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ISOGEOMETRIC ANALYSIS APPROXIMATION OF
PARABOLIC PROBLEM WITH RIGHT-HAND SIDE IN L!

YIBOUR CORENTIN BASSONON! AND AROUNA OUEDRAOGO?*

ABSTRACT. In the present paper, we study approximation by a new space-time
Isogeometric Analysis (IgA) method for linear parabolic evolution equation
namely

% — div(AVu) = fin Q = Q x (0,T).

We assume that the physical mesh is quasi-uniform. In addition, the right-
hand side f of the problem belongs to L'(Q). We prove that the unique
solution of the discrete problem, obtained by the Isogeometric Analysis method,

d
converges in L'(0, T} W&’Q(Q)), for every q with 1 < g < T to the unique
renormalized solution of the problem.

1. INTRODUCTION

The Isogeometric analysis method was introduced in [11] as a new discretiza-
tion approach for Partial Differential Equations (PDEs). The core idea of IgA
is to use the same smooth and hight-order superior finite dimensional B-spline
or Non-Uniform Rational B-Splines (NURBS) spaces for parametrizing the com-
putational domain and for approximating the solution of the PDE model under
consideration. IgA approximates have suitably been applied to the solution of a
large number of linear and nonlinear problems (see [5]). Approximation’s prop-
erties of B-splines and their applications for discretizing PDEs have been given
in [17].

In this paper, we present a new stable space-time Isogeometric Analysis method.
We focus the single-patch to space-time IgA schemes. We consider the linear
parabolic initial-boundary value problems : find u : Q — R such that

% —div(AVu) =f in@Q=Qx(0,7),
u =0 onX=00x(0,T), (1.1)
u =wuy on Xy =00 x {0}.
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This is a typical parabolic model problem posed in the space- time cylinder
Q=0x[0,T|=QUXUXyUXp, where X :=Qx {T} and Q C R? (d = 2,3)
denotes the spatial computational domain with the boudary 0f).

The main contribution of this paper is to consider that the right-hand side f and
the data ug, respectively, belongs to L'(Q) and L'(X).

When the source function f € L*(Q) and the initial conditions uy € L?*(€2), the
existence and the uniqueness of a space-time variational formulation were inves-
tigated in [12] and [13]. In our case where f and ug belong to L'(Q x (0,7))
and L'(X)), respectively, we cannot use the notion of variational formulation.
To solve this problem, we consider in the present paper the framework of renor-

malized solutions. This notion was introduced by DiPerna and Lions in [10] and
Dall’Aglio (see [9]). The interested reader can also see [1].
In our recent work [I], we have studied the approximation of elliptic problem,

namely —div(AVu) = f with the right-hand side f belongs to L'(Q). We have
established that the unique solution of the discrete problem, obtained by the Iso-
geometric Analysis method, converges to the unique renormalized solution of the
problem.

Here, we consider the parabolic case. This problem modelling a heat tranfer in
the space-time cylinder Q).

The standard space-time isogeometric analysis scheme of the problem (1.1), given
by

( Find u;, € Vg, such that Yu, € Vo,

/ Orupvpdrdt + / Ohoyuy, - Oyvpdxdt + / AV uy, - Vyopdxdt
Q Q Q (1.2)

+0h / AV yup, -V Oyondadt = / f(vh+6h8tvh>d:cdt,
Q Q

where
%h:{thVhCUhZOOHEUZO},

has a unique solution (see Proposition 2.4 below). Note that V}, is the NURBS
space defined in (2.19).

As the solution of (1.1) does not belong to L?(0,T; Hj(f2)) for usually a general
right-hand side f € L'(Q), we do not have the insurance that the solution of
(1.2) converges in L*(0,T; H}(Q2)) towards to solution u of (1.1).

Hence the need to use the concept of renormalized solution. This definition of the
renormalized solution allow one to shown that in this new sense problem (1.1)
is well posed in the terminology of Hadamard, namely that the solution of (1.1)
exists, is unique, and depends continuously on the right-hand side f.

