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WEIGHTED RATIONALIZED TOEPLITZ HANKEL
OPERATORS

RUCHIKA BATRA VERMA *

ABSTRACT. In this paper, we introduce and study the notion of the weighted
Rationalized Toeplitz Hankel operators. We discuss some properties of these
operators. Also the weighted Rationalized Toeplitz Hankel matrix is introduced
and studied.

1. INTRODUCTION

The theory of Toeplitz operators have been a subject of investigations by many
mathematicians around the globe. Along with these operators, many mathemati-
cians came up with different generalizations of these operators like Slant Toeplitz
and Slant Hankel operators etc. All these operators have plenty of applications in
wavelet analysis [8], differential equations [4], prediction theory [5] etc. Initially
the Toeplitz and Hankel, slant Toeplitz operators were introduced on the L? and
H? spaces but during the past few years they have been defined on the generalized
spaces like weighted squence spaces L?(3) and H?(3) and the weighted function
spaces LP and HP.

The generalization of all kinds of Toeplitz, Hankel, Slant Toeplitz, Slant Hankel
is given in [3] as the Rationalized Toeplitz Hankel operator on the space L?. The
set of all Rationalized Toeplitz Hankel operators is denoted by RTHO(L?). Tt is
proved [3] that a bounded linear operator R on the space L* is a Rationalized
Toeplitz Hankel operator of order (ki, ks) where k; and ky are relatively prime
integers, if and only if M x, R = RM 4, .

Further if k; and ko are not relatively prime then if d = g.c.d (ki, ko) i.e. let
ki = dn and ks = dm then a bounded operator R on L? is Rationalized Toeplitz
Hankel operator if and only if
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for some ¢; in L*>and for ¢ =1,2,....d — 1
L*=No®N @ @ Nyy
where
No=No® N @+ ® Npy_y

Ni=Np®Nps1® - ® Nop_q

Nyi= Na—1ym ® N@-1)ym+1- D Nam—1

N; = The closed linear span of {z*!*1 : ¢ € Z}

Motivated by the study on the generalized spaces as given in [[1],[2]], here in
this paper, we introduce the notion of weighted Rationalized Toeplitz Hankel
operators on the space L?(3) . We begin with the following notations.

Let B = (Bn)nez be asequence of positive numbers with Sy = 1,0 < (65” ) <1

Whenn>0and0<(ﬂﬁ’i><1whenn§0.

Consider the Space

L*(B) = {f(z) = Z apz", a, € C}

n=-—o0o
and
x
1117 = D lanl’82 < o0
n=-—00

Then (L?(B), ||-||) is a Hilbert Space with an orthonormal basis {en(z) = Z,—"}
") nel

and with respect to the inner product defined as

<Z an,z", Z bnz"> = Z anEﬁi

L=(8) —{ = S e IA(B) € I(B) and 3 ¢ € R such that [|6f1]s < cl|fll vfemﬁ)}

n=—0oo

L>(p) is a Banach Space with a norm defined as

6ol = inf {c = |loflls < cllflls ¥ f € L*(B)}
For ¢ in L>(3), Let M, f denote the Multiplication operator on space L*(/3). Then

MJ(f)=of ¥V f € L*(B)

and

MJ (er(2)) = z:%f@%AQVkeZ

We begin with the following definition
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Definition 1.1. For k£ # 0, Let Wkﬁ . I2(8) — L2(8) be defined as
{ 55,7 eni(2) if nis divisible by k

Whe,(z) =
ke (2) 0 otherwise

W,f is a bounded linear operator on L?(3).The adjoint of W,f denoted by W,f T s
given by
Bn

W en(z) = BTe;m(z) VneZ

2. PROPERTIES OF W,f
We start with the following properties of W,f for all non zero integers k.

Theorem 2.1. If g(z) is an L*(B) function and for fized integer k # 0 , %:L <
M < oo , then g(2*) is also an L*(B) function.

Proof. Let

g(Z) = Z anznu
then

913 =D lanl*85 < o0
Now,

g(z") = Z 2"
= Z anﬂknekn<z)

So,

lgGEIE = Y laalBin

n=—oo

oo
52
= Z |an‘253%
n=—o00 n
o
< M? Z a, 282 < 0o
n=-—o00

Hence, g(z*) is also L%(3) function. O



Theorem 2.2. For all fin L*(),

(i)

W/ f e L*()

A-RTHO

(i) W/ f e L*(B) if%? is bounded.

