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COUPLED FIXED POINT RESULTS FOR CONTRACTIVE
TYPE CONDITIONS IN PARTIAL »-METRIC SPACES

GURUCHARAN SINGH SALUJA

ABSTRACT. The aim of this paper is to establish some coupled fixed point re-
sults for contractive type conditions in the framework of partial b-metric spaces.
Further, we give some consequences of the established results. We also prove
well-posedness of fixed point problem of the mapping. The results of findings
in this paper extend and generalize several previously published findings from
the existing literature (see, for example, [1], [19] and many others).

1. INTRODUCTION AND PRELIMINARIES

There are a number of generalizations of metric spaces and Banach contraction
principle. In this sequel, Bakhtin [2] and Czerwik [6] introduced b-metric spaces
as a generalization of metric spaces (see, also [7]). They proved the contraction
mapping principle in b-metric spaces that generalized the well-known Banach
contraction principle in such spaces. Since then, several papers have dealt with
fixed point theory for single-valued and multi valued operators in b-metric spaces.

In 1994, Matthews (see, [13, 141]) introduced the notion of partial metric spaces
as a part of the study of denotational semantics of data flow networks. In this
space, the usual metric is replaced by partial metric with an interesting property
that the self-distance of any pint of space may not be zero. Further, Matthews
showed that the Banach contraction principle [3] is valid in partial metric space.
It is widely recognized that partial metric spaces play an important role in con-
structing models in the theory of computation (see, e.g., [9], [L 7] and some others).
In 1999, Heckmann [9] generalized it by omitting the small self-distance axiom.
The partial metric defined by Heckmann is called weak partial metric.

On the other hand, Bhashkar and Lakshmikantham [1] introduced the concept
of coupled fixed point of a mapping 1: X x X — & and investigated some coupled
fixed point theorems in partially ordered complete metric spaces. They also
proved mixed monotone property for the first time and gave their classical coupled
fixed point theorem for mapping which satisfy the mixed monotone property. As,
an application, they studied the existence and uniqueness of the solution for a
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periodic boundary value problem associated with first order differential equation.

Later, several other authors such as Ciric and Lakshmikantham [5], Sabetghadam
et al. [19] and Olaleru et al. [17] proved some coupled fixed point theorems in
metric spaces (see, also [8], [10], [L1], [12], [15], [16], [20], [21]). Awdi [1] proved

some coupled fixed point results for contractive type conditions in partial metric
spaces.

Recently, Shukla [22] generalized both the notions of b-metric and partial metric
spaces by introducing partial b-metric spaces. He proved Banach contraction
principle as well as the Kannan type fixed point theorem in partial b-metric
spaces. Also some examples are given which illustrate the results obtained in this
new space.

The aim of this paper is to establish some coupled fixed point theorems for
contractive type conditions in the setting of partial b-metric space. Our results
of findings in this paper extend and generalize several previous findings from the
existing literature.

In the sequel, first we recall some basic definitions from b-metric and partial
metric spaces (see, [2, 11]).

Definition 1.1. Let X be a nonempty set and the mapping d: X x X — R*
(RT stands for nonnegative reals) satisfies:

(bM1) d(c, B) = 0 if and only if « = f for all a, f € X;

(bM2) d(ar, B) = d(B, «) for all o, § € X

(bM3) there exists a real number s > 1 such that d(«, 5) < s[d(a, ) +d(v, B)]
for all o, 5,7 € X.

Then d is called a b-metric on X and the pair (X, d) is called a b-metric space
with coefficient s.

Definition 1.2. A partial metric on a nonempty set X is a function p: X x X —
R* such that for all o, 8,7y € X:

(PM1) o = B if and only if p(a, a) = p(e, B) = p(B, B);

(PM2) p(a, a) < pla, B);

(PM3) p(a, B) = p(B, @);

(PM4) p(a, B) < pla, ) +p(v, B) — p(7,7)-

A partial metric space is a pair (X, p) such that X is a nonempty set and p is
a partial metric on X.

In 2013, S. Shukla [22] define the following.

Definition 1.3. A partial b-metric on a nonempty set X’ is a function p,: X X
X — R* such that for all a, 8,7 € X:

(Pb1) o = B if and only if py(r, ) = py(av, B) = pu(B, B);

(P2) py(a, ) < py(ev, B);

(Pb3) pb(&7 B) = pb(ﬂa Oé),

(Pb4) there exists a real number s > 1 such that py(a, 5) < s[pp(c,7y) +
pb(’% 6)] - pb(’)/v 7)

A partial b-metric space is a pair (X, py) such that X" is a nonempty set and p,
is a partial b-metric on X'. The number s is called the coefficient of (X, py).