The existence and the uniqueness of renormalized solution of (1.1) are proved in
[3].

In the present paper, we prove that the unique solution u, of (1.2) converges to
the unique renormalized solution u of (1.1) in the following sense

u, — u strongly in L'(0,T; W,4(Q)) (1.3)
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for every ¢ with 1 < ¢ < %

To achieve this section, we assume that the physical mesh family is quasi-uniform.
The rest of the paper is organized as follows: In Section 2, we make preliminaries
that we used in this paper. we also recall the framework of Isogeometric analysis
method. In Section 3 , we prove our main result and give an error estimates
in Section 4. For this, we introduce the Marcinkiewicz space still calling weak-

Lebesgue space. This is a set of all measurable functions f € ) which satistying
1/r
| fllLree(q) = iulg)\ {z€@ : |f(z)] > A} < +o0. (1.4)
>
Finally, we give numerical implementation in the last Section.

2. Preliminaries

2.1. Assumptions. We consider the following parabolic problem

W Gv(AVY) = WmQ=0x(0.7)
U = Up On 20 = aQ X {O}a

under the following assumptions:
A(z,t) is a symmetric coercive matrix with coefficients lying in L>°(Q) such that

A€ L=(Q)™ and ai;(w,t) = az(v,t) ae. in Q, Vi, (2.2)
satisfying the ellipticity assumption
Ja >0, ae. in Q, VE € R, Az, )€ - € > al¢)? (2.3)
and
38 >0, a.e. in Q, VE € R A(x, 1) - 0,6 > BlO£I% (2.4)
The data of this problem are such that
feL'Q), ug € L'(%p). (2.5)

V is the gradient operator and the domain Q C R? (d = 2, 3) is fixed, bounded
and Lipschitz. We assume that the space-time cylinder Q = Q x [0,T] = QU X U
2o U2,

where

Q:=0x(0,T), XY:=00x(0,T), Xy:=Qx{0}, Xr:=Qx{T}

Troughout this paper and for any positive real number k, we denote by T}, the
truncation function at height k as the real-valued Lipschitz function such that

Ti(r) = min <k, max(r, —k))

Now, we are able to define the renormalized solution of our problem.
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Definition 2.1. A real valued function u defined on Q x (0,7) is a renormalized
solution of (2.1) if

u € L0, T; LY(Q)); (2.6)
Ti(u) € L0, T: HY(): (27)
T
lim / / |Vu|?dzdt = 0, for any k > 0; (2.8)
h—+00 Jo  J{h<|u|<k+h}

and

—/T< (u), & dt+/ /S’ VAV Edudt
S"(u)AVuVEdudt = £8'(w)édxdt, (2.9)
o s [ [

for every function & € C®(Q x [0,T)) and S € W**(R) such that S’ has a
compact support and S'(u)é € L*(0,T; H3(9)).

Conditions (2.6) and (2.7) permit to define Vu almost everywhere in Q: for
any k > 0, we have VTj,(u) = X{juj<k} VU a.e. in @ where x{ju<k} designates the
characteristic function of the set {(z,t); |u(z,t) < k|}.

Equation (2.9) can be formally obtained through pointwise multiplication of (2.1)
by S’(u).

Theorem 2.2. (see [3]) Assume that f satisfies condition (2.5).
Then, there exists a unique renormalized solution of (1.1). Moreover this unique

d
solution belongs to L1(0,T; W14(Q)) for every q with 1 < ¢ < R It depends

continuously on the right-hand side f in the following sense: if f¢ is a sequence
which satisfies

f¢ — f strongly in L'(Q) (2.10)
when € tends to zero, then the sequence u® of the renormalized solution of (1.1)
for the right-hand sides f¢ satisfies for every k > 0 and for every q with 1 < ¢ <

d—1’
Ty (uf) — Ty (u) strongly in L*(0,T; Hy(Q)),

u® — u strongly in L(0,T; Wy%(Q2)),

when e tends to zero, where u is the renormalized solution of (1.1) for the right-
hand side f. Finally, if fi and fo belong to LY(Q), and if uy and uy are the
renormalized solutions of (1.1) for the right-hand sides fi; and fy respectively,
then for every k > 0, the function Ty(u; — ug) belongs to L*(0,T; HY(Q)) and for

every q with 1 < g < 1 one has

T (ur = w2) 17207113 0y < Kl = follr@)s

Jur — uQ”iq(O’T;W(}vQ(Q)) < Cillfi = fall i), (2.11)
where the constant Cy only depends on d, || and q.
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In the following subsection, we give some essential result of the method of
Isogeometric Analysis.