Proof.

(i)

(i) Let f(2) =Y anz" be in L*(3). Then

I1f115 =

Now,

W) =

So, W (NG =

IN

IN

Thus W/ f € L*(B) for all f

Wy f(z) =

= Wlf* (Zanﬂnen(z)>
= Y ah P ep(2)

Z || B2 < 00

Wkﬂ (Z anz”>

Wﬁ <Zan5nen(z)>
Zan (Bnen(z

Z e B €m (2)

m=—00
o0
Z |akm|25731
m=—o0
0 2
> o5 13-
m=—00 km
(o)
Z |akm|2ﬁzm
m=—0o0

Z |ank|* B + Z |an|* 52

m=—0o0 n;ék‘m

oo
Z |an|?6; < o0

m=—0oQ

in L?(B).

W <Z anz">

Bkn

kn 'rL

- Tom
Bkn

= fu(z")

15
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/32
where , ||fe(2)IlF = HZW’“”T”H%

kn

_ 2 B
= Z || Bkn

< Dl < oo
This completes the proof.

Theorem 2.3. For k # 0
() WE(F(H) = f(2) ¥ | € L2(B)
(i) WP F(2) = fulz) where fu(2) = S anihes"
(iii) Wkﬁ*W,ff(z) = g(2*) where g(z) = Za;mBQ” 2"
Proof. (i)

W) = W (Z @) L f = S
= Zan 5knekn Z))
= Zanﬂnen z

Zanz"

= f(z)

. Hence, Wi (f(z%) = f(2) ¥ f € L*(6)

WiW f(z) = Wi fu(=h) = filz)
2

where | fi(z) = Zan—znz"

(iii) N
W,;,B*W,ff(z) = W (Z aknz”>

By
- San i

kn
= g(z")

where g(z) =>07 akngT%Zn
kn
This completes the proof.

Theorem 2.4. For any non zero integer k ,
MEPW{ = Wi M,
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Proof. If m is divisible by k then m = ki for some i € Z. Then

MPWlen(2) = Mfﬁei(z)
Bri

%:%H(Z)
And WEMB e,(z) = WPME (ei(2))
= W) Bren(2)eri(2)

Bi Dk
= W —(BH e(irk(2)
ik

_ Btk Bit1 eion(2)
Bie  Busk

Thus we have
MPWle, (z) = W,f]\/[fkem(z) ., for m = ki.
If m is not divisible by k then
MEW]en(z) =0 =W, M’ en ()

Thus,
MEW, = Wi M,
This completes the proof.

3. WEIGHTED RATIONALIZED TOEPLITZ HANKEL OPERATORS

We begin with the following definition.

Definition 3.1. For non zero integers k; and ks , the weighted Rationalized
Toeplitz Hankel Operator of order (ki, ko) , Rg : L2(B) — L3(B) is defined as

RI(f) = WEMIWE ()Y f € L*(B)

If e;(2) = {Z—} , is an orthonormal basis of L?(3) , then
ic

K3

Riej(2) = WLMIW (e5(2)
— W,flM(f (/B/BT‘;eij(z>>

B.
= Wy ﬁij M} (e1y5(2))

- W’ bi i B en(2)

k a
Brag T Pra

=—00
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Bi N B 18

= Ay W, en
/6k2j n——o00 k2]/6 k2j o ( )
5j = 5771

= — Amki—koi 5 Em\Z
/Bij m_zoo el Bkzj ( )

- (ﬁim QmZ_:OO s ()

That is , Rg(ej(z)) = 5’% Z Ay — ki BmEm (2)

kaj m=—oo

So, R, is abounded linear operator on L?(f).

Observation : If ky =1 and k; > 2. Then

Ri(ei(2) = %Zamkl—jﬂm€m<z>

= Bj Z Amk, ]6mem( )

m=—0oQ

Thus, if ks = 1 and k; > 2, then the weighted Rationalized Toeplitz Hankel
operator becomes the Generalized weighted Slant Toeplitz operator.