14 G. S. SALUJA

Remark 1.4. In a partial b-metric space (X, p,) if o, 5 € X and py(«r, ) = 0, then
a = 3, but the converse may not be true.

Remark 1.5. 1t is clear that every partial metric space is a partial b-metric space
with coefficient s = 1 and every b-metric space is a partial b-metric space with the
same coefficient and zero self-distance. However, the converse of this fact need
not hold.

Example 1.6. ([22]) Let X = R, where RT™ = [0, +00), p > 1 a constant and
py: X x X — RT be defined by

(e, B) = [max{a, S}P + |a — B] forall o, 5 € X.

Then (X, pp) is a partial b-metric space with coefficient s = 2P > 1, but it is
neither a b-metric nor a partial metric space. Indeed, for any a > 0, we have
pp(a, ) = af # 0; therefore, p, is not a b-metric on X. Also, for « = 5,
B =1, v = 4 we have py(a, B) = 5 + 47 and py(a,7) + po(7, B) — pu(7,7) =
5P+ 14+4P 43P — 4P = 5P + 14 3P, s0 py(av, B) > pp(a,¥) + pu(y, B) — pu(7y,7y) for
all p > 1; therefore, p, is not a partial metric on X.

Every partial b-metric ”p,” on a nonempty set X generates a topology 7, on X

whose base is the family of open py-balls where 7,, = {B,,(a,¢) : a € X, e > 0}
and

By (a,e) = {6 € X :py(e, B) < pola, @) + ¢},

for all @ € X and £ > 0. Obviously, the topological space (X, 7,,) is Ty, but need
not be Tj.

Now we recall the definition of Cauchy sequence and convergent sequence in
partial b-metric spaces.

Definition 1.7. ([22]) Let (X, py) be a partial b-metric space with coefficient s.
Then:

e a sequence {g,} in (X, p) is said to be convergent with respect to 7, and
converges to a point ¢ € X, if limy, o0 Pb(qn, ¢) = P(q, ¢);

e a sequence {¢, } is said to be Cauchy sequence in (X, pp) if liny, 100 Db (Gns @m)
exists and is finite;

e (X,ppy) is said to be a complete partial b-metric space if for every Cauchy
sequence {¢,} in X there exists ¢ € X’ such that ,

Im  py(qn, gm) = 1im py(gn, q) = pe(q, q)-
n,m—00 n—00

e A mapping g: X — X is said to be continuous at gy € X if for every € > 0,
there exists > 0 such that g(pr(qo, 5)) C B, (g(qo),&?).

Note: In a partial b-metric space the limit of convergent sequence may not be
unique.



COUPLED FIXED POINT RESULTS FOR CONTRACTIVE. .. 15

Example 1.8. ([22]) Let X = R*, where RT = [0, +00), ¢ > 0 be any constant
and define p,: X x X — R* by

(e, B) = max{a, f} + ¢ forall o, € X.

Then (X,pp) is a partial b-metric space with arbitrary coefficient s > 1. Now,
define a sequence {a,,} in X by a,, = 1 for all n € N. Note that, if 3 > 1, we

have pb(ana 5) = ﬂ +c= pb(ﬁv B)’ therefore) hmn—>oo pb(ana ﬁ) = pb(67 ﬁ) for all
£ > 1. Thus, the limit of convergent sequence in partial b-metric space need not

be unique.

Definition 1.9. ([I]) An element (o, 3) € X x X is said to be a coupled fixed
point of the mapping ¢: X x X — X if ¢¥(«, f) = a and (5, ) = 5.

Example 1.10. Let X = [0,4+00) and ¢: X x X — X be defined by ¢(a, 8) =
an’3 for all a, 8 € X. One can easily see that 1 has a unique coupled fixed point
(0,0).

Example 1.11. Let X = [0, 4+00) and ¢: X x X — X be defined by ¥ («, 3) =
O‘—;“ﬂ for all o, 5 € X. Then we see that ¢ has two coupled fixed point (0,0) and
(1,1), that is, the coupled fixed point is not unique.

Motivated by the works of Shukla [22] and some others, the purpose of this
paper is to establish some coupled fixed point results for contractive type condi-
tions in the framework of partial b-metric spaces. The results of findings in this
paper extend and generalize several previously published results from the existing
literature (see, for example, [19], [I] and many others).

2. MAIN RESULTS

In this section, we shall prove some unique coupled fixed point theorems in the
framework of partial b-metric spaces.

