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COUPLED FIXED POINT RESULTS FOR CONTRACTIVE
TYPE CONDITIONS IN PARTIAL b-METRIC SPACES

GURUCHARAN SINGH SALUJA

Abstract. The aim of this paper is to establish some coupled fixed point re-
sults for contractive type conditions in the framework of partial b-metric spaces.
Further, we give some consequences of the established results. We also prove
well-posedness of fixed point problem of the mapping. The results of findings
in this paper extend and generalize several previously published findings from
the existing literature (see, for example, [1], [19] and many others).

1. Introduction and preliminaries

There are a number of generalizations of metric spaces and Banach contraction
principle. In this sequel, Bakhtin [2] and Czerwik [6] introduced b-metric spaces
as a generalization of metric spaces (see, also [7]). They proved the contraction
mapping principle in b-metric spaces that generalized the well-known Banach
contraction principle in such spaces. Since then, several papers have dealt with
fixed point theory for single-valued and multi valued operators in b-metric spaces.

In 1994, Matthews (see, [13, 14]) introduced the notion of partial metric spaces
as a part of the study of denotational semantics of data flow networks. In this
space, the usual metric is replaced by partial metric with an interesting property
that the self-distance of any pint of space may not be zero. Further, Matthews
showed that the Banach contraction principle [3] is valid in partial metric space.
It is widely recognized that partial metric spaces play an important role in con-
structing models in the theory of computation (see, e.g., [9], [17] and some others).
In 1999, Heckmann [9] generalized it by omitting the small self-distance axiom.
The partial metric defined by Heckmann is called weak partial metric.

On the other hand, Bhashkar and Lakshmikantham [4] introduced the concept
of coupled fixed point of a mapping ψ : X×X → X and investigated some coupled
fixed point theorems in partially ordered complete metric spaces. They also
proved mixed monotone property for the first time and gave their classical coupled
fixed point theorem for mapping which satisfy the mixed monotone property. As,
an application, they studied the existence and uniqueness of the solution for a
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periodic boundary value problem associated with first order differential equation.
Later, several other authors such as Ciric and Lakshmikantham [5], Sabetghadam
et al. [19] and Olaleru et al. [17] proved some coupled fixed point theorems in
metric spaces (see, also [8], [10], [11], [12], [15], [16], [20], [21]). Aydi [1] proved
some coupled fixed point results for contractive type conditions in partial metric
spaces.

Recently, Shukla [22] generalized both the notions of b-metric and partial metric
spaces by introducing partial b-metric spaces. He proved Banach contraction
principle as well as the Kannan type fixed point theorem in partial b-metric
spaces. Also some examples are given which illustrate the results obtained in this
new space.

The aim of this paper is to establish some coupled fixed point theorems for
contractive type conditions in the setting of partial b-metric space. Our results
of findings in this paper extend and generalize several previous findings from the
existing literature.

In the sequel, first we recall some basic definitions from b-metric and partial
metric spaces (see, [2, 14]).

Definition 1.1. Let X be a nonempty set and the mapping d : X × X → R+

(R+ stands for nonnegative reals) satisfies:
(bM1) d(α, β) = 0 if and only if α = β for all α, β ∈ X ;
(bM2) d(α, β) = d(β, α) for all α, β ∈ X ;
(bM3) there exists a real number s ≥ 1 such that d(α, β) ≤ s[d(α, γ) +d(γ, β)]

for all α, β, γ ∈ X .
Then d is called a b-metric on X and the pair (X , d) is called a b-metric space

with coefficient s.

Definition 1.2. A partial metric on a nonempty set X is a function p : X ×X →
R+ such that for all α, β, γ ∈ X :

(PM1) α = β if and only if p(α, α) = p(α, β) = p(β, β);
(PM2) p(α, α) ≤ p(α, β);
(PM3) p(α, β) = p(β, α);
(PM4) p(α, β) ≤ p(α, γ) + p(γ, β)− p(γ, γ).
A partial metric space is a pair (X , p) such that X is a nonempty set and p is

a partial metric on X .

In 2013, S. Shukla [22] define the following.

Definition 1.3. A partial b-metric on a nonempty set X is a function pb : X ×
X → R+ such that for all α, β, γ ∈ X :

(Pb1) α = β if and only if pb(α, α) = pb(α, β) = pb(β, β);
(Pb2) pb(α, α) ≤ pb(α, β);
(Pb3) pb(α, β) = pb(β, α);
(Pb4) there exists a real number s ≥ 1 such that pb(α, β) ≤ s[pb(α, γ) +

pb(γ, β)]− pb(γ, γ).
A partial b-metric space is a pair (X , pb) such that X is a nonempty set and pb

is a partial b-metric on X . The number s is called the coefficient of (X , pb).
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Remark 1.4. In a partial b-metric space (X , pb) if α, β ∈ X and pb(α, β) = 0, then
α = β, but the converse may not be true.

Remark 1.5. It is clear that every partial metric space is a partial b-metric space
with coefficient s = 1 and every b-metric space is a partial b-metric space with the
same coefficient and zero self-distance. However, the converse of this fact need
not hold.

Example 1.6. ([22]) Let X = R+, where R+ = [0,+∞), p > 1 a constant and
pb : X × X → R+ be defined by

pb(α, β) = [max{α, β}]p + |α− β| for all α, β ∈ X .