2.2. Stable Space — Time IgA Discretizations. We introduce new space-time

IgA schemes for our model problem. We briefly present the notions of B-splines
and NURBS basis functions. In the sequel, we consider the construction of the IgA
spaces by using the NURBS space. For more details on B-splines and NURBS-
based IgA, we refer to [3, 15, 16]. We start with the B-spline spaces. We denote

T— J ' Q IL_..””J \ O
K &1 1 . . / )
T K P!
- N a0
i) y 0 i
0ot = 1] : ; W
a Y b Q) 1 1 0 Ty il 1

FIGURE 1. Space-time IgA paraphernalia for Q C R%*! with d = 1
(left) and d = 2 (right).

by the integer p > 1 the polynomial degree and n the number of basis functions.
Then a knot vector is nothing but a set of non-decreasing sequence of real num-

bers in the parameter domain and can be written as = = {51, ...,fn+p+1}. We

also assume, by convention, that £ = 0 and &,,,41 = 1. We also note that the
knot value may be repeated indicating its multiplicity m. We always consider
open knot vectors, i.e., knot vectors where the first and last knot values appear
p+1 times, or, in other words, the multiplicity m of the first and last knots is p+1.
For the one-dimensional parametric domain (0,1), there is an underlying mesh
ICh consisting of elements K created by the distinct knots. We denote the global
mesh size by h := max{hy : K e ICh} where hy = diam(K ) length(K). For
the time being fixed, we assume that the ratio of the sizes of neighboring elements
are uniformly bounded from above and below. In this case, we speak about locally
quasi-uniform meshes. The univariate B-spline basis functions Bi »:(0,1) —R
are recursively defined by means of the Cox-de Boor recursion formula:

T
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&MQz{ Hasistm (2.12)

0 otherwise.

For p =1,2,3, ..., they are defined by

Byl@) = =5 Ba©+ S B0, (219)
Sivp — & Sivpt1 — Git1
By definition, we suppose that a division by zero is equal to be zero. We observe
that a basis function of degree p is (p—m) times continuously differentiable across
a knot with the multiplicity m. If all internal knots have the multiplicity 1, then
B-splines of degree p are globaly CP~!-continuous.
Now, we can define Athe multivariate B-spline basis functions on the space-time
parameter domain Q := (0,1)%! ¢ R with d = 1,2 or 3. It is a product
of the corresponding univariate B-spline basis functions. To do this, we first
define the knot vectors =, = {Sf‘, s & +1} for every space-time direction
a=1,...,d+ 1
Additionaly, we consider the multi-indices i := (iy, ..., ig41) and p := (p1, ..., Pat1)s
theset T = {i = (i1, ..., 4441) : G =1,2,...,n0;a = 1,2, ....d+1}. The product of
the univariate B-spline basis functions allows to obtain immediatly multivariate
B-spline basis functions

d+1

Bip(€) =[] Biupu (&), (2.14)

a=1

where we take £ = (&1, ...,&441) € @ The univariate and multivariate NURBS
basis functions are defined in the parametric domains by means of the corre-
sponding B-spline basis functions {B\i,p}z‘ef- For given p = (py, ..., pa+1) and for
all i € Z, we define the NURBS basis functions }A%i’p as follows:

N N El D 7
Rip: (0,1) — R, Ry, (€) = % (2.15)
with the weighting function
W:(0,1) — R, W(E) =Y w,Bi,(6), (2.16)

i€Z
where the weights w; are positive real numbers.