Theorem 2.1. Let (X,p,) be a complete partial b-metric space with the coeffi-
cient s > 1. Suppose that the mapping ¥: X x X — X satisfying the following
contractive condition for all o, B,n,0 € X:

P 8),01.0)) < 5 max {pufan, ) p(a 6), ). po (. ). ),

%[pbw(a, 8),n) + po(¥(a, B), )],

po(a,m) )}7

2.1
1+ py(c,n (21)

where s > 1 and X\ € (0,1). Then ¢ has a unique coupled fixed point in X and
py(a,a) =0 for some a € X.

Proof. Choose g, By € X. Set a1 = ¥(a, o) and B = (B, ). Repeating this
process, we obtain two sequences {a,, } and {5, } in X’ such that a,, 11 = ¥ (ay, 5,)
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and 3,41 = ¥(Bn, a). Then, from equation (2.1) and using (Pb2), (Pb3), we have

pb(ana O4n+1) =

<

A

52

52

pb(qﬁ(anfl; ﬁnfl)y Zﬁ(an, Bn))

max {pb(an—h an); pb(w(an—ly Bn—l)y an—1)7pb(1/}<ana Bn); an)a

1

5 [pb(w(anfb ﬁnfl)a an) + pb(w(anfla ﬁnfl)a anfl)]a

pb(anfl) an) }
1 + pb(gnflv an)

max {pb(an—ly O[n), pb(anv an—l)vpb<04n+17 an)7

1 pb(an—la an) }

§[pb(0[n, Oén> + pb(an7 Oén—l)]’ 1 + pb(an_l’ Ofn)

max {pb(an,l,an),pb(an,anﬂ)}. (2.2)

Similarly, one can obtain

pb(/Bm 6n+1) = pb(d)(ﬁn—la an—l)v ¢(ﬂn7 an))

Set

and

Now, we set

S S_>\2 max {pb(ﬁnfb ﬁn):pb(ﬂna ﬂnJrl)}' (23)

P = p(an, g1) and Qp = py(Bn, Bngr)- (2.4)
Ay = max{P,_1,P.}. (2.5)

Ay = max{Q, 1,9} (2.6)

Then from equations (2.2) - (2.7), we have

= pb(@na an+1> + pb(ﬁm 5n+1)' (27)
A
Wi < 2 (A1 + Ag). (2.8)
If Ay =P, and Ay = Q,,, then from equation (2.8), we have
A
A
= ? Wna

that is, (1 — S%)Wn < 0, which is a contradiction, since A € (0,1) and s > 1.
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Hence, we conclude that

A

Wn S ? (Pnfl + anl)
A
= ?anl- (29)
Then for each n € N, we have
A A2 A\
Wa < 5Waot < (§> Wiy < o0 < <?> Wh. (2.10)

If Wy = 0, then py(ag, a1) + po(Bo, B1) = 0. Hence, we get ag = oy = (v, So)
and By = 81 = (B, ap), that is, (ao, o) is a coupled fixed point of ¥). Now,
we assume that W, > 0. For each m > n, where n,m € N, we have, by using
condition (Pb4)

8[py(Qny ny1) + Po(Qnit, im)] — Po(Qny1, Q1)

s pp(Qny Qy1) + s? [Po (i1, Qnga) + Po(Qnya, Q)]

—5 Py(Qnt2, nta)

8 Pb(Qny Ong1) + S2pb(an+17 Qnt2) + s° Po(Qnsa; Qnys)

+ -+ ST (A1, Q). (2.11)

pb(ana am)

IN A

IN

Similarly, we obtain

Po(Bns Bm) < 806(Bn, Brr1) + Szpb(ﬁmb Bry2) + s Po(Brt2;s Bnis)
+ 4+ Sm_npb(ﬁm—la ﬁm) (212)

Thus,

pb<an7 am) + pb(ﬁn, ﬁm) < SWn + SQWn+1 foeefogmm .
T /AN A\ ntl A\ m—1
(3) +4(5) rore(E)

)T = [ ()

=1 t=1

IN

-n ANt >
< (5) o =[5 e 2.13
< [ (5) =13 (2.13)
As X € (0, %) and s > 1, it follows from the inequality (2.13), we obtain that
o, ) + o(Bn, Bm) — 0 as n — oo, which implies that {a,} and {8,} are
Cauchy sequences in (X, p,). Since the partial b-metric space (X, py) is complete,
so there exist ¢,d € X such that o, — ¢, 8,, = d as n — oo and

po(c,¢) = lim pyay,c) = lim py(ay,, an) =0, (2.14)
n—oo

T,1M—+00

pold;d) = lim py(Bo,d) = Tim py(Bn, ) = 0. (2.15)
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We now show that ¢ = (¢, d). Suppose on the contrary that ¢ # (¢, d) and
d # (d, c) so that 0 < py(c,¢(c,d)) = Ay and 0 < py(d, ¥ (d, c)) = As, then

