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RESULTS OF SEMIGROUP OF LINEAR OPERATORS
GENERATING A SEMILINEAR EVOLUTION EQUATION IN R3

A. Y. AKINYELE 1 ∗, O. A. UWAHEREN 1, J. B. OMOSOWON 1, F. Y. ADERIBIGBE 1

Abstract. In this paper, we present results of ω-order preserving partial
contraction mapping generating a semilinear evolution equation in R3. We
consider a bounded domain Ω with smooth boundary ∂Ω in R3 and use the
technique of semilinear equations with analytic semigroups to obtain a strong
solution of the initial value problem. We showed that the operator A is sym-
metric and that A is the infinitesimal generator of a C0-semigroup on L2(Ω).
Finally we established that operator A is well defined, self adjoint and its the
infinitesimal generator of an analytic semigroup.

1. Introduction

Consider the following nonlinear initial value problem
∂u
∂t

= ∆u+
3∑
i=1

u ∂u
∂xi

in (0, T ]× Ω

u(t, x)− 0 on [0, T ]× ∂Ω
u(0, x) = u0(x) Ω.

(1.1)

where Ω is a bounded domain with smooth boundary ∂Ω in R3 and we denote
by (·) and ‖ · ‖ the scalar product and norm in L2(Ω).

We define an operator A by

D(A) = H2(Ω) ∩H ′0(Ω), Au = −∆u (1.2)

for u ∈ D(A) and A ∈ ω −OCPn.
In particular, we have for some δ > 0,

(Au, u) = (A
1
2u,A

1
2u) = ‖A

1
2u‖2 = ‖∇u‖2 = δ‖u‖2 (1.3)

where ∇u is the gradient of u and the inequality is a consequence of Poincare’s
inequality. The domain of A consists of Hölder continuous unctions.

Assume X is a Banach space, Xn ⊆ X is a finite set, ω−OCPn the ω-order pre-
serving partial contraction mapping, Mm be a matrix, L(X) be a bounded linear
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operator on X, Pn a partial transformation semigroup, ρ(A) a resolvent set, σ(A)
a spectrum of A. This paper consist of results of ω-order preserving partial con-
traction mapping generating a Semilinear evolution equation in R3. Akinyele et
al. [1], characterized ω-order reversing partial contraction mapping as a compact
semigroup of linear operator and also in [2], Akinyele et al., obtained differen-
tiable and analytic results on ω-order preserving partial contraction mapping
in semigroup of linear operator. Balakrishnan [3], presented an operator calcu-
lus for infinitesimal generators of semigroup. Banach [4], established and intro-
duced the concept of Banach spaces. Brezis and Gallouet [5], generated nonlinear
Schrödinger evolution equation. Chill and Tomilov [6], presented some resolvent
approach to stability operator semigroup. Davies [7], obtained linear operators
and their spectra. Engel and Nagel [8], introduced one-parameter semigroup for
linear evolution equations. Omosowon et al. [9], generated some analytic results
of semigroup of linear operator with dynamic boundary conditions, and also in
[10], Omosowon et al., introduced dual Properties of ω-order reversing partial
contraction mapping in semigroup of linear operator. Omosowon et al. [11], es-
tablished a regular weak*-continuous semigroup of linear operators, and also in
[12], Omosowon et al., obtained a quasilinear equations of evolution on semigroup
of linear operator.reversing partial contraction mapping generating a differential
operator. Omosowon et al. [13], deduced results of semigroup of linear equation
generating a wave equation. Pazy [14], presented asymptotic behavior of the so-
lution of an abstract evolution and some applications and also in [15], obtained
a class of semi-linear equations of evolution. Rauf and Akinyele [16], introduced
ω-order preserving partial contraction mapping and obtained its properties, also
in [17], Rauf et al., established some results of stability and spectra properties on
semigroup of linear operator. Vrabie [18], proved some results of C0-semigroup
and its applications. Yosida [19], deduced some results on differentiability and
representation of one-parameter semigroup of linear operators.

2. Preliminaries

Definition 2.1 (C0-Semigroup) [18]
A C0-Semigroup is a strongly continuous one parameter semigroup of bounded
linear operator on Banach space.