In this paper, we describe the space-time cylinder Q C R4*! by considering
the parametric domain @ = (0,1)?*! and the geometrical mapping

®:Q— Q=2(Q) CR™, &(&) = R, (&P (2.17)
i€

where ]3%4), i € Z, are the NURBS basis functions and {P;},. C R?*! are the
control points.
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By means of the geometrical mapping (2.17), we define the physical mesh K, as-
sociated to the computational domain (), whose vertices and elements are the im-
ages of the vertices and elements of the corresponding underlylng tensor- product
mesh K, in the parametric domain Q, i.e., K, := {K = ®(K) : K € K,}. We
denote the global mesh size of the mesh in the physical domain by h := max{h :
K € Ky}, with hge := |[V®|| =) hp and hp = diam(K).

Moreover, we assume that there exists a positive constant C',, independent of A,
such that

hx <h < Cyhg for all K € ICy,. (2.18)

The previous relationship (2.18) implies that the physical mesh is quasi uniform.
Finally, we define the NURBS space

Vi, = span{pp; = ﬁi,p o <I>_1}i€f (2.19)

on ) by a push-forward of the NURBS basis functions, where we assume that
the geometrical mapping & is invertible a.e. in ), with smooth inverse on cach
element K of the physical mesh K € Iy, see [2] and [18] for more details.

Since we discretize the whole space-time cylinder ) by means of NURBS, we will
introduce the space-time IgA space Vg, by using the NURBS V,:

Vo =V, N HS:QI(Q) = {vh eV, : ”hlZUZo = O} = span{yp; tiez, (2.20)
where
d
Hé”QI(Q) = {u € L*(Q) : Vyu € [LZ(Q)} ,u=0o0on X and u =0 on ET}.

For simplicity, we assume below the same polynomial degree for all coordinate
directions, i.e. p, =pforall a =1,2,....,d + 1.

Now, we recall some approximation properties of B-splines (resp. NURBS) space.
In ([2], Lemma 3.2 and Lemma 3.3), a projector on the B-spline space Vp, is
introduced. The projector, here denoted by II,, with the present notation is

written as
mi,...,mq

Mw = > (Ni.iw), Yo € L*((0,1)%),

i1=1,....ig=1

where the \;

i..iy are dual basis functionals, that is,

)\jlmdeil-nid =1 lf ja = ?:a, \Vll S (0% S d,
A

i1jaBin.iy, =0 otherwise.

From [ [17], chapter 12], the functionals \;, ;, can be represented by functions
with local support. This induces local stability properties on II,. We summarize
the previous properties in the following result, proved in [[17], Theorem 2.6].

Lemma 2.3. We have

v, = vy, Yo € Vo, (spline preserving),

||HhU||L2(K) S OHUHL?(K) Yv € LQ((O, 1)d),VK c ]Ch (stability).
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2.3. Tools. Here, we show various results which will be used in particular in the
proof of our main theorem.

Motivated by the bilinear form of the left-hand side of (1.2), we introduce the
mesh-dependent norm

1 1/2
lonlls = [IVavnlE i) + 0h10nlE s + S lonlnmn] - (221)

To obtain our discrete scheme for defining an approximate solution u; € Vg, we
multiply our parabolic problem (2.1) by a time-upwind test function of the form
v, + Ohdwvy, with an arbitrary vy, € Vg,. The constant 6 is positive and depends
on the degree p, but its also independent of h (see [11] for more details).

In the next result, we show that the standard Isogeomertic analysis scheme of
(2.1) exists and is unique.

Proposition 2.4. Under the assumptions (2.2)-(2.5), the standard Isogeometric
Analysis scheme of (2.1) given by

( Find u;, € Vg, such that Yo, € Vi,

/ Oyupvpdrdt + Hh/ Oyuy, - Opvpdxdt + / AV qup, - Vopdxdt
0 0 0 (2.22)

—i—@h/ AV uyp, - Vi 0wpdxdt = / f(vh + Hhﬁtvh) dxdt,
\ Q Q

has a unique solution.