Ay = ple,¥(c,d))

Po(C; ant1) + po(ams1, ¥(c, d)) —
b(c an+1) +pb(an+1>w(c d))

Po(ni1, ¥(c, d)) + po(c, ams1)

= (¥, Bn), (e, d)) + po(c, ams)

S_); max {pb(an, C),pz;(%b(an, Bn)a O‘n)>pb(¢(c7 d): C)?
1

i[pb(l/}(am Bn)a C) + pb(w(am ﬁn)a an)]a

pb<an+17 an—H)

IA A

pb(anv C)

m} + po(c, Q1)

= — max {pb(an, C),pb(an—i—la Oén>,pb(¢(0, d)? C),

1

i[pb(an—i—h c) + po(antr, an)),

p(an, )
m} +pb(C, Oén+1). (2.16)

Passing to the limit as n — oo in equation (2.16) and using equation (2.14), we
obtain A; < S%pb(c,gb(c, d)) = S%Al, which is a contradiction, since A € (0,1)
and s > 1. Hence, we conclude that A; = 0, that is, py(c,¥(c,d)) = 0 and so
(e, d) = c. Similarly, we can show that ¢ (d,c) = d. This shows that (c¢,d) is a
coupled fixed point of .

Now, we show the uniqueness of the coupled fixed point. Suppose that (¢, d’)
is another coupled fixed point of ¢ such that (¢,d) # (¢, d’), then from equation
(2.1) and using (2.14), (2.15) and (Pb3), we have

pb<cv Cl) = pb(w(cv d)? w(cla d/))
A (&) po(ib(e, ), ), po((c ), &),

1 , ZICLY
§[pb(¢(c, d), c ) + pb(l/}(q d)? C)]’ m}
1

< 52 max Py

= — max pb(C,C'),pb(C,C),pb(C/aC/)a

(e, ) }

1+ pb(c, C/>
A

1 po(c; ) }
J— J— ! Py : 1+ py(c. )
= 5 max {pb(c,c),O,U, 2pb<070)7 1+ po(c, &)
A

= ? pb(cv Cl)a

§[pb(c7 cl) + pb<c> C)],
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which is a contradiction, since A € (0,1) and s > 1. Hence, we conclude that
m(c,d) =0, and so ¢ = ¢. Similarly, one can show that d = d’. This shows that
the coupled fixed point of v is unique. This completes the proof. O

Theorem 2.2. Let (X,p,) be a complete partial b-metric space with the coeffi-
cient s > 1. Suppose that the mapping V: X x X — X satisfying the following
contractive condition for all a, 5,m,0 € X:

po(U(e, B),%(n,0)) < kipp(o,n) + kapo(B,0) + ks po(¥ (v, B), @)
+kapo((n,6),m) + ks po(¥(a, B), 1)
+ke po(1(n,0), @), (2.17)
where ki, ko, ..., ke are nonnegative constants such that ky + ko + k3 + ky + k5 +
2skg < 1. Then 1 has a unique coupled fixed point in X.

Proof. Choose oy, 5y € X. Set a; = ¥(ayp, Bo) and B = ¥(By, ap). Repeating this
process, we obtain two sequences {a, } and {5, } in X’ such that a,, 11 = ¥ (an, 5,)

and Bny1 = V(Bn, ). Set pn, = pyp(an, any1) and o, = py(Bn, Bny1). Then, from
equations (2.17) and using (Pb2), (Pb3), (Pb4), we have

po(an, any1) = po(V(an—1, Bn-1), Y(n, Bn))

k1 py(an—1, an) + k2 py(Bn-1, Bn) + ka3 pp((an-1, Bu-1), n—1)

ks o (Y, Br)s an) + ks po(Y(an—1, Ba-1), )

+ke po (Y (atns Bn)s 1)

k1 py(an—1, an) + ko po(Bn-1, Bn) + k3 po(ain, 1)

+ka py(Qni1; an) + ks Py, an) + ke py(Qns1, Q1)

K1 py(an—1, an) + ko po(Bn-1, Bn) + k3 po(atn; 1)

kg o (g1, ) + ks Py, gr) + ks [py(Qng, )

+p( i, 1) — kg Py, )

k1 py(an—1, an) + ka po(Ba-1, Bn) + k3 pp(an, an-1)

kg pp(Qng1, ) + ks Py, agr) + sk [py(Qng, )

+pp(an, 1))

= (k1 + ks + ske) po(an_1, ) + (kg + ks + ske) pp(tn, @ni1)
+ks pb(ﬁn—hﬁn)a

VAN

IN

IN

that is,
pn < (k1 + ks + ske) pr—1 + (ka + ks + ske) pn + k2 01 (2.18)
Similarly, we obtain