Definition 2.2 (ω-OCPn) [16]
A transformation α ∈ Pn is called ω-order preserving partial contraction mapping
if ∀x, y ∈ Domα : x ≤ y =⇒ αx ≤ αy and at least one of its transformation
must satisfy αy = y such that T (t+s) = T (t)T (s) whenever t, s > 0 and otherwise
for T (0) = I.
Definition 2.3 (Evolution Equation) [14]
An evolution equation is an equation that can be interpreted as the differential
law of the development (evolution) in time of a system. The class of evolution
equations includes, first of all, ordinary differential equations and systems of the
form
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u′ = f(t, u), u′′ = f(t, u, u′)

etc., in the case where u(t) can be regarded naturally as the solution of the
Cauchy problem; these equations describe the evolution of systems with finitely
many degrees of freedom.
Definition 2.4 ( Mild Solution) [15]
A continuous solution u of the integral equation.

u(t) = T (t− t0)u0 +

∫ t

t0

T (t− s)f(s, u(s))ds (2.1)

will be called a mild solution of the initial value problem{
du(t)
dt

+ Au(t) = f(t, u(t)), t > t0
u(t0) = u0

(2.2)

if the solution is a Lipschitz continuous function.

Definition 2.5(Analytic Semigroup) [18]
We say that a C0-semigroup {T (t); t ≥ 0} is analytic if there exists 0 < θ ≤ π,
and a mapping S : C̄θ → L(X) such that:
(i) T (t) = S(t) for each t ≥ 0;
(ii) S(z1 + z2) = S(z1)S(z2) for z1, z2 ∈ C̄θ;
(iii) limz1∈C̄θ,z1→0S(z1)x = x for x ∈ X; and
(iv) the mapping z1 → S(z1) is analytic from C̄θ to L(X). In addition, for each
0 < δ < θ, the mapping z1 → S(z1) is bounded from Cδ to L(X), then the
C0-Semigroup {T (t); t ≥ 0} is called analytic and uniformly bounded.
Example 1

For every 2× 2 matrix in [Mm(Rn)].
Suppose

A =

(
2 0
∆ 2

)
and let T (t) = etA, then we have

etA =

(
e2t I
e∆t e2t

)
.

Example 2
For every 3× 3 matrix in [Mm(C)], we have
for each λ > 0 such that λ ∈ ρ(A) where ρ(A) is a resolvent set on X.
Suppose we have

A =

 2 2 I
2 2 2
∆ 2 2


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and let T (t) = etAλ , then we have

etAλ =

e2tλ e2tλ I
e2tλ e2tλ e2tλ

e∆tλ e2tλ e2tλ

 .

Example 3
Let X = Cub(N ∪ {0}) be the space of all bounded and uniformly continuous
function from N∪ {0} to R, endowed with the sup-norm ‖ · ‖∞ and let {T (t); t ∈
R+} ⊆ L(X) be defined by

[T (t)f ](s) = f(t+ s)

For each f ∈ X and each t, s ∈ R+, one may easily verify that {T (t); t ∈ R+}
satisfies Examples 1 and 2 above.

3. Main Results

This section present results of semigroup of linear operator by using ω-OCPn
to generates a Semilinear evolution equation in R3:

Theorem 3.1
Assume A : D(A) ⊆ H2(Ω) → H2(Ω) is the infinitesimal generator of analytic
semigroup {T (t) : t ≥ 0}. D(A) consists of Holder continuous functions with
exponents 1

2
and there is a constant C such that

|u(x1)− u(x2)| ≤ C‖Au‖|x1 − x2|
1
2 for u ∈ D(A) (3.1)

where A ∈ ω − OCPn, xi ∈ R3 and |x1 − x2| denotes the Euclidean distance
between x1 and x2.
Proof:
For ϕ ∈ C∞0 (Ω) we have the classical identity

ϕ(x) = C

∫
Ω

∆ϕ(y)

|x− y|
dy. (3.2)

From (3.2) and the Cauchy-Schwartz inequality we deduce

|ϕ(x1)− ϕ(x2)|2 ≤ C2

(∫
Ω

∆ϕ(y)