Then (X, pb) is a partial b-metric space with coefficient s = 2p > 1, but it is
neither a b-metric nor a partial metric space. Indeed, for any α > 0, we have
pb(α, α) = αp 6= 0; therefore, pb is not a b-metric on X . Also, for α = 5,
β = 1, γ = 4 we have pb(α, β) = 5p + 4p and pb(α, γ) + pb(γ, β) − pb(γ, γ) =
5p + 1 + 4p + 3p − 4p = 5p + 1 + 3p, so pb(α, β) > pb(α, γ) + pb(γ, β)− pb(γ, γ) for
all p > 1; therefore, pb is not a partial metric on X .

Every partial b-metric ”pb” on a nonempty set X generates a topology τpb on X
whose base is the family of open pb-balls where τpb = {Bpb(α, ε) : α ∈ X , ε > 0}
and

Bpb(α, ε) = {β ∈ X : pb(α, β) < pb(α, α) + ε},
for all α ∈ X and ε > 0. Obviously, the topological space (X , τpb) is T0, but need
not be T1.

Now we recall the definition of Cauchy sequence and convergent sequence in
partial b-metric spaces.

Definition 1.7. ([22]) Let (X , pb) be a partial b-metric space with coefficient s.
Then:
• a sequence {qn} in (X , pb) is said to be convergent with respect to τpb and

converges to a point q ∈ X , if limn→∞ pb(qn, q) = pb(q, q);

• a sequence {qn} is said to be Cauchy sequence in (X , pb) if limn,m→∞ pb(qn, qm)
exists and is finite;

• (X , pb) is said to be a complete partial b-metric space if for every Cauchy
sequence {qn} in X there exists q ∈ X such that ,

lim
n,m→∞

pb(qn, qm) = lim
n→∞

pb(qn, q) = pb(q, q).

• A mapping g : X → X is said to be continuous at q0 ∈ X if for every ε > 0,

there exists δ > 0 such that g
(
Bpb(q0, δ)

)
⊂ Bpb

(
g(q0), ε

)
.

Note: In a partial b-metric space the limit of convergent sequence may not be
unique.
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Example 1.8. ([22]) Let X = R+, where R+ = [0,+∞), c > 0 be any constant
and define pb : X × X → R+ by

pb(α, β) = max{α, β}+ c for all α, β ∈ X .

Then (X, pb) is a partial b-metric space with arbitrary coefficient s ≥ 1. Now,
define a sequence {αn} in X by αn = 1 for all n ∈ N. Note that, if β ≥ 1, we
have pb(αn, β) = β + c = pb(β, β); therefore, limn→∞ pb(αn, β) = pb(β, β) for all
β ≥ 1. Thus, the limit of convergent sequence in partial b-metric space need not
be unique.

Definition 1.9. ([1]) An element (α, β) ∈ X × X is said to be a coupled fixed
point of the mapping ψ : X × X → X if ψ(α, β) = α and ψ(β, α) = β.

Example 1.10. Let X = [0,+∞) and ψ : X × X → X be defined by ψ(α, β) =
α+β
6

for all α, β ∈ X . One can easily see that ψ has a unique coupled fixed point
(0, 0).

Example 1.11. Let X = [0,+∞) and ψ : X × X → X be defined by ψ(α, β) =
α+β
2

for all α, β ∈ X . Then we see that ψ has two coupled fixed point (0, 0) and
(1, 1), that is, the coupled fixed point is not unique.

Motivated by the works of Shukla [22] and some others, the purpose of this
paper is to establish some coupled fixed point results for contractive type condi-
tions in the framework of partial b-metric spaces. The results of findings in this
paper extend and generalize several previously published results from the existing
literature (see, for example, [19], [1] and many others).

2. Main results

In this section, we shall prove some unique coupled fixed point theorems in the
framework of partial b-metric spaces.

Theorem 2.1. Let (X , pb) be a complete partial b-metric space with the coeffi-
cient s ≥ 1. Suppose that the mapping ψ : X × X → X satisfying the following
contractive condition for all α, β, η, θ ∈ X :

pb(ψ(α, β), ψ(η, θ)) ≤ λ

s2
max

{
pb(α, η), pb(ψ(α, β), α), pb(ψ(η, θ), η),

1

2
[pb(ψ(α, β), η) + pb(ψ(α, β), α)],

pb(α, η)

1 + pb(α, η)

}
, (2.1)

where s ≥ 1 and λ ∈ (0, 1). Then ψ has a unique coupled fixed point in X and
pb(a, a) = 0 for some a ∈ X .