Po(Bns Bu1) = (B, 1), (B, an))
< (K1 + k3 + ske) po(Bn—1, Bn) + (ko + ks + ske) po(Bns Bnt1)
+ka py(an—1, ),
that is,

On S (k?l + kg + Sk@) Op—1+ (k?4 + k5 + Sk@) Op + kg Pn—1- (219)
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Now, we set
Tn = Pn + On. (2.20)
Then from equations (2.18)-(2.20), we obtain

Tn = pPnton

(k1 + ks + ske) [pn—1 + on-1] + (ks + ks + ske) [pn + 03]
+ko [pn_1 + on_1]

(k1 + k3 + ske) Tn1 + (kg + ks + ske) T + ko Ty

= (k1 + ko + ks + ske) 71 + (ks + k5 + ske) Tn,

IA

which implies

<l€1 —l-k‘z +k’3—|—8k’6> .
1_k4_k5_5k6 nl
= ATy, (2.21)

where A = (Stitshe ) < 1 since ky + Ky + Ky + ki + iy + 2k < 1.

Then for each n € N, we have
Tn < ATy < A%1_ 5 < -0 < Al (2.22)

If 7o = 0, then py(ap, 1) + po(Bo, 81) = 0. Hence, we get oy = a1 = (v, Ho)
and By = 81 = ¥(Bo, ), that is, (ag, o) is a coupled fixed point of . Now,
we assume that 7p > 0. For each m > n, where n,m € N, we have, by using
condition (Pb4)

s[py(n, Qng1) + Po(Qny1, )] — Po(Qng1, Qi)

s py(Qtny Qy1) + s? [Po (i1, Anga) + Po(Qnya; Q)]
_Spb(anJrZa Ofn+2>

5 Py(Qny A1) + 5706 (i1, Anga) + 8° Py, Qnys)

o ST (1, Q). (2.23)

pb(ana Oém)

IA A

IN

Similarly, we obtain

pb(ﬁn? Bm) S 5pb(6n7 5n+1) + Szpb(ﬂn-i-la Bn-i—?) + 83 pb(ﬂn-ﬁ-?v 5n+3)
+-F Sm—n pb(ﬁm—la Bm) (224)
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Thus,

Do(Cny @) + D6 (Brs Bm) < 8Ty + 8 Tngpr + -0+ 8™ "
SAn + S2An+1 S Smanmfl] o

IN

m-—n

Z STATJF”_I} To

T or=1

— :Z | < [Z 2|7

- [l o2

As A € (0,1) and s > 1, it follows from the inequality (2.25), we obtain that
Po(n, ) + o(Bn, Bm) — 0 as n — oo, which implies that {a,,} and {8,} are
Cauchy sequences in (X, p,). Since the partial b-metric space (X, py) is complete,
so there exist j, k € X such that o, — j, 8, — k as n — oo and

po(d; 4) = lim py(am, ) = Tim py(an, am) =0, (2.26)

We now show that j = v¥(j, k). Suppose on the contrary that j # v¥(j,k) and
k 7é ¢<k7.7> so that 0 < pb(]aw(.% k)) = Ll and 0 < pb(kaw(ku])) = L27 then

L, = pb(]7¢<.]7k))
pb(j7 an+1) +pb OénJrlaw(ja ))

IN

(
—Pb(Qnt1, At
< po(J, 1) + polngr, (3, k))
po(nt1, ¥ (5, k) + po(d; nt1)
= 2o, Bn), ¥ (5, F)) + (7, )
k1 po(on, ) + k2 po(Bn, k) + k3 po(¢(an, ), o)
+ka po(V (5, k), J) + ks po (v (s Br), 7)
+ke po((J, k), om) + po(J; 1)
k1po(an, J) + k2 po(Bn, k) + ks po(on1, o)
+kapy((5, k), 7) + ks po(an, j)
+hke po(¥(J, k), om) + po(d; ). (2.28)
Passing to the limit as n — oo in equation (2.28) and using equation (2.26) and
(Pb3), we obtain
Ly < (ks + ko) po(d, 10 (j, k) = (ka + ko) L,

which is a contradiction, since k4 + kg < 1. Hence, we conclude that L; = 0, that
is, po(7,%(j,k)) = 0 and so 1 (j, k) = j. Similarly, we can show that ¢ (k,j) = k.
This shows that (j, k) is a coupled fixed point of .

