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WEIGHTED RATIONALIZED TOEPLITZ HANKEL
OPERATORS

RUCHIKA BATRA VERMA *

Abstract. In this paper, we introduce and study the notion of the weighted
Rationalized Toeplitz Hankel operators. We discuss some properties of these
operators. Also the weighted Rationalized Toeplitz Hankel matrix is introduced
and studied.

1. Introduction

The theory of Toeplitz operators have been a subject of investigations by many
mathematicians around the globe. Along with these operators, many mathemati-
cians came up with different generalizations of these operators like Slant Toeplitz
and Slant Hankel operators etc. All these operators have plenty of applications in
wavelet analysis [8], differential equations [4], prediction theory [5] etc. Initially
the Toeplitz and Hankel, slant Toeplitz operators were introduced on the L2 and
H2 spaces but during the past few years they have been defined on the generalized
spaces like weighted squence spaces L2(β) and H2(β) and the weighted function
spaces Lpw and Hp

w.

The generalization of all kinds of Toeplitz, Hankel, Slant Toeplitz, Slant Hankel
is given in [3] as the Rationalized Toeplitz Hankel operator on the space L2. The
set of all Rationalized Toeplitz Hankel operators is denoted by RTHO(L2). It is
proved [3] that a bounded linear operator R on the space L2 is a Rationalized
Toeplitz Hankel operator of order (k1, k2) where k1 and k2 are relatively prime
integers, if and only if Mzk2R = RMzk1 .

Further if k1 and k2 are not relatively prime then if d = g.c.d (k1, k2) i.e. let
k1 = dn and k2 = dm then a bounded operator R on L2 is Rationalized Toeplitz
Hankel operator if and only if

R|Ñi = WmMϕ̃i
Wn|Ñi
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for some ϕ̃i in L∞and for i = 1, 2, ....d− 1

L2 = Ñ0 ⊕ Ñ1 ⊕ · · · ⊕ Ñd−1

where

Ñ0 = N0 ⊕N1 ⊕ · · · ⊕Nm−1

Ñ1 = Nm ⊕Nm+1 ⊕ · · · ⊕N2m−1

...
...

Ñd−1 = N(d−1)m ⊕N(d−1)m+1 · · · ⊕Ndm−1

Ni = The closed linear span of {zk1t+1 : t ∈ Z}
Motivated by the study on the generalized spaces as given in [[1],[2]], here in

this paper, we introduce the notion of weighted Rationalized Toeplitz Hankel
operators on the space L2(β) . We begin with the following notations.

Let β = (βn)n∈Z be a sequence of positive numbers with β0 = 1, 0 <
(

βn
βn+1

)
≤ 1

when n ≥ 0 and 0 <
(

βn
βn−1

)
< 1 when n ≤ 0.

Consider the Space

L2(β) =

{
f(z) =

∞∑
n=−∞

anz
n, an ∈ C

}
and

||f ||2β =
∞∑

n=−∞

|an|2β2
n <∞

Then (L2(β), ||.||β) is a Hilbert Space with an orthonormal basis
{
en(z) = zn

βn

}
n∈Z

and with respect to the inner product defined as〈∑
anz

n,
∑

bnz
n
〉

=
∑

anbnβ
2
n

L∞(β) =

{
φ(z) =

∞∑
n=−∞

anz
n : φL2(β) ⊆ L2(β) and ∃ c ∈ R such that ||φf ||β ≤ c||f ||β ∀f ∈ L2(β)

}
L∞(β) is a Banach Space with a norm defined as

||φ∞|| = inf
{
c : ||φf ||β ≤ c||f ||β ∀ f ∈ L2(β)

}
For φ in L∞(β), Let Mβ

φ denote the Multiplication operator on space L2(β). Then

Mβ
φ (f) = φf ∀ f ∈ L2(β)

and

Mβ
φ (ek(z)) =

∞∑
n=−∞

an−k
βn
βk
en(z) ∀ k ∈ Z

We begin with the following definition
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Definition 1.1. For k 6= 0 , Let W β
k : L2(β)→ L2(β) be defined as

W β
k en(z) =

{
βn/k

βn
en/k(z) if n is divisible by k

0 otherwise

W β
k is a bounded linear operator on L2(β).The adjoint of W β

k denoted by W β∗

k is
given by

W β∗

k en(z) =
βn
βkn

ekn(z) ∀ n ∈ Z

2. Properties of W β
k

We start with the following properties of W β
k for all non zero integers k.