We see that if R’ *, is the adjoint of weighted Rationalized Toeplitz Hankel Op-

erator Rg, then we have

< Rg*ej,ei > = < ej,Rﬁei >

= <€j’ Z /Bkzamkl kzlﬁmem(z)>

m=—0o0

Bib;

aklj kot
Bkgl

So, if we consider the matrix of Ri with respect to the orthonormal basis of L?(f3)

then (4,7)" element a;; of matrix of Rg is given by

B«
<R§€j,€i> = <TJ amklszjﬁmem(z%ei

ﬁk@j m=—o00

BiB;

ﬁ 5 Akyi— koj
kaj

Hence, the matrix of Rg with respect to the basis of L?*(f3) is given by
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B_1B_1 B_1p0 B_1p1 BB B_1fs

B2 ) A ky ko B_ga—/ﬂ ﬁi2 Ak —ko ; Ak —2ko /ng Ay —3ko
ngﬁg Ay g—gao %O—I%’B;asz 2%62 a2k, 652’85 A3k,
55125 : ak1+k2 Bég() a 1 %fl aklsz glng a‘k172k2 géﬁd ak‘l —3k2
- 2
So,
a;; = (i,7)"™ element of matriz of Rg
BiB;

—BQ A Qkyi—koj
kaj

Remark : 1f B; = 1V i Then o;j = ag,i—k,; which is the (i, )™ element of the
matrix of Ry, the Rationalized Toeplitz Hankel operator with respect to the basis
of L?.

We denote the set of all weighted Rationalized Toeplitz Hankel Operators on the
space L%(3) by WRTHO(L?(3)).

Theorem 3.2. The mapping ¢ — Rg 18 linear and one to one.
Proof. If ¢; and ¢o are in L>°(f) and « and  are scalars, then
B B
Ra¢1+5¢2 = WkﬂlMaerﬁ@WkQ
= WJ (oM + M, )W
AWML+ AWML
~ R, + R,
So, if Ril — Rg =0, then R51_¢2 = 0 Hence,

Rgﬁ@(en(z)) =0VneZ

= WM, _,,Wienz) = 0VneZ
= W;ﬁ(% - ¢2)W;i*€n(2) = 0VneZ
— Wkﬁl(?bl - ¢2);—n€k2n(2) = 0VneZ
kan
As this is true for all n € Z. Hence, ¢1 — ¢o— and thus ¢, = ¢.
This completes the proof. 0

Theorem 3.3. If 3 = {B,},cz is a sequence of positive numbers such that By =

1,0<ﬂf—’+‘1§1forn20,O<[%§1f0rn§0andﬁg:2zlthena
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bounded operator R on L*(3) is a weighted Rationalized Toeplitz Hankel operator
of order (ky,ke) for relatively prime integers ki and ko if and only if

M%,R=RM,

Proof. Let R = Ri be a weighted Rationalized Toeplitz Hankel operator of order
(k1, k). Then R = W’flMélei*

Consider,
M, Rej(2)) = ML,Wo MZW (ej(2))
= Mﬁ’QWl? Mf ( ﬁj ek‘Qj(Z)>
z 1 5k2j

%Mfe@j(z))

— MkaWlfl ( bi i Fn en(z))

- Mf’@ Wkﬁ:{ (

Broj " Bl

= LS B W eal)

o
zh2 Blzzj =

5 S amiBm(em(2)
ﬁkzj

m=—o00
/8. [o.¢]
= 25 D b kiBik ik (2)
ﬁkzj

n=—oo

m=—0Q

/8' o0
= 5 D bkt Bmem(2)
Bkzj

m=—0Q

On the other hand

R¢Mfk1(ej(z)) = R¢Mfklej(z)

= Ry <ﬁj+kl €j+k1(2)>
B;
/6.

= I Ro(esin(2))

Bi
- M Z amkl—kz(k’l-&-i)gﬁj——i_kﬁmem(z)

ﬁj m=—00 /BkQ(j-i-k)

2 o0

j+k
- 2]+ : Z amk1—k2(/€1+i)ﬁmem(2)
/BjBkQ(j‘H‘CI) m=—oo
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From here, we can conclude that
Bi ﬁjﬁg j+k
M, Role;(2)) = (5— g | RoME (¢5(2)
k; J+k1
This is true for all j. That is

232
M, Ryle;(2)) = (M> RyM’, (¢;(2))

Bzzj 32+k1
= RyMJ, (e;(2))

This is true for all j € Z, as (6222 = 1)

B _ B
Msz qu — Rd)Mzkl
Conversely, if we suppose that a bounded linear operator R on the space L?(j3)

satisfies the condition M f Wt = RM f », then as we have proved in the converse
part of Theorem 3.1[3], we can similarly proceed and prove that

R = Wi, MWy
This completes the proof. 0

4. WEIGHTED RATIONALIZED TOEPLITZ HANKEL MATRIX

We have seen that the (i, )™ element of the matrix of Ri with respect to the
orthonormal basis of L?(3) is given by
)‘z’j = < Riej,ei >
Bib;

/82 ' ak‘l’i—ij
kaj

where ¢(z) = > a,2" is the Fourier expansion of the function ¢. This motivates
us to define the following.