IA
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Now, we show the uniqueness of the coupled fixed point of ). Suppose that
(4', k') is another coupled fixed point of ¥ such that (j, k) # (5/, k'), then from
equation (2.17) and using (2.26), (2.27) and (Pb3), we have

(i) = (¥ k), v (" K))

kipo(d: 3) + ko po(k, KY) + ks po(v(5, k), )
+hapy( (5 k), 5') + ks po(¥ (34, k), J)
+ke po(V (5 k), 7)
= kipo(4,J") + kapo(k, k) + ks po (5, 4)

+kapo(5',5") + ks o (5, 57)

+ke po(5', 7)
= (ki + ks + ko) po (4, 5) + k2 po(k, k). (2.29)

Similarly, one can obtain

pb(kak/> = pb(w(k7j)7w(k/7j/)>
< (ky A+ ks + ko) po (K, K') + Rapy (5, 57). (2.30)

IN
~_ N T

Hence from equations (2.29) and (2.30), we obtain

po(d,5") +ou(k K) < (ka4 ks + k) [po(, ) + o(B, )]
+hka [po(4,57) + pol(k, )]
= (k1 + ko + ks + ko) [po(5,5") + ook, k)],
which is a contradiction, since ki + ko + k5 + kg < 1. Hence, we conclude that

o(7,7) + po(k, k') = 0, and so j = j" and k = k. This shows that the coupled
fixed point of ¢ is unique. This completes the proof. O

If we set ky =k, ks =1 and k3 = ky = ks = k¢ = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.3. Let (X,py) be a complete partial b-metric space with the coeffi-
cient s > 1. Suppose that the mapping ¥: X x X — X satisfying the following
contractive condition for all a, B,n,0 € X:

pb(w<a75)7w(n79)) < kpb<04777) + lpb(ﬁae)a

where k,l are nonnegative constants such that k +1 < 1. Then ¢ has a unique
coupled fized point in X.

If we set ks =k, ky =1 and k; = ko = ks = k¢ = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.4. Let (X,py) be a complete partial b-metric space with the coeffi-
cient s > 1. Suppose that the mapping ¥: X x X — X satisfying the following
contractive condition for all a, B,m,0 € X:

pb(¢(auﬁ>7w<7779>> < kp“?ﬂ(&,ﬁ),&) + lpb(?/f(ﬂ,e)aﬁ),

where k,l are nonnegative constants such that k +1 < 1. Then ¢ has a unique
coupled fized point in X.
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If we set ks =k, k¢ =1 and k; = ko = k3 = k4, = 0 in Theorem 2.2, then we
have the following result.

Corollary 2.5. Let (X, py) be a complete partial b-metric space with the coeffi-
cient s > 1. Suppose that the mapping V: X x X — X satisfying the following
contractive condition for all o, B,m,0 € X:

pb(w(aa6)7¢(n70)) < kpb(¢(a76)777) + lpb(¢(na9)’a)7

where k,l are nonnegative constants such that k + 2sl < 1. Then ¥ has a unique
coupled fized point in X .

Remark 2.6. (1) Theorem 2.1 and 2.2 extend and generalize the results of Aydi
[1] from partial metric space to the setting of partial b-metric spaces.

(2) Theorem 2.1 and 2.2 also extend and generalize the results of Sabetghadam
et al. [19] from cone metric space to the setting of partial b-metric spaces.

(3) Corollary 2.3, Corollary 2.4 and Corollary 2.5 extend and generalize Theo-
rem 2.1, Theorem 2.4 and Theorem 2.5 of Aydi [I] from partial metric spaces to
the setting of partial b-metric spaces.

Example 2.7. Let X = R*, where RT = [0,400), p > 1 a constant and p,: X x
X — R* be defined by

(e, B) = [max{a, S}P + |a — B] forall o, 5 € X.

Then (X, pp) is a partial b-metric space with coefficient s = 27 > 1. Consider the
mapping ¢: X x X — X defined by ¢(a, f) = QTJFB. Now, for any «, 3,n,0 € X,
we have

po(¥(a, B),¥(n,0) = max{y(a,B),v(n, )} + [¢(a, 8) —(n,0)|
a+pf n+0y1r ja+B n+6
6 TH +’ 6 6 ‘

= :émax{oz—i-ﬁ,n—l—e}]p‘f‘ é‘(OH’B) —(n+0)]

= max {

< [gmasfasnt + 3 max(5,0}]"+ Sl =) + (8- 6)
< é max{a, n}r + [é max{ /3, 9}]p + é|a —n| + élﬁ — 0
< %([max{oz,n}]p + o — ny) + %([max{ﬁ, 0} + (8 — 9!)