Proof. Since v, € Vo, € L®(Q) and f belongs to L'(Q), the right-hand side of
(2.22) makes sense. Let ap(.,.) : Vo X Vo, — R the discrete continuous and
bilinear form defined by

ap(up,vp) = /Gtuhvhdxdt+9h/&guh-(?tvhdxdt
Q Q

+/ AV uy, - Vpopdxdt + Qh/ AV uy, - V0 dxdt
Q Q
and the continuous and linear form

lh(vh) = / (Uh + Qhﬁtvh)fdxdt.
Q

It’s remind to establish that the bilinear form is Vg, —coercive wrt the norm ||.||,
for all v, € Vi,
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We have, by using asumptions (2.3) and (2.4)

1
an(vn,vn) > / (§8tvi+9h(8tvh)2 + | Vo2 + 50h\8tvxvh|2>dxdt
Q

1
> 1 / Vs + Oh|un |2y + llVatn e
o0Q

- 2

> L Oh||0pun |2 V.onl|?

= 2||Uh||L2(2T) + Oh|0wnl 1, Q) + @l VavrllT, )
> C 1 2 Oh||0,vp 2 \Y 2

Z 2||Uh||L2(ET) + 0| Owon |7, @) + [IVavrllz, 0
> Cllualli,

where C' depends only on «. So, the bilinear form ay(.,.) is Vop-elliptic.
The Vyp-ellipticity of the bilinear form ay(., .) implies uniqueness of the solution uy,
of the IgA scheme (2.22). Therefore, as Vpy, is a finite dimension space, uniqueness

yields existence. Thus, there always exists a unique IgA solution of the space-time
IgA scheme (2.22). O

We need the following result.

Theorem 2.5. Assume that v, € Vi, satisfies

2
Yk > 0, / ‘VxHh(Tk(vh)) dedt < kM, (2.23)
Q
. d
for some M > 0. Then, for every q with 1 < q < T
||UhHLL1(0,T;W01’q(Q)) <Gy M, (2.24)

where the constant Cy only depends on d, ||, and q.

Proof. For the proof, we adapt the technique used in [7] (see Theorem 2.1).
We consider Friedrich’s inequality that we use in the form

11|z ) < CallVavllz2(q),
which holds for all v € H'(Q) which vanishing trace on . The proof of Friedrichs’

2
inequality is given in [(]. Moreover, we have firstly 2* = T3 if d > 3 (in this
case, Cq depends only on d). Secondly, 2* is any real number with 1 < 2* < 400
if d = 2 (and then the constant Cg depends on |©]).

From this estimate and (2.23), we obtain that

2% 2 z . -
drdt < cg‘( / )vggnh(Tk(vh))‘ d:zcdt) < CZ (kM)%.
Q
(2.25)

| m (e
Q

For k > 0, we define the set Ej by
Ey = U {K € Ky :3(y,t) = z € K with |vp(2)| > k:}
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According to ([7], Lemma 2.3), for every K € K, with K C Ej, there exists a
micro element £ C K, with |E| = C(d)| K| and

Ve e F,

DO | T

(Te(wn) (@) 2

Consequently, for K C Fj,

2% 2% k 2% k %
/K‘Hh(Tk(vh)) dmdtz/E‘Hh(Tk(vh)) drit> (3) 18> (5) @)K,
SO
Bl=Y K < 3 %/ () " dudt
KCEy KcE; C(d) <§> K
< W /Q (i) " dwdt.
2
Considering (2.25), we obtain
1 o CZ(EM)T M7
Bl < —— e Cr ¥ = LA I (2.26)

caEy

The inclusion {(z,t) € Q : |vn(2,t)| > k} C E) and inequality (2.26) imply that

- 20%
K| {(2,8) € Q : [on(w, )| > k:}‘ < kT|E| < (Z)Mz
.. 2" d , . o
As d > 3 implies 5 =T this last inequality gives,
1onll, 425 0 ) < CLD)M. (2.27)

Here, C(d) denotes a constant which only depends on d.
We take z = (z,t) € Q). For every A\ > 0 and for every k > 0, one has