Theorem 2.1. If g(z) is an L2(β) function and for fixed integer k 6= 0 , βkn
βn
≤

M <∞ , then g(zk) is also an L2(β) function.

Proof. Let

g(z) =
∞∑

n=−∞

anz
n,

then
||g||2β =

∑
|an|2β2

n <∞
Now,

g(zk) =
∞∑

n=−∞

anz
kn

=
∞∑

n=−∞

anβknekn(z)

So,

||g(zk)||2β =
∞∑

n=−∞

|an|2β2
kn

=
∞∑

n=−∞

|an|2β2
n

β2
kn

β2
n

≤ M2

∞∑
n=−∞

|an|2β2
n <∞

Hence, g(zk) is also L2(β) function. �
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Theorem 2.2. For all f in L2(β),

(i) W β
k f ∈ L2(β)

(ii) W β∗

k f ∈ L2(β) if βkn
βn

is bounded.

Proof. (i) Let f(z) =
∑
anz

n be in L2(β). Then

||f ||2β =
∑
|an|2βn2 <∞

Now,

W β
k (f) = W β

k

(∑
anz

n
)

= W β
k

(∑
anβnen(z)

)
=

∑
anW

β
k (βnen(z))

=
∞∑

m=−∞

akmβmem(z)

So, ||W β
k (f)||2β =

∞∑
m=−∞

|akm|2β2
m

=
∞∑

m=−∞

|akm|2β2
km

β2
m

β2
km

≤
∞∑

m=−∞

|akm|2β2
km

≤
∞∑

m=−∞

|ank|2β2
km +

∑
n6=km

|an|2β2
n

=
∞∑

m=−∞

|an|2β2
n <∞

Thus W β
k f ∈ L2(β) for all f in L2(β).

(ii)

W β∗

k f(z) = W β∗

k

(∑
anz

n
)

= W β∗

k

(∑
anβnen(z)

)
=

∑
anβn

βn
βkn

ekn(z)

=
∑

anz
kn β

2
n

β2
kn

= fk(z
k)
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where , ||fk(z)||2β = ||
∑

anz
kn β

2
n

β2
kn

||2β

=
∑
|an|2

β2
n

β4
kn

β2
n

≤
∑
|an|2β2

n <∞

This completes the proof. �

Theorem 2.3. For k 6= 0

(i) W β
k (f(zk)) = f(z) ∀ f ∈ L2(β)

(ii) W β
kW

β∗

k f(z) = fk(z) where fk(z) =
∑
an

β2
n

β2
kn
zn

(iii) W β∗

k W β
k f(z) = g(zk) where g(z) =

∑
akn

β2
n

β2
kn
zn

Proof. (i)

W β
k (f(zk)) = W β

k

(∑
anz

kn
)
, f =

∑
anz

n

=
∑

anW
β
k (βknekn(z))

=
∑

anβnen(z)

=
∑

anz
n

= f(z)

Hence, W β
k (f(zk)) = f(z) ∀ f ∈ L2(β)

(ii)

W β
kW

β∗

k f(z) = W β
k fk(z

k) = fk(z)

where , fk(z) =
∑

an
β2
n

β2
kn

zn

(iii)

W β∗

k W β
k f(z) = Wk

(∑
aknz

n
)

=
∑

aknβn
βnekn(z)

βkn

=
∑

akn
β2
n

β2
kn

zkn

= g(zk)

where g(z) =
∑∞

n=−∞ akn
β2
n

β2
kn
zn

This completes the proof.
�

Theorem 2.4. For any non zero integer k ,

Mβ
zW

β
k = W β

kM
β
zk
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Proof. If m is divisible by k then m = ki for some i ∈ Z. Then

Mβ
zW

β
k em(z) = Mβ

z

βi
βki

ei(z)

=
βi+1

βki
ei+1(z)

And W β
kM

β
zk
em(z) = W β

kM
β
zk

(eki(z))

= W β
k βkek(z)eki(z)

= W β
k

β(i+1)k

βik
e(i+1)k(z)

=
β(i+1)k

βik

βi+1

β(i+1)k

ei+1(z)

=
βi+1

βik
ei+1(z)

Thus we have
Mβ

zW
β
k em(z) = W β

kM
β
zk
em(z) , for m = ki.