= kpo(a,n) + 1pp(B,6),

which is the contractive condition of Corollary 2.3 for k = = % with k+1 = % < 1.
Therefore, by Corollary 2.3, ¢ has a unique coupled fixed point which is (0,0) in
X. Note that if the mapping ¢¥: X x X — X is given by ¢(a, 8) = aTJrﬂ, then
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satisfies contractive condition of Corollary 2.3 for k = [ = 1/2, that is,

(e, B),¥(n,0)) = [max{y(a,B),v(n,0)}" + [¢(a, B) — ¥ (n,0)]
T a+p n+o0y1r |a+B n+6
- maX{ 2 TH +’ T ‘

- :%max{a+ﬁ,77+9}]p+ %\(aw) — (n+0)]

< [gmastasnt + 3 max(5,0}]" + Sl —n) + (8- 6)
rl P 1 r 1 1
< 5 max{a,n}} + [5 max{ /3, 0}] + §|oz —n| + 5'6 — 0|

< %([max{oz,n}]p + Ja — 77!) + %([maX{ﬁ, 03" + 18 — 9!)

= kpp(e,n) +1ps(5,0),
In this case (0,0) and (1,1) are both coupled fixed points of v, and hence, the
coupled fixed point of 7 is not unique. This shows that the condition k +1 < 1
in Corollary 2.3 cannot be omitted in the statement of the aforesaid result. By
similar way, we can verify the results of Corollary 2.4 and Corollary 2.5.

We define as T(«) = ¢(a,a) for all @« € X. Then, we have the following
results.

Corollary 2.8. ([22], Theorem 1) Let (X, py) be a complete partial b-metric space
with the coefficient s > 1. Suppose that the mapping T : X — X satisfying the
following contractive condition for all a,n € X:

pb(T(a)v 7(77)) < kpb(a’ 7)),
where k € [0,1) is a constant. Then T has a unique fized point u € X and
pp(u,u) = 0.
Proof. Taking o = 3, n =0, ky =k and ky = k3 = ky = ks = kg = 0 in Theorem
2.2. Then, we have the conclusion of the corollary from Theorem 2.2. [
Corollary 2.9. ([22], Theorem 2) Let (X, py) be a complete partial b-metric space

with the coefficient s > 1. Suppose that the mapping T: X — X satisfying the
following contractive condition for all a,m € X:

po(T (@), T(n)) < Xpo(T (@), @) +po(T (0),m)],
where X € [0, %), A # % is a constant. Then T has a unique fized point u € X
and py(u,u) = 0.
Proof. Taking a =, n =10, ks =ky = X and k; = ko = k5 = kg = 0 in Theorem
2.2. Then, we have the conclusion of the corollary from Theorem 2.2. O

We also obtain the following special case from Theorem 2.2.

Corollary 2.10. ([22], Theorem 3) Let (X,py) be a complete partial b-metric
space with the coefficient s > 1. Suppose that the mapping T: X — X satis-
fying the following contractive condition for all a,m € X':

Po(T (@), T(m) < A max {py(,m), (T (@), @), (T (n), m) .
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where A € [0, %) is a constant. Then T has a unique fized point u € X and

pb(uau’) = 0.
Example 2.11. Let X = {1,2,3,4} and p,: X x X — R be defined by

la —n)? + max{a,n}, if a#n,

pb(aﬂ?) = «, if :7]7& ]-a
0, ifa=n=1,

for all a,m € X. Then (X,p,) is a complete partial b-metric space with the
coefficient s =4 > 1.
Define the mapping 7: X — X by

T)=1,T@2)=1T@3) =2 T4 =2

Now, we have

p(T(1),T(2) = p(1,1) =0 < 2.8 = py(1,2),
P(T(), TE) = m(1,2) =3 < 17 = n(1,3)
PT(), T(@) = p(1,2) = 3 < 313 = Jp(1,4),
P(T(2),TE) = m(1,2) =3 < 14 = (2 3)
P(TR),TW) = m(1,2) =3 < 18 = (2 9)
P(T(), T) =p(22) =2 < 15 = n(34)

Thus, T satisfies all the conditions of Corollary 2.8 with k£ = % < 1. Now
by applying Corollary 2.8, 7 has a unique fixed point namely 1 is the unique
fixed point of 7. We note that, since py(2,2) = 2 # 0 it follows that p, is
not a b-metric. Also p, is not a partial metric. Indeed, py(4,1) = 13 > 9 =
po(4,3) +pu(3,1) — pu(3, 3). Therefor, results from [6] and [11] are not applicable
while Corollary 2.8 is applicable.

3. WELL-POSEDNESS THEOREM

In this section, we deal with the well-posedness of coupled fixed point problem
studied in the previous section.