{z €Q:|Vyon(z)| > )\} = {z €Q:|Vyup(z)| > Nand z € Ek} U
U{Z €Q:|Vyup(z)| > Nand z € Eg}

Hence, we obtain

{ZEQ |V on(2 )|>)\}‘ ‘Ek‘—i-

{zEQ |Von(2 )\>/\andz€Ek}
(2.28)
vn(2)

For each K € Ef, we have |v,(z)| < k and consequently, I, (Tx(vs))(2) =
and V11, (T (vp))(2) = Vaun(2).
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So we can write that

meas{z €Q:|Vyup(z)| > Nand z € E,‘;}

= meas{z € Q |V I (Tk(vp))(2)] > A and 2z € Eg}

< meas{z € Q |V ILn(Ti(vn))(2)] > )‘}

2
dzdt.

< % /Q VT (Ti(en)(2)

Considering (2.28), (2.27) and the hypothesis (2.23), we obtain that for A > 0
and every k > 0,

+

(200)* (M) k;\f

{z €Q:|Vyun(z)| > )\H <

Taking k = AT 4 M%, we have

22*
2% 2

(2€Q: |Voun(2)] > /\}‘ < ((2(?((;);* + 1>M+

This means that, when d > 3

< C(d)M, (2.29)

9200 e g <

which implies (2.24).
When d = 2, we use the estimate (2.27) and the embedding inequality

Lr,oo(Q) (230)
to obtain (2.24). O

¥p, 1<p <7, |[ullme < Cl,r|90)|u

Proposition 2.6. Under the assumptions (2.2)-(2.5) and (2.18), the solution u,
of (2.22) satisfies for every h > 0 and every k > 0

[onll L1 o, raw oy < Cs(ds 1921 @) fllr@)- (2.31)
where the constant Cs(d, |2, q) only depends on d, || and q.

Proof. Since T}, (uy) is continuous, the function 11, (7% (up)) belongs to Vop,.
We can write that

ap <Hh(Tk(uh)), Hh(Tk(uh))> _ /

X (M0 (T (1)) + 000, (T (Ti(un) ) | .

(2.32)
On one part, we consider the left hand side of (2.32).
Taking Ap, , = I, (Tk(up)), we obtain after using asumptions (2.3) and (2.4)

|
ah<Ah7k,Ah7k> > / <§8tAi7k+9h(8tAh7k)2 +a|VxAh7k|2+50h|6tVzAh,k|2>dxdt
Q
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for all Ay € Von. Hence, we get
Oé/ |VxAh7k|2dlL‘dt S ap <Ah,ka Ath) .
Q
On the other hand, we have
/ f [Hh(Tk(uh)) ) (Hh(Tk(uh))ﬂ drdt < (ky + 0hka)| £l 11 (-
Q
Furthermore, we obtain
2
a / ‘VxHh(Tk(uh))‘ dudt < C(h, k,0))|f 1) (2.33)
Q

and by Theorem (2.5), we obtain, for each 7' > 0,

T T
[ Wulgeqapte < €0 0) [ eyt

Finally, we get
HuhHLl(QT;WOl’q(Q)) < C(h, k79)‘|fHL1(Q)’

which completes the proof. O

3. Convergence Analysis
Theorem 2.5 implies that u, is bounded in L'(0,T; W, %(Q)) for every ¢ with

1<qg< T 1 We prove, in this part the strong convergence of u;, in this space.

3.1. Main result.
The following theorem is our main result.

Theorem 3.1. Under the assumptions (2.2)-(2.5) and (2.18), the solution uy of

d
(2.22) satisfies for every q with 1 < ¢ < T

up, — u strongly in L0, T; Wy (), (3.1)
when h tends to zero, where u is the unique renormalized solution of (1.1).

Proof. We adapt here the techniques used in [7] for the proof of Theorem 3.2. We
take a sequence f¢ of functions such that

fee L=(Q), f¢ — f strongly in L*(Q).