Proof. Choose α0, β0 ∈ X . Set α1 = ψ(α0, β0) and β1 = ψ(β0, α0). Repeating this
process, we obtain two sequences {αn} and {βn} in X such that αn+1 = ψ(αn, βn)
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and βn+1 = ψ(βn, αn). Then, from equation (2.1) and using (Pb2), (Pb3), we have

pb(αn, αn+1) = pb(ψ(αn−1, βn−1), ψ(αn, βn))

≤ λ

s2
max

{
pb(αn−1, αn), pb(ψ(αn−1, βn−1), αn−1), pb(ψ(αn, βn), αn),

1

2
[pb(ψ(αn−1, βn−1), αn) + pb(ψ(αn−1, βn−1), αn−1)],

pb(αn−1, αn)

1 + pb(αn−1, αn)

}
=

λ

s2
max

{
pb(αn−1, αn), pb(αn, αn−1), pb(αn+1, αn),

1

2
[pb(αn, αn) + pb(αn, αn−1)],

pb(αn−1, αn)

1 + pb(αn−1, αn)

}
=

λ

s2
max

{
pb(αn−1, αn), pb(αn, αn+1)

}
. (2.2)

Similarly, one can obtain

pb(βn, βn+1) = pb(ψ(βn−1, αn−1), ψ(βn, αn))

≤ λ

s2
max

{
pb(βn−1, βn), pb(βn, βn+1)

}
. (2.3)

Set

Pn = pb(αn, αn+1) and Qn = pb(βn, βn+1). (2.4)

Λ1 = max{Pn−1,Pn}. (2.5)

and

Λ2 = max{Qn−1,Qn}. (2.6)

Now, we set

Wn = Pn +Qn
= pb(αn, αn+1) + pb(βn, βn+1). (2.7)

Then from equations (2.2) - (2.7), we have

Wn ≤
λ

s2
(Λ1 + Λ2). (2.8)

If Λ1 = Pn and Λ2 = Qn, then from equation (2.8), we have

Wn ≤
λ

s2
(Pn +Qn)

=
λ

s2
Wn,

that is,
(

1− λ
s2

)
Wn ≤ 0, which is a contradiction, since λ ∈ (0, 1) and s ≥ 1.
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Hence, we conclude that

Wn ≤
λ

s2
(Pn−1 +Qn−1)

=
λ

s2
Wn−1. (2.9)

Then for each n ∈ N, we have

Wn ≤
λ

s2
Wn−1 ≤

( λ
s2

)2
Wn−2 ≤ · · · ≤

( λ
s2

)n
W0. (2.10)

If W0 = 0, then pb(α0, α1) + pb(β0, β1) = 0. Hence, we get α0 = α1 = ψ(α0, β0)
and β0 = β1 = ψ(β0, α0), that is, (α0, β0) is a coupled fixed point of ψ. Now,
we assume that W0 > 0. For each m ≥ n, where n,m ∈ N, we have, by using
condition (Pb4)

pb(αn, αm) ≤ s[pb(αn, αn+1) + pb(αn+1, αm)]− pb(αn+1, αn+1)

≤ s pb(αn, αn+1) + s2[pb(αn+1, αn+2) + pb(αn+2, αm)]

−s pb(αn+2, αn+2)

≤ s pb(αn, αn+1) + s2pb(αn+1, αn+2) + s3 pb(αn+2, αn+3)

+ · · ·+ sm−n pb(αm−1, αm). (2.11)

Similarly, we obtain

pb(βn, βm) ≤ s pb(βn, βn+1) + s2pb(βn+1, βn+2) + s3 pb(βn+2, βn+3)

+ · · ·+ sm−n pb(βm−1, βm). (2.12)

Thus,

pb(αn, αm) + pb(βn, βm) ≤ sWn + s2Wn+1 + · · ·+ sm−nWm−1

≤
[
s
( λ
s2

)n
+ s2

( λ
s2

)n+1

+ · · ·+ sm−n
( λ
s2

)m−1]
W0

=
[m−n∑
i=1

si
( λ
s2

)i+n−1]
W0 =

[m−1∑
t=1

st
( λ
s2

)t]
W0

≤
[ n∑
t=1

( λ
s2

)t]
W0 =

[( λ
s2

)n
1− λ

s2

]
W0. (2.13)

As λ ∈ (0, 1
s
) and s ≥ 1, it follows from the inequality (2.13), we obtain that

pb(αn, αm) + pb(βn, βm) → 0 as n → ∞, which implies that {αn} and {βn} are
Cauchy sequences in (X , pb). Since the partial b-metric space (X , pb) is complete,
so there exist c, d ∈ X such that αn → c, βn → d as n→∞ and

pb(c, c) = lim
n→∞

pb(αn, c) = lim
n,m→∞

pb(αn, αm) = 0, (2.14)

pb(d, d) = lim
n→∞

pb(βn, d) = lim
n,m→∞

pb(βn, βm) = 0. (2.15)
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We now show that c = ψ(c, d). Suppose on the contrary that c 6= ψ(c, d) and
d 6= ψ(d, c) so that 0 < pb(c, ψ(c, d)) = A1 and 0 < pb(d, ψ(d, c)) = A2, then

A1 = pb(c, ψ(c, d))

≤ pb(c, αn+1) + pb(αn+1, ψ(c, d))− pb(αn+1, αn+1)

≤ pb(c, αn+1) + pb(αn+1, ψ(c, d))

= pb(αn+1, ψ(c, d)) + pb(c, αn+1)

= pb(ψ(αn, βn), ψ(c, d)) + pb(c, αn+1)

≤ λ

s2
max

{
pb(αn, c), pb(ψ(αn, βn), αn), pb(ψ(c, d), c),

1

2
[pb(ψ(αn, βn), c) + pb(ψ(αn, βn), αn)],

pb(αn, c)

1 + pb(αn, c)

}
+ pb(c, αn+1)

=
λ

s2
max

{
pb(αn, c), pb(αn+1, αn), pb(ψ(c, d), c),

1

2
[pb(αn+1, c) + pb(αn+1, αn)],

pb(αn, c)

1 + pb(αn, c)

}
+ pb(c, αn+1). (2.16)

Passing to the limit as n → ∞ in equation (2.16) and using equation (2.14), we
obtain A1 ≤ λ

s2
pb(c, ψ(c, d)) = λ

s2
A1, which is a contradiction, since λ ∈ (0, 1)

and s ≥ 1. Hence, we conclude that A1 = 0, that is, pb(c, ψ(c, d)) = 0 and so
ψ(c, d) = c. Similarly, we can show that ψ(d, c) = d. This shows that (c, d) is a
coupled fixed point of ψ.