Definition 3.1. ([18]) Let (X,d) be a metric space and let 7: X — X be a
mapping. The problem of finding a fixed point of 7 is said to be well posed if:
(1) 7 has a unique fixed point «p,
(2) for any sequence {a,} € X with lim, . d(T oy, a,) = 0, we have lim,,
d(am, ap) = 0.

Now, we define well-posedness of coupled fixed point in partial b-metric spaces.
Let CoFP (¢, X x X) denote a coupled fixed point problem of mapping ¢ and
let CoF (1) denote the set of all coupled fixed points of 9.
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Definition 3.2. Let (X, py) be a partial b-metric space with the coefficient s > 1
and let ¢: X x X = X be a mapping. CoFP (¢, X x X) is called well posed if:
(1) CoF(v) is unique,
(2) for any sequences {a,}, {8,} in X with (&, 8) € Co.F () and

T pu((an; Bu)san) = 0= lim py(6(Bn, ), B2)

implies

a= lim oy, B = lim B,.
n—oo n—oo

Theorem 3.3. Let (X, py) be a complete partial b-metric space with the coefficient
s>1and : X x X — X be a mapping as in Theorem 2.2. For any sequences

{an}, {Bn} in X and («, B) € CoF (W), if
nli_)lgoplxau @Z)(Oén, ﬂn)) =0= nh_flolopb(ﬁaw(ﬁm Oén)),

then the coupled fized point problem of 1 is well-posed with py(x,x) =0 for some
reX.

Proof. From Theorem 2.2, the mapping ¢ has a unique coupled fixed point,
(g, fo) € X x X. Let {a,}, {Bn} in X and

nli_g)lopb(w(am 671)7 an) =0= nh_{gopb('(p(ﬁm Oén>, ﬁn)

Without loss of generality, we assume that (ag, o) # (o, B,) for any non-
negative integer n. Using (g, 5y) = ap and ¥(By, ) = Bo, we obtain
(oo, an) < po(P(ao, Bo), Y (am; Bn)) + po(¥(an, Bn), an)
_Pb<w<04na Bn)a w(@na ﬂn))
po(¥ (a0, Bo), Y(am, Bn)) + po(¥(an, Bn), an)
k1 py(, an) + K2 pu(Bo, Bn) + k3 pu(1 (o, 5o), o)
+ka po(Y(an, Bn)s ain) + ks po (1 (w0, Bo), o)
+k6 po (Y (s Bn); a0) + po(V(an, Bn), ), (3.1)

IA A

and

pb(ﬁm ﬁn)

IN

Po(¥(Bo, 20), ¥ (B, n)) + Po(¥ (B, atn), Bn)
Pb(w(ﬁna an) ¢(5m an))
po(¥(Bo, 20)s (B, o)) + po(¥(Bns ain), Br)

k1 0o(Bo, Bn) + k2 py(ao, ) + ks pu(¥(Bo, o), Bo)

+ka po(Y (B ), Bn) + ks po(¥(Bo, o), Bn)

+kio Do (Y (Brs an), Bo) + Do (Y (Brs an)s Bn).- (3.2)

IA A

Since
nh*{{.lopb(ao, ¢(ana ﬁn)) =0= nh*{{.lopb(BO: w(ﬁna an))7
for (ao, o) € CoF (1), using (Pb3), we obtain
Tim py(eo, o) < (ky + ks) lim py(ao, an) + ko lim pe(Bo, Bn), (3.3)
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and
Jgfgopb(ﬁo, Bn) < (ky + ks) Jgfgpb(ﬁo, Bn) + ks T}Lfgopb(%, Q). (3.4)

Set
S1 = pp(, o) and Sy = pu(Bo, Bn)- (3.5)

Now from equations (3.3)-(3.5), we have
lim S; + lim Sy < (ky + k;) [lim S; + lim Ss)
n—oo n—oo

n—o0 n—oo
n—oo n—o0
n—0o0 n—0o0
< lim Sl + lim SQ,
n—o0 n—ro0

which is a contradiction, since ki1+ko+ks < 1. Hence, lim,,_, S1+1lim,,_,oo So = 0,
that is, lim, . pp(o, ) + limy, o0 po(Bo, Bn) = 0 and hence

lim o, =y and lim (8, = Bo.

n—oo n—o0

Hence the coupled fixed point problem of the mapping is well-posed. This
completes the proof. O

4. CONCLUSION

In this paper, we establish some unique coupled fixed point results in the
setting of partial b-metric spaces and give some corollaries of the established
results. Further, we provide an example to validate the result. We also prove well-
posedness of a coupled fixed point problem. Our results extend and generalize
several previously published results from the existing literature (see, for example,
[1, 19] and many others).

Acknowledgement. The author is grateful to the anonymous referee and the
editor for their careful reading and useful suggestions to improve the manuscript.
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