If m is not divisible by k then

Mβ
zW

β
k em(z) = 0 = W β

kM
β
zk
em(z)

Thus,

Mβ
zWk = WkM

β
zk

This completes the proof.
�

3. Weighted Rationalized Toeplitz Hankel Operators

We begin with the following definition.

Definition 3.1. For non zero integers k1 and k2 , the weighted Rationalized
Toeplitz Hankel Operator of order (k1, k2) , R

β
φ : L2(β)→ L2(β) is defined as

Rβ
φ(f) = W β

k1
Mβ

φW
β∗

k2
(f) ∀ f ∈ L2(β)

.

If ei(z) =
{
zi

βi

}
i∈Z

is an orthonormal basis of L2(β) , then

Rβ
φ(ej(z)) = W β

k1
Mβ

φW
β∗

k2
(ej(z))

= W β
k1
Mβ

φ

(
βj
βk2j

ek2j(z)

)
= W β

k1

βj
βk2j

Mβ
φ (ek2j(z))

= W β
k1

βj
βk2j

∞∑
n=−∞

an−k2j
βn
βk2j

en(z)
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=
βj
βk2j

∞∑
n=−∞

an−k2j
βn
βk2j

W β
k1
en(z)

=
βj
βk2j

∞∑
m=−∞

amk1−k2j
βm
βk2j

em(z)

=
βj

(βk2j)
2

∞∑
m=−∞

amk1−k2jβmem(z)

That is , Rβ
φ(ej(z)) =

βj
β2
k2j

∞∑
m=−∞

amk1−k2jβmem(z)

So, Rφ is abounded linear operator on L2(β).

Observation : If k2 = 1 and k1 ≥ 2. Then

Rβ
φ(ej(z)) =

βj
β2
j

∑
amk1−jβmem(z)

=
1

βj

∞∑
m=−∞

amk1−jβmem(z)

Thus, if k2 = 1 and k1 ≥ 2, then the weighted Rationalized Toeplitz Hankel
operator becomes the Generalized weighted Slant Toeplitz operator.

We see that if Rβ∗
φ , is the adjoint of weighted Rationalized Toeplitz Hankel Op-

erator Rβ
φ, then we have

< Rβ∗
φ ej, ei > = < ej, R

β
φei >

=

〈
ej,

∞∑
m=−∞

βi
β2
k2i

amk1−k2iβmem(z)

〉

=
βiβj
β2
k2i

ak1j−k2i

So, if we consider the matrix of Rβ
φ with respect to the orthonormal basis of L2(β)

then (i, j)th element αij of matrix of Rβ
φ is given by

< Rβ
φej, ei > =

〈
βj
β2
k2j

∞∑
m=−∞

amk1−k2jβmem(z), ei

〉

=
βiβj
β2
k2j

ak1i−k2j

Hence, the matrix of Rβ
φ with respect to the basis of L2(β) is given by



λ-RTHO 19



...
...

...
...

...
...

...

· · · β−1β−1

β2
−k2

a−k1+k2
β−1β0
β2
0
a−k1

β−1β1
β2
k2

a−k1−k2
β−1β2
β2
2k2

a−k1−2k2
β−1β3
β2
3k
a−k1−3k2 · · ·

· · · β0β−1

β2
−k2

ak2
β0
β0
a0

β0β1
β2
k2

a−k2
β0β2
β2
2k2

a−2k2
β0β3
β2
3k
a−3k2 · · ·

· · · β1β−1

β2
−k2

ak1+k2
β1β0
β2
0
ak1

β1β1
β2
k2

ak1−k2
β1β2
β2
2k2

ak1−2k2
β1β3
β2
3k2

ak1−3k2 · · ·
...

...
...

...
...


So,

αij = (i, j)th element of matrix of Rβ
φ

=
βiβj
β2
k2j

ak1i−k2j

Remark : If βi = 1 ∀ i Then αij = ak1i−k2j which is the (i, j)th element of the
matrix of Rφ, the Rationalized Toeplitz Hankel operator with respect to the basis
of L2.
We denote the set of all weighted Rationalized Toeplitz Hankel Operators on the
space L2(β) by WRTHO(L2(β)).

Theorem 3.2. The mapping φ→ Rβ
φ is linear and one to one.