Now, we show the uniqueness of the coupled fixed point. Suppose that (c′, d′)
is another coupled fixed point of ψ such that (c, d) 6= (c′, d′), then from equation
(2.1) and using (2.14), (2.15) and (Pb3), we have

pb(c, c
′) = pb(ψ(c, d), ψ(c′, d′))

≤ λ

s2
max

{
pb(c, c

′), pb(ψ(c, d), c), pb(ψ(c′, d′), c′),

1

2
[pb(ψ(c, d), c′) + pb(ψ(c, d), c)],

pb(c, c
′)

1 + pb(c, c′)

}
=

λ

s2
max

{
pb(c, c

′), pb(c, c), pb(c
′, c′),

1

2
[pb(c, c

′) + pb(c, c)],
pb(c, c

′)

1 + pb(c, c′)

}
=

λ

s2
max

{
pb(c, c

′), 0, 0,
1

2
pb(c, c

′),
pb(c, c

′)

1 + pb(c, c′)

}
=

λ

s2
pb(c, c

′),
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which is a contradiction, since λ ∈ (0, 1) and s ≥ 1. Hence, we conclude that
pb(c, c

′) = 0, and so c = c′. Similarly, one can show that d = d′. This shows that
the coupled fixed point of ψ is unique. This completes the proof. �

Theorem 2.2. Let (X , pb) be a complete partial b-metric space with the coeffi-
cient s ≥ 1. Suppose that the mapping ψ : X × X → X satisfying the following
contractive condition for all α, β, η, θ ∈ X :

pb(ψ(α, β), ψ(η, θ)) ≤ k1 pb(α, η) + k2 pb(β, θ) + k3 pb(ψ(α, β), α)

+k4 pb(ψ(η, θ), η) + k5 pb(ψ(α, β), η)

+k6 pb(ψ(η, θ), α), (2.17)

where k1, k2, . . . , k6 are nonnegative constants such that k1 + k2 + k3 + k4 + k5 +
2sk6 < 1. Then ψ has a unique coupled fixed point in X .

Proof. Choose α0, β0 ∈ X . Set α1 = ψ(α0, β0) and β1 = ψ(β0, α0). Repeating this
process, we obtain two sequences {αn} and {βn} in X such that αn+1 = ψ(αn, βn)
and βn+1 = ψ(βn, αn). Set ρn = pb(αn, αn+1) and σn = pb(βn, βn+1). Then, from
equations (2.17) and using (Pb2), (Pb3), (Pb4), we have

pb(αn, αn+1) = pb(ψ(αn−1, βn−1), ψ(αn, βn))

≤ k1 pb(αn−1, αn) + k2 pb(βn−1, βn) + k3 pb(ψ(αn−1, βn−1), αn−1)

+k4 pb(ψ(αn, βn), αn) + k5 pb(ψ(αn−1, βn−1), αn)

+k6 pb(ψ(αn, βn), αn−1)

= k1 pb(αn−1, αn) + k2 pb(βn−1, βn) + k3 pb(αn, αn−1)

+k4 pb(αn+1, αn) + k5 pb(αn, αn) + k6 pb(αn+1, αn−1)

≤ k1 pb(αn−1, αn) + k2 pb(βn−1, βn) + k3 pb(αn, αn−1)

+k4 pb(αn+1, αn) + k5 pb(αn, αn+1) + k6s [pb(αn+1, αn)

+pb(αn, αn−1)]− k6 pb(αn, αn)

≤ k1 pb(αn−1, αn) + k2 pb(βn−1, βn) + k3 pb(αn, αn−1)

+k4 pb(αn+1, αn) + k5 pb(αn, αn+1) + sk6 [pb(αn+1, αn)

+pb(αn, αn−1)]

= (k1 + k3 + sk6) pb(αn−1, αn) + (k4 + k5 + sk6) pb(αn, αn+1)

+k2 pb(βn−1, βn),

that is,

ρn ≤ (k1 + k3 + sk6) ρn−1 + (k4 + k5 + sk6) ρn + k2 σn−1. (2.18)

Similarly, we obtain

pb(βn, βn+1) = pb(ψ(βn−1, αn−1), ψ(βn, αn))

≤ (k1 + k3 + sk6) pb(βn−1, βn) + (k4 + k5 + sk6) pb(βn, βn+1)

+k2 pb(αn−1, αn),

that is,

σn ≤ (k1 + k3 + sk6)σn−1 + (k4 + k5 + sk6)σn + k2 ρn−1. (2.19)
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Now, we set

τn = ρn + σn. (2.20)

Then from equations (2.18)-(2.20), we obtain

τn = ρn + σn

≤ (k1 + k3 + sk6) [ρn−1 + σn−1] + (k4 + k5 + sk6) [ρn + σn]

+k2 [ρn−1 + σn−1]

= (k1 + k3 + sk6) τn−1 + (k4 + k5 + sk6) τn + k2 τn−1

= (k1 + k2 + k3 + sk6) τn−1 + (k4 + k5 + sk6) τn,

which implies

τn ≤
(k1 + k2 + k3 + sk6

1− k4 − k5 − sk6

)
τn−1

= ∆ τn−1, (2.21)

where ∆ =
(
k1+k2+k3+sk6
1−k4−k5−sk6

)
< 1, since k1 + k2 + k3 + k4 + k5 + 2sk6 < 1.

