 < vb < 7, where
T=n(k— LTZ") and I — Uy, is demiclosed at the origin for k =1,2,...,n. Let {x}}
be a sequence defined by (1.6), where {ay}, {Br} are sequence in [0,1] such that
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limy oo o = 0, D70 g oy = 00, limy_,o inf B4 (1 — Bg) > 0 and {\;} is a sequence
such that 0 < A\ < X\, for all k > 1 and for some A\. Then the sequence {xy}
generated by (1.6) converges strongly to x € Q, which is together a minimizer of
g in B and a fized point of U.

4. APPLICATION IN SPLIT FEASIBILITY PROBLEM

In 1994, Censor and Elfving [1] introduced split feasibility problem (SFP).
Due to its applications (SFP) like in image reconstruction, signal processing, and
intensity-modulated radiation therapy (refer [25, 26]), several authors gained at-
tention in this direction.

The split feasibility problem is to find a point x with the property that
x € Band Dx € Q, (4.1)

where B and () are non-empty closed convex subset of Hilbert spaces My, M,
and D : M; — M, is bounded linear operator.

We say that a point z* is the solution of (4.1) if and only if z* € B and
Az* — PoDx* = 0. The proximality function g is defined by

1
g(z) = 5|1Dz — PaDa . (4.2)

Now consider convex minimization problem

: 1 5
rmréllr;lg(x) = min §HD$ — PoDx||.

Then z* solves SFP (4.1) if and only if * solves convex minimization problem
(4.2).
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