As we have the inclusion L>® C L%*(Q), this sequence is obtained by taking for
example ¢ =T1i(f).
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We consider the unique solution w5 of (2.22) with the right-hand side f¢. Subse-
quently, we get

(up —uj, € Vop,

Y, € Vgh,/ O¢(up, — uj, )updadt + Qh/ O(up, — uy,) - Qyvpdzdt
Q Q

3.2
+/ AV (up — uy) - Vyvpdadt + Qh/ AV (up, — uy) - Vi Oppdadt (3:2)
Q Q

— [ Frondadt+n [ (7 = g 0uandsi
Q Q

\

Applying estimate (2.33) to this problem, we obtain for every k > 0, every
h > 0 and every € > 0

T
oz/ / ‘Vka(uh —uj)
0o Jao

which implies by Theorem 2.5 (see [7], Theorem 2.1) that for every ¢ with 1 <

2
dzdt < k|| f — f*ll10),

q <

1 every h > 0 and every € > 0

T
| = it < a9 )1 = Flooy (3.3)
On the other hand, since f¢ € L*(Q) and considering that the family of physical
mesh [, satisfies (2.18), we have that for every fixed
us — u® strongly in L*(0, T; Hy(9)), (3.4)
where h tends to zero, where u° is the unique solution of
w € L*0,T; Hy(9)),
e (3.5)
5 div(AVu®) = f¢ in D'(Q).
0

At the end, the function u® is respectively the unique weak solution of (3.5) as
well the unique renormalized solution in the sense of Definition 2.1 of the problem

Ou, : :
au —div(AVu®) = f°in Q,
0
u® = Oon X, (3.6)
u® = wugon Xjy.
By application of the estimate (2.11), we have
I~ wll s gy < Oa(d 120 LS~ Flescan (3.7

d
for every ¢ with 1 < ¢ < i1 where v is the unique renormalized solution of
(1.1). Now, we can use the triangular inequality in the following sense, and for
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all T > 0
T T T
/0 [Jun — UHWOl’q(Q)dt < /o [ — Ui“wg’q(g)dt + /0 [[un — UEHW(}A(Q)dt

T
+/0 [Jus — UHW(}"?(Q)dt-

Using (3.3), (3.4) and (3.7), we obtain, for every ¢ > 0 and every ¢ with 1 < ¢ <
d

d—1
limsup [luy, — U||L1(0,T;Wol"’(ﬂ)) = (O3(d’ €21, 4) + Ca(d, |92, q)> 177 = fllvr

h—0

To complete this proof, we take in previous estimate the limit when ¢ tends to
zero and we obtain (3.1). O

3.2. Discretization Error estimate. When f € L'(Q), the precedent Theo-
rem 3.1 establishes the convergence of the IgA schemes method, but it does not
provide any error estimates. Here, we assume that f belongs to the Marcinkiewicz
space L™>®(Q) (with » > 1) and that 2 is sufficiently smooth.

Theorem 3.2. Under the assumptions of Theorem 3.1, if we further assume that
either d =2 or d = 3, that f € L™®(Q) for some r with 1 < r < 2, that Q is a
convex polyhedron, then we have the error estimate

_1
lun =l o awaayy < Clds @, Q)R flire@)- (3.8)

Proof. We consider that f belongs to the Marcinkiewicz space L™*((Q) for some
r with 1 < r < 2. We introduce the approximate problem of (2.22). Let ¢ > 0,
we consider

fo=T(f).
We obtain {f¢} C L=(Q) C L*(Q) such that
f¢ — f strongly in L*(Q),
as € tends to zero. We denote by wu; the solution of this problem with right-
hand side f¢. Defining also u at the solution of (3.6), we have for every ¢ with
d

1<g< ——

=17

T T T
= gyt < [ = iyt + [ i = g

T
+ /0 0 = ullypo - (3.9)

Our approximate problem with right-hand side f¢ € L?*(Q) has an unique solution
u; and satisfies