Then for each n ∈ N, we have

τn ≤ ∆τn−1 ≤ ∆2τn−2 ≤ · · · ≤ ∆nτ0. (2.22)

If τ0 = 0, then pb(α0, α1) + pb(β0, β1) = 0. Hence, we get α0 = α1 = ψ(α0, β0)
and β0 = β1 = ψ(β0, α0), that is, (α0, β0) is a coupled fixed point of ψ. Now,
we assume that τ0 > 0. For each m ≥ n, where n,m ∈ N, we have, by using
condition (Pb4)

pb(αn, αm) ≤ s[pb(αn, αn+1) + pb(αn+1, αm)]− pb(αn+1, αn+1)

≤ s pb(αn, αn+1) + s2[pb(αn+1, αn+2) + pb(αn+2, αm)]

−s pb(αn+2, αn+2)

≤ s pb(αn, αn+1) + s2pb(αn+1, αn+2) + s3 pb(αn+2, αn+3)

+ · · ·+ sm−n pb(αm−1, αm). (2.23)

Similarly, we obtain

pb(βn, βm) ≤ s pb(βn, βn+1) + s2pb(βn+1, βn+2) + s3 pb(βn+2, βn+3)

+ · · ·+ sm−n pb(βm−1, βm). (2.24)
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Thus,

pb(αn, αm) + pb(βn, βm) ≤ sτn + s2τn+1 + · · ·+ sm−nτm−1

≤
[
s∆n + s2∆n+1 + · · ·+ sm−n∆m−1

]
τ0

=
[m−n∑
r=1

sr∆r+n−1
]
τ0

=
[m−1∑
p=1

sp∆p
]
τ0 ≤

[ n∑
p=1

sp∆p
]
τ0

=
[ (s∆)n

1− s∆

]
τ0. (2.25)

As ∆ ∈ (0, 1) and s ≥ 1, it follows from the inequality (2.25), we obtain that
pb(αn, αm) + pb(βn, βm) → 0 as n → ∞, which implies that {αn} and {βn} are
Cauchy sequences in (X , pb). Since the partial b-metric space (X , pb) is complete,
so there exist j, k ∈ X such that αn → j, βn → k as n→∞ and

pb(j, j) = lim
n→∞

pb(αn, j) = lim
n,m→∞

pb(αn, αm) = 0, (2.26)

pb(k, k) = lim
n→∞

pb(βn, k) = lim
n,m→∞

pb(βn, βm) = 0. (2.27)

We now show that j = ψ(j, k). Suppose on the contrary that j 6= ψ(j, k) and
k 6= ψ(k, j) so that 0 < pb(j, ψ(j, k)) = L1 and 0 < pb(k, ψ(k, j)) = L2, then

L1 = pb(j, ψ(j, k))

≤ pb(j, αn+1) + pb(αn+1, ψ(j, k))

−pb(αn+1, αn+1)

≤ pb(j, αn+1) + pb(αn+1, ψ(j, k))

= pb(αn+1, ψ(j, k)) + pb(j, αn+1)

= pb(ψ(αn, βn), ψ(j, k)) + pb(j, αn+1)

≤ k1 pb(αn, j) + k2 pb(βn, k) + k3 pb(ψ(αn, βn), αn)

+k4 pb(ψ(j, k), j) + k5 pb(ψ(αn, βn), j)

+k6 pb(ψ(j, k), αn) + pb(j, αn+1)

= k1 pb(αn, j) + k2 pb(βn, k) + k3 pb(αn+1, αn)

+k4 pb(ψ(j, k), j) + k5 pb(αn+1, j)

+k6 pb(ψ(j, k), αn) + pb(j, αn+1). (2.28)

Passing to the limit as n→∞ in equation (2.28) and using equation (2.26) and
(Pb3), we obtain

L1 ≤ (k4 + k6) pb(j, ψ(j, k)) = (k4 + k6)L1,

which is a contradiction, since k4 + k6 < 1. Hence, we conclude that L1 = 0, that
is, pb(j, ψ(j, k)) = 0 and so ψ(j, k) = j. Similarly, we can show that ψ(k, j) = k.
This shows that (j, k) is a coupled fixed point of ψ.
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Now, we show the uniqueness of the coupled fixed point of ψ. Suppose that
(j′, k′) is another coupled fixed point of ψ such that (j, k) 6= (j′, k′), then from
equation (2.17) and using (2.26), (2.27) and (Pb3), we have

pb(j, j
′) = pb(ψ(j, k), ψ(j′, k′))