Proof. If φ1 and φ2 are in L∞(β) and α and β are scalars, then

Rαφ1+βφ2 = W β
k1
Mβ

αφ1+βφ2
W β∗
k2

= W β
k1

(αMβ
φ1

+ βMβ
φ2

)W β∗
k2

= αW β
k1
Mβ

φ1
W β∗
k2

+ βW β
k1
Mβ

φ2
W β∗
k2

= αRβ
φ1

+ βRβ
φ2

So, if Rβ
φ1
−Rβ

φ = 0, then Rβ
φ1−φ2 = 0 Hence,

Rβ
φ1−φ2(en(z)) = 0 ∀ n ∈ Z

=⇒ W β
k1
Mβ

φ1−φ2W
β∗
k2
en(z) = 0 ∀ n ∈ Z

=⇒ W β
k1

(φ1 − φ2)W
β∗
k2
en(z) = 0 ∀ n ∈ Z

=⇒ W β
k1

(φ1 − φ2)
βn
βk2n

ek2n(z) = 0 ∀ n ∈ Z

As this is true for all n ∈ Z. Hence, φ1 − φ2=0 and thus φ1 = φ2.
This completes the proof. �

Theorem 3.3. If β = {βn}n∈Z is a sequence of positive numbers such that β0 =

1 , 0 < βn
βn+1

≤ 1 for n ≥ 0 , 0 < βn
βn−1

≤ 1 for n ≤ 0 and
βnk2

βn
= 1 then a
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bounded operator R on L2(β) is a weighted Rationalized Toeplitz Hankel operator
of order (k1, k2) for relatively prime integers k1 and k2 if and only if

Mβ

zk2
R = RMβ

zk1

.

Proof. Let R = Rβ
φ be a weighted Rationalized Toeplitz Hankel operator of order

(k1, k2). Then R = W β
k1
Mβ

φW
β∗
k2

Consider,

Mβ

zk2
R(ej(z)) = Mβ

zk2
W β
k1
Mβ

φW
β∗
k2

(ej(z))

= Mβ

zk2
W β
k1
Mβ

φ

(
βj
βk2j

ek2j(z)

)
= Mβ

zk2
W β
k1

(
βj
βk2j

Mβ
φ ek2j(z)

)
= Mβ

zk2
W β
k1

(
βj
βk2j

∞∑
n=−∞

an−k2j
βn
βk2j

en(z)

)

= Mβ

zk2

βj
β2
k2j

∞∑
n=−∞

an−k2jβnWk1(en(z))

= Mβ

zk2

βj
β2
k2j

∞∑
m=−∞

ak1m−k2jβm(em(z))

=
βj
β2
k2j

∞∑
m=−∞

amk1−k2jβm+k2em+k2(z)

=
βj
β2
k2j

∞∑
m=−∞

amk1−k2(k1+i)βmem(z)

On the other hand

RφM
β

zk1
(ej(z)) = RφM

β

zk1
ej(z)

= Rφ

(
βj+k1
βj

ej+k1(z)

)
=

βj+k1
βj

Rφ(ej+k1(z))

=
βj+k1
βj

∞∑
m=−∞

amk1−k2(k1+i)
βj+k
β2
k2(j+k)

βmem(z)

=
β2
j+k1

βjβ2
k2(j+k1)

∞∑
m=−∞

amk1−k2(k1+i)βmem(z)
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From here, we can conclude that

Mβ

zk2
Rφ(ej(z)) =

(
βj
β2
kj

)(
βjβ

2
k2(j+k1)

β2
j+k1

)
RφM

β

zk1
(ej(z))

This is true for all j. That is

Mβ

zk2
Rφ(ej(z)) =

(
β2
jβ

2
k2(j+k1)

β2
k2j
β2
j+k1

)
RφM

β

zk1
(ej(z))

= RφM
β

zk1
(ej(z))

This is true for all j ∈ Z, as
(
βnk2

βn
= 1
)

Mβ

zk2
Rφ = RφM

β

zk1

Conversely, if we suppose that a bounded linear operator R on the space L2(β)

satisfies the condition Mβ

zk2
R = RMβ

zk2
then as we have proved in the converse

part of Theorem 3.1[3], we can similarly proceed and prove that

R = Wk1M
β
φWk∗2

This completes the proof. �

4. Weighted rationalized Toeplitz Hankel matrix

We have seen that the (i, j)th element of the matrix of Rβ
φ with respect to the

orthonormal basis of L2(β) is given by

λij = < Rβ
φej, ei >

=
βiβj
β2
k2j

ak1i−k2j

where φ(z) =
∑
anz

n is the Fourier expansion of the function φ. This motivates
us to define the following.