[y, — UEHLQ(O,T;H(%(Q)) < CthEHLQ(Qy
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where the constant C' > 0 is independent of A and f¢. Therefore, from the
continuous imbedding of H¢ () in W,%(R2), we obtain a new constant C' (which
depends on ¢, ) such that

|uf, — USHL(I(O,T;WOI"I(Q)) < Ch||fg||L2(Q)'

Using then (3.3) and (3.7), we deduce that for a new constant C, which is not
depend of ¢, h and f (but depends on d, ¢, (),

e~ ull sz oy < C(If = Flliey + bl Fliz). (3.0)

But now, we're focusing on the right-hand side. We give an estimate of this term.
For this, we use the definition of the norm in the Marcinkiewicz space L™>(Q)
and the embedding inequality (see [7], Remark 2.2).

Vg, 1 < g <, [[¥|lLao) < O(Qﬂ“, |Q|>H¢HL“°°(Q)'

We obtain, on the one hand

1 rT— T
If = £l < =5 Ml (3.11)

. 2 1 s
I e <\ g a7 I~ (3.12)

Therefore, the estimate (3.10) allows to obtain

1 - . 2 h r
lun = ull 1o rawtoo ) < C<7, —¢ A e () + 2—_1081__72””]0’&“”(@))'

2

T

and furthermore

To end this proof, we take in this inequality € = , for every ¢

1F1Zroe @)

d
with 1 < ¢ < T and for every h > 0, and we obtain finally

_1 r
||Uh — uHLl(O,T;WOI’q(Q)) S C<d7 q,7, Q7 >h2(1 T)HfHLTOO(Q)

4. NUMERICAL RESULTS

We present here some numerical experiments to validate the theoretical esti-

mates presented in Section 4. The examples considered are motivated by [ [11],
Section 5], where the authors used Isogeometric Analysis (IgA).
We consider the space-time domain @ := Q(t) x [0,1] C R? where Q(t) = {z €
R :a(t) <z <b(t)} with t = (0,1), a(t) = —t/2 and b(t) = 1+ t/2. We will
consider a deforming space-time domain with polygonal surface area Y as illus-
trated in Fig.2. By using unstructured mesh with p = 1 and p = 2 polynomial
degree continuous finite elements, we compute the error in the norm |||, o-
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The renormalized solution of the problem (2.1) is given by u(x,t) = sin(wz) sin(nt).
We choose the positive parameter § = 0.1 and we set

@) = T € L(00)

We have estimated the convergence order in L'(0, T; W, ' (Q)) norm and we take
r = 1.5. The solution contours u;, can be seen in Fig.3.

We study the case p = 1 and p = 2. We perform a convergence analysis where the
mesh is successively refined in the Degree of Freedom. In any case, we observe
that the error diminishes as the discretization order is increased using the k-
refinement previously defined.

\ VA
FAVSTAVAVAVAVAVAY, o6
WA, AVAVAVAVAY, P SAVa v,
ATV aV Vet
.

FIGURE 2. Moving spatial domains with underlying unstrunctured mesh

5. CONCLUDING REMARKS

In this article, we have presented a new stable space-time finite element scheme
for parabolic evolution problems with L' data on arbitrary space-time domains.
We have presented a priori error estimates in the Marcinkiewicz space and nu-
merical examples in the space-time domain () C R2. For this, we use continuous
finite element approximations with polynomial degrees p =1 and p = 2.

The new results present the possibility for space-time adaptativity in moving do-
mains, also the possibility to use preconditionning, fast solvers like multi-grid and
domain decomposition solvers.



10.

11.

12.

ISOGEOMETRIC ANALYSIS APPROXIMATION OF PARABOLIC PROBLEM 61

Error estimate versus Degree of Freedom

looVa w2

114572
W E07EST 2
200743 ]

w50
WD 435314 E
= -
o E708S v

W.EE1
J W.855256 w
W 3T §
b=
w

10 Lidiiiii i0iiiiiii L0 iiiiiii Wi §iiiiii

10 10° 10° 10'
Degree of Freedom

FIGURE 3. Solution contours in the space-time cylinder @ (left)
and the plot of the estimates for degrees p =1 and p = 2
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