≤ k1 pb(j, j
′) + k2 pb(k, k

′) + k3 pb(ψ(j, k), j)

+k4 pb(ψ(j′, k′), j′) + k5 pb(ψ(j, k), j′)

+k6 pb(ψ(j′, k′), j)

= k1 pb(j, j
′) + k2 pb(k, k

′) + k3 pb(j, j)

+k4 pb(j
′, j′) + k5 pb(j, j

′)

+k6 pb(j
′, j)

= (k1 + k5 + k6) pb(j, j
′) + k2 pb(k, k

′). (2.29)

Similarly, one can obtain

pb(k, k
′) = pb(ψ(k, j), ψ(k′, j′))

≤ (k1 + k5 + k6) pb(k, k
′) + k2 pb(j, j

′). (2.30)

Hence from equations (2.29) and (2.30), we obtain

pb(j, j
′) + pb(k, k

′) ≤ (k1 + k5 + k6) [pb(j, j
′) + pb(k, k

′)]

+k2 [pb(j, j
′) + pb(k, k

′)]

= (k1 + k2 + k5 + k6) [pb(j, j
′) + pb(k, k

′)],

which is a contradiction, since k1 + k2 + k5 + k6 < 1. Hence, we conclude that
pb(j, j

′) + pb(k, k
′) = 0, and so j = j′ and k = k′. This shows that the coupled

fixed point of ψ is unique. This completes the proof. �

If we set k1 = k, k2 = l and k3 = k4 = k5 = k6 = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.3. Let (X , pb) be a complete partial b-metric space with the coeffi-
cient s ≥ 1. Suppose that the mapping ψ : X × X → X satisfying the following
contractive condition for all α, β, η, θ ∈ X :

pb(ψ(α, β), ψ(η, θ)) ≤ k pb(α, η) + l pb(β, θ),

where k, l are nonnegative constants such that k + l < 1. Then ψ has a unique
coupled fixed point in X .

If we set k3 = k, k4 = l and k1 = k2 = k5 = k6 = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.4. Let (X , pb) be a complete partial b-metric space with the coeffi-
cient s ≥ 1. Suppose that the mapping ψ : X × X → X satisfying the following
contractive condition for all α, β, η, θ ∈ X :

pb(ψ(α, β), ψ(η, θ)) ≤ k pb(ψ(α, β), α) + l pb(ψ(η, θ), η),

where k, l are nonnegative constants such that k + l < 1. Then ψ has a unique
coupled fixed point in X .
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If we set k5 = k, k6 = l and k1 = k2 = k3 = k4 = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.5. Let (X , pb) be a complete partial b-metric space with the coeffi-
cient s ≥ 1. Suppose that the mapping ψ : X × X → X satisfying the following
contractive condition for all α, β, η, θ ∈ X :

pb(ψ(α, β), ψ(η, θ)) ≤ k pb(ψ(α, β), η) + l pb(ψ(η, θ), α),

where k, l are nonnegative constants such that k + 2sl < 1. Then ψ has a unique
coupled fixed point in X .

Remark 2.6. (1) Theorem 2.1 and 2.2 extend and generalize the results of Aydi
[1] from partial metric space to the setting of partial b-metric spaces.

(2) Theorem 2.1 and 2.2 also extend and generalize the results of Sabetghadam
et al. [19] from cone metric space to the setting of partial b-metric spaces.

(3) Corollary 2.3, Corollary 2.4 and Corollary 2.5 extend and generalize Theo-
rem 2.1, Theorem 2.4 and Theorem 2.5 of Aydi [1] from partial metric spaces to
the setting of partial b-metric spaces.

Example 2.7. Let X = R+, where R+ = [0,+∞), p > 1 a constant and pb : X ×
X → R+ be defined by

pb(α, β) = [max{α, β}]p + |α− β| for all α, β ∈ X .

Then (X, pb) is a partial b-metric space with coefficient s = 2p > 1. Consider the
mapping ψ : X × X → X defined by ψ(α, β) = α+β

6
. Now, for any α, β, η, θ ∈ X ,

we have

pb(ψ(α, β), ψ(η, θ)) = [max{ψ(α, β), ψ(η, θ)}]p + |ψ(α, β)− ψ(η, θ)|

=
[

max
{α + β

6
,
η + θ

6

}]p
+
∣∣∣α + β

6
− η + θ

6

∣∣∣
=

[1

6
max{α + β, η + θ}

]p
+

1

6
|(α + β)− (η + θ)|

≤
[1

6
max{α, η}+

1

6
max{β, θ}

]p
+

1

6
|(α− η) + (β − θ)|

≤
[1

6
max{α, η}

]p
+
[1

6
max{β, θ}

]p
+

1

6
|α− η|+ 1

6
|β − θ|

≤ 1

6

(
[max{α, η}]p + |α− η|

)
+

1

6

(
[max{β, θ}]p + |β − θ|

)
= k pb(α, η) + l pb(β, θ),

which is the contractive condition of Corollary 2.3 for k = l = 1
6

with k+l = 1
3
< 1.