Definition 4.1. For relatively prime integers k; and ko, we define the Weighted
Rationalized Toeplitz Hankel matrix corresponding to the weight sequence (3,)
as a doubly infinite matrix (\;;) such that

- Bi—l—kz /Bkgj )\

)‘i 2,j+k1 — i,‘aiaj:()?j:l?il'“
et Bi BraG+rn)
OBSERVATIONS:
(1) If kl = kz =1 then
_ BiB; Bi

Aij = Waifj = Fjaifj
J

which is weighted Toeplitz matrix as

Biv1 Bj

Ai1j+1 = 75‘+1
i Pj
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(2) If ky =2 and ky = 1 then
_ Bib; Bi

/\ij— 52 A2i—j 5_ja2i—j
J

which is weighted Slant Toeplitz matrix as
_ BB
i+1,j4+2 = B:B;10
(3) For k; > 2 and ko = 1 we have
_ Bib; Bi

= 5]2 Aki—j Ejakifj

which is a generalized weighted Slant Toeplitz matrix as

Biv1 B

Aipl ik = o2
o Bi Bk
As we have done in the previous section that for the section (5,) if for all n

Bgi" = 1, then a bounded operator R on L?(f3) is a Weighted Rationalized Toeplitz

Hankel Operator of order (ki, k2) if and only if ]\/[kaR = R]\/‘I'f,ﬂ1

Here, now we give characterization of Weighted Rationalized Toeplitz Hankel
Operator in terms of Weighted Rationalized Toeplitz Hankel matrix (under the
same conditions of the above said theorem).

Theorem 4.2. A necessary and sufficient condition that an operator RP on L*(3)
is a Weighted Rationalized Toeplitz Hankel Operator of order (ky,ks) [where k;
and ko are relatively prime integers/ is that its matriz with respect to the orthonor-

mal basis {en(z) = ;—"} is a Weighted Rationalized Toeplitz Hankel matriz of
") neZ

same order.

Proof. Suppose that R® is a Weighted Rationalized Toeplitz Hankel Operator of
order (ki,ks). Then as we have seen the corresponding matrix ()\;;) of R¥ w.r.t

the orthonormal basis (en(z) = ;—n) of L?(f3) is given by
"/ neN

)\imj = < Rﬁej,ei >

Bib;

52 ' a’k‘1i—k’2j
k2j

Further for relatively prime integers k; and ko

Nithojiks = < RPejip, i, >

5’i+k2 5j+k1
62 Qs (i4-ka)—ka2 (5 +k1)
ko (j+Fk1)

BZ'Jrkz /Bj+k:1
52— kii—kaj
ko (j+Fk1)
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2
ﬁ’i-f'kz/ﬁj-‘rkl Bkg]

ﬂiz(j-i-’ﬁ) 62/8]

Hence,

Bi—l-k‘z Bkzj ( /Bk‘zn )
/\,‘ i = —/\z as =1
T Bk B

Hence, the matrix of R? is a Weighted Rationalized Toeplitz Hankel matrix.
Conversely, Let the matrix of Rg be the Weighted Rationalized Toeplitz Hankel
matrix. Then

Bisky _ Braj

< RPe; e; >
ﬁi Bkg(j+k1) e

< RﬁejHﬁ, Citky =

Now,

Bjtk
< RBMfklej,ei > = < RB JB 1ej+k17€i >
J
Btk
= —]ﬁ L < R56j+k1,67; >
J
_ 6]-%’1 5162] Bi < Rﬁej7€i—k2 >

B Bra(i+kr) Bizs

Bi

= 5 . < Rﬁej,ei_;w >
1—R2

= < Rﬁ€j,£€i_k2 >

Biks
= < Rﬂej, Mf;;ez >
= < MkaRﬁej,ei >
This is true V 7,5 € Z.
Thus we conclude that
M’ R? = RPM',
and hence R” is a Rationalized Toeplitz Hankel Operator.
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