Definition 4.1. For relatively prime integers k1 and k2, we define the Weighted
Rationalized Toeplitz Hankel matrix corresponding to the weight sequence (βn)
as a doubly infinite matrix (λij) such that

λi+k2,j+k1 =
βi+k2
βi

βk2j
βk2(j+k1)

λi,j , i, j = 0,±1,±2, · · ·
.

OBSERVATIONS:

(1) If k1 = k2 = 1 then

λij =
βiβj
β2
j

ai−j =
βi
βj
ai−j

which is weighted Toeplitz matrix as

λi+1,j+1 =
βi+1

βi

βj
βj+1

λij
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(2) If k1 = 2 and k2 = 1 then

λij =
βiβj
β2
j

a2i−j =
βi
βj
a2i−j

which is weighted Slant Toeplitz matrix as

λi+1,j+2 =
βi+1βj
βiβj+2

λij

(3) For k1 ≥ 2 and k2 = 1 we have

λij =
βiβj
β2
j

aki−j =
βi
βj
aki−j

which is a generalized weighted Slant Toeplitz matrix as

λi+1,j+k =
βi+1

βi

βj
βj+k

λij

As we have done in the previous section that for the section (βn) if for all n
βk2n
βn

= 1, then a bounded operator R on L2(β) is a Weighted Rationalized Toeplitz

Hankel Operator of order (k1, k2) if and only if Mβ

zk2
R = RMβ

zk1

Here, now we give characterization of Weighted Rationalized Toeplitz Hankel
Operator in terms of Weighted Rationalized Toeplitz Hankel matrix (under the
same conditions of the above said theorem).

Theorem 4.2. A necessary and sufficient condition that an operator Rβ on L2(β)
is a Weighted Rationalized Toeplitz Hankel Operator of order (k1, k2) [where k1
and k2 are relatively prime integers] is that its matrix with respect to the orthonor-

mal basis
{
en(z) = zn

βn

}
n∈Z

is a Weighted Rationalized Toeplitz Hankel matrix of

same order.

Proof. Suppose that Rβ is a Weighted Rationalized Toeplitz Hankel Operator of
order (k1, k2). Then as we have seen the corresponding matrix (λij) of Rβ w.r.t

the orthonormal basis
(
en(z) = zn

βn

)
n∈N

of L2(β) is given by

λi,j = < Rβej, ei >

=
βiβj
β2
k2j

ak1i−k2j

Further for relatively prime integers k1 and k2

λi+k2,j+k1 = < Rβej+k1 , ei+k2 >

=
βi+k2βj+k1
β2
k2(j+k1)

ak1(i+k2)−k2(j+k1)

=
βi+k2βj+k1
β2
k2(j+k1)

ak1i−k2j
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=
βi+k2βj+k1
β2
k2(j+k1)

β2
k2j

βiβj
λij

Hence,

λi+k2,j+k1 =
βi+k2
βi

βk2j
βk2(j+k1)

λij

(
as

βk2n
βn

= 1

)
Hence, the matrix of Rβ is a Weighted Rationalized Toeplitz Hankel matrix.
Conversely, Let the matrix of Rβ

φ be the Weighted Rationalized Toeplitz Hankel
matrix. Then

< Rβej+k1 , ei+k2 >=
βi+k2
βi

βk2j
βk2(j+k1)

< Rβej, ei >

Now,

< RβMβ

zk1
ej, ei > = < Rβ βj+k1

βj
ej+k1 , ei >

=
βj+k1
βj

< Rβej+k1 , ei >

=
βj+k1
βj

βk2j
βk2(j+k1)

βi
βi−k2

< Rβej, ei−k2 >

=
βi
βi−k2

< Rβej, ei−k2 >

= < Rβej,
βi
βi−k2

ei−k2 >

= < Rβej,M
β∗
zk2
ei >

= < Mβ

zk2
Rβej, ei >

This is true ∀ i, j ∈ Z.
Thus we conclude that

Mβ

zk2
Rβ = RβMβ

zk1

and hence Rβ is a Rationalized Toeplitz Hankel Operator.
�
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