Therefore, by Corollary 2.3, ψ has a unique coupled fixed point which is (0, 0) in
X . Note that if the mapping ψ : X × X → X is given by ψ(α, β) = α+β

2
, then ψ
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satisfies contractive condition of Corollary 2.3 for k = l = 1/2, that is,

pb(ψ(α, β), ψ(η, θ)) = [max{ψ(α, β), ψ(η, θ)}]p + |ψ(α, β)− ψ(η, θ)|

=
[

max
{α + β

2
,
η + θ

2

}]p
+
∣∣∣α + β

2
− η + θ

2

∣∣∣
=

[1

2
max{α + β, η + θ}

]p
+

1

2
|(α + β)− (η + θ)|

≤
[1

2
max{α, η}+

1

2
max{β, θ}

]p
+

1

2
|(α− η) + (β − θ)|

≤
[1

2
max{α, η}

]p
+
[1

2
max{β, θ}

]p
+

1

2
|α− η|+ 1

2
|β − θ|

≤ 1

2

(
[max{α, η}]p + |α− η|

)
+

1

2

(
[max{β, θ}]p + |β − θ|

)
= k pb(α, η) + l pb(β, θ),

In this case (0, 0) and (1, 1) are both coupled fixed points of ψ, and hence, the
coupled fixed point of ψ is not unique. This shows that the condition k + l < 1
in Corollary 2.3 cannot be omitted in the statement of the aforesaid result. By
similar way, we can verify the results of Corollary 2.4 and Corollary 2.5.

We define as T (α) = ψ(α, α) for all α ∈ X . Then, we have the following
results.

Corollary 2.8. ([22], Theorem 1) Let (X , pb) be a complete partial b-metric space
with the coefficient s ≥ 1. Suppose that the mapping T : X → X satisfying the
following contractive condition for all α, η ∈ X :

pb(T (α), T (η)) ≤ k pb(α, η),

where k ∈ [0, 1) is a constant. Then T has a unique fixed point u ∈ X and
pb(u, u) = 0.

Proof. Taking α = β, η = θ, k1 = k and k2 = k3 = k4 = k5 = k6 = 0 in Theorem
2.2. Then, we have the conclusion of the corollary from Theorem 2.2. �

Corollary 2.9. ([22], Theorem 2) Let (X , pb) be a complete partial b-metric space
with the coefficient s ≥ 1. Suppose that the mapping T : X → X satisfying the
following contractive condition for all α, η ∈ X :

pb(T (α), T (η)) ≤ λ [pb(T (α), α) + pb(T (η), η)],

where λ ∈ [0, 1
2
), λ 6= 1

s
is a constant. Then T has a unique fixed point u ∈ X

and pb(u, u) = 0.

Proof. Taking α = β, η = θ, k3 = k4 = λ and k1 = k2 = k5 = k6 = 0 in Theorem
2.2. Then, we have the conclusion of the corollary from Theorem 2.2. �

We also obtain the following special case from Theorem 2.2.

Corollary 2.10. ([22], Theorem 3) Let (X , pb) be a complete partial b-metric
space with the coefficient s > 1. Suppose that the mapping T : X → X satis-
fying the following contractive condition for all α, η ∈ X :

pb(T (α), T (η)) ≤ λ max
{
pb(α, η), pb(T (α), α), pb(T (η), η)

}
,
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where λ ∈ [0, 1
s
) is a constant. Then T has a unique fixed point u ∈ X and

pb(u, u) = 0.

Example 2.11. Let X = {1, 2, 3, 4} and pb : X × X → R be defined by

pb(α, η) =

 |α− η|
2 + max{α, η}, if α 6= η,
α, if α = η 6= 1,
0, if α = η = 1,

for all α, η ∈ X . Then (X , pb) is a complete partial b-metric space with the
coefficient s = 4 > 1.

Define the mapping T : X → X by

T (1) = 1, T (2) = 1, T (3) = 2, T (4) = 2.

Now, we have

pb(T (1), T (2)) = pb(1, 1) = 0 ≤ 3

4
.3 =

3

4
pb(1, 2),

pb(T (1), T (3)) = pb(1, 2) = 3 ≤ 3

4
.7 =

3

4
pb(1, 3),

pb(T (1), T (4)) = pb(1, 2) = 3 ≤ 3

4
.13 =

3

4
pb(1, 4),

pb(T (2), T (3)) = pb(1, 2) = 3 ≤ 3

4
.4 =

3

4
pb(2, 3),

pb(T (2), T (4)) = pb(1, 2) = 3 ≤ 3

4
.8 =

3

4
pb(2, 4),

pb(T (3), T (4)) = pb(2, 2) = 2 ≤ 3

4
.5 =

3

4
pb(3, 4).

Thus, T satisfies all the conditions of Corollary 2.8 with k = 3
4
< 1. Now

by applying Corollary 2.8, T has a unique fixed point namely 1 is the unique
fixed point of T . We note that, since pb(2, 2) = 2 6= 0 it follows that pb is
not a b-metric. Also pb is not a partial metric. Indeed, pb(4, 1) = 13 > 9 =
pb(4, 3) + pb(3, 1)− pb(3, 3). Therefor, results from [6] and [14] are not applicable
while Corollary 2.8 is applicable.

3. Well-Posedness Theorem

In this section, we deal with the well-posedness of coupled fixed point problem
studied in the previous section.

Definition 3.1. ([18]) Let (X , d) be a metric space and let T : X → X be a
mapping. The problem of finding a fixed point of T is said to be well posed if:

(1) T has a unique fixed point α0,
(2) for any sequence {αn} ∈ X with limn→∞ d(T αn, αn) = 0, we have limn→∞

d(αn, α0) = 0.

Now, we define well-posedness of coupled fixed point in partial b-metric spaces.
Let C0FP(ψ,X ×X ) denote a coupled fixed point problem of mapping ψ and

let C0F(ψ) denote the set of all coupled fixed points of ψ.
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Definition 3.2. Let (X , pb) be a partial b-metric space with the coefficient s ≥ 1
and let ψ : X × X → X be a mapping. C0FP(ψ,X × X ) is called well posed if:

(1) C0F(ψ) is unique,
(2) for any sequences {αn}, {βn} in X with (ᾱ, β̄) ∈ C0F(ψ) and

lim
n→∞

pb(ψ(αn, βn), αn) = 0 = lim
n→∞

pb(ψ(βn, αn), βn)

implies

ᾱ = lim
n→∞

αn, β̄ = lim
n→∞

βn.

Theorem 3.3. Let (X , pb) be a complete partial b-metric space with the coefficient
s ≥ 1 and ψ : X × X → X be a mapping as in Theorem 2.2. For any sequences
{αn}, {βn} in X and (α, β) ∈ C0F(ψ), if

lim
n→∞

pb(α, ψ(αn, βn)) = 0 = lim
n→∞

pb(β, ψ(βn, αn)),

then the coupled fixed point problem of ψ is well-posed with pb(x, x) = 0 for some
x ∈ X .

Proof. From Theorem 2.2, the mapping ψ has a unique coupled fixed point,
(α0, β0) ∈ X × X . Let {αn}, {βn} in X and

lim
n→∞

pb(ψ(αn, βn), αn) = 0 = lim
n→∞

pb(ψ(βn, αn), βn).

Without loss of generality, we assume that (α0, β0) 6= (αn, βn) for any non-
negative integer n. Using ψ(α0, β0) = α0 and ψ(β0, α0) = β0, we obtain

pb(α0, αn) ≤ pb(ψ(α0, β0), ψ(αn, βn)) + pb(ψ(αn, βn), αn)

−Pb(ψ(αn, βn), ψ(αn, βn))

≤ pb(ψ(α0, β0), ψ(αn, βn)) + pb(ψ(αn, βn), αn)

≤ k1 pb(α0, αn) + k2 pb(β0, βn) + k3 pb(ψ(α0, β0), α0)

+k4 pb(ψ(αn, βn), αn) + k5 pb(ψ(α0, β0), αn)

+k6 pb(ψ(αn, βn), α0) + pb(ψ(αn, βn), αn), (3.1)

and

pb(β0, βn) ≤ pb(ψ(β0, α0), ψ(βn, αn)) + pb(ψ(βn, αn), βn)

−Pb(ψ(βn, αn), ψ(βn, αn))

≤ pb(ψ(β0, α0), ψ(βn, αn)) + pb(ψ(βn, αn), βn)

≤ k1 pb(β0, βn) + k2 pb(α0, αn) + k3 pb(ψ(β0, α0), β0)

+k4 pb(ψ(βn, αn), βn) + k5 pb(ψ(β0, α0), βn)

+k6 pb(ψ(βn, αn), β0) + pb(ψ(βn, αn), βn). (3.2)

Since

lim
n→∞

pb(α0, ψ(αn, βn)) = 0 = lim
n→∞

pb(β0, ψ(βn, αn)),

for (α0, β0) ∈ C0F(ψ), using (Pb3), we obtain

lim
n→∞

pb(α0, αn) ≤ (k1 + k5) lim
n→∞

pb(α0, αn) + k2 lim
n→∞

pb(β0, βn), (3.3)
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and

lim
n→∞

pb(β0, βn) ≤ (k1 + k5) lim
n→∞

pb(β0, βn) + k2 lim
n→∞

pb(α0, αn). (3.4)

Set

S1 = pb(α0, αn) and S2 = pb(β0, βn). (3.5)

Now from equations (3.3)-(3.5), we have

lim
n→∞

S1 + lim
n→∞

S2 ≤ (k1 + k5) [ lim
n→∞

S1 + lim
n→∞

S2]

+k2 [ lim
n→∞

S1 + lim
n→∞

S2]

= (k1 + k2 + k5) [ lim
n→∞

S1 + lim
n→∞

S2]

< lim
n→∞

S1 + lim
n→∞

S2,

which is a contradiction, since k1+k2+k5 < 1. Hence, limn→∞ S1+limn→∞ S2 = 0,
that is, limn→∞ pb(α0, αn) + limn→∞ pb(β0, βn) = 0 and hence

lim
n→∞

αn = α0 and lim
n→∞

βn = β0.

Hence the coupled fixed point problem of the mapping is well-posed. This
completes the proof. �

4. Conclusion

In this paper, we establish some unique coupled fixed point results in the
setting of partial b-metric spaces and give some corollaries of the established
results. Further, we provide an example to validate the result. We also prove well-
posedness of a coupled fixed point problem. Our results extend and generalize
several previously published results from the existing literature (see, for example,
[1, 19] and many others).

Acknowledgement. The author is grateful to the anonymous referee and the
editor for their careful reading and useful suggestions to improve the manuscript.
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