(
1

|x1 − y|
− 1

|x2 − y|

)
dy

)2

≤ C2

∫
Ω

|∆ϕ|2dy
∫

Ω

(
1

|x1 − y|
− 1

|x2 − y|

)2

dy

but ∫
Ω

(
1

|x1 − y|
− 1

|x2 − y|

)2

dy ≤ C|x1 − x2|

where C is a constant depending only on Ω. Therefore,

|ϕ(x1)− ϕ(x2)| ≤ C‖Aϕ‖|x1 − x2|
1
2 . (3.3)
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Approximating u ∈ D(A) in H2(Ω) ∩ H ′0(Ω) by a sequence ϕn ∈ C∞0 (Ω) and
passing to the limit yields (3.1) since H2(Ω) ⊂ C(Ω) by letting Ω be a bounded
domain in Rn with smooth boundary ∂Ω (e.g, ∂Ω is of class Cm), then

W k,p(Ω) ⊂ Lnp/(n−kp)(Ω) for kp < n (3.4)

and

W k,p(Ω) ⊂ Cm(Ω) for 0 ≤ m < k − n

p
. (3.5)

Moreover, there exist constants C1 and C2 such that for any u ∈ Wm·p(Ω), we
have

‖u‖0,np/(n−kp) ≤ C1‖u‖k,p for kp < n (3.6)

and

sup

{
|Dαu(x)| : |α| ≤ m,x ∈ Ω ≤ C2‖u‖k,p for 0 ≤ m < k − n

p

}
. (3.7)

The space W k,p
0 is the subspace of elements of W k,p(Ω) which vanish in some

generalized sense on ∂Ω. It can be shown that if ∂Ω is of class Ck and u ∈
Ck−1(Ω) ∩W k,p

0 (Ω), then u and its first k − 1 normal derivatives vanish on ∂Ω.

Conversely, if u ∈ Ck−1(Ω)∩W k,p
0 (Ω), then u and its first k−1 normal derivatives

vanish on ∂Ω then u ∈ W k,p
0 (Ω) and this achieved the proof.

Theorem 3.2
Suppose A : D(A) ⊆ L2(Ω)→ L2(Ω) is the infinitesimal generator of a semigroup
{T (t) : t ≥ 0}.Then there is a constant C such that

‖u‖4
0,∞ ≤ C‖Au‖3‖u‖ (3.8)

for u ∈ D(A) and A ∈ ω −OCPn.
Proof:
First we note that by (3.4), (3.5), (3.6) and (3.7), u ∈ D(A) is in C(Ω) and since
∂Ω is assumed to be smooth it also follows that u vanishes on ∂Ω. For u ≡ 0,
(3.8) is trivial. Let ‖u‖0,∞ = L > 0. From Theorem 3.1, we have

|x(x1)− u(x2))| ≤ K|x1 − x2|
1
2 (3.9)

where K = C‖Au‖. Without loss of generality we assume that |u(0)| = L and
let BR be an open ball of radius R = (L/K)2 around 0. In this ball we have

|u(x)| > |u(0)| − |u(x)− x(0)| ≥ L−K|x|
1
2 > L−K L

K
= 0. (3.10)

Since u vanishes on ∂Ω we deduce from (3.10) that BR ⊂ Ω and for x ∈ BR we
have

|u(x)| ≥ L−K|x|
1
2 . (3.11)
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Now,

‖u‖2 ≥
∫
BR

|u(x)|2dx

≥
∫
BR

(L−K|x|
1
2 )2dx

= 4πL2R3

∫ 1

0

(1− η
1
2 )2η2dη

= CL2R3

= CL3K−6, (3.12)

therefore we have
‖u‖4

0,∞ ≤ C‖Au‖3‖u‖
for all u ∈ D(A) and A ∈ ω −OCPn. Hence, the proof is completed.

Theorem 3.3
Let A : D(A) ⊆ L2(Ω)→ L2(Ω) be the infinitesimal generator of a C0-semigroup
{T (t)t≥0}. For γ > 3

4
there is a constant C depending only on γ and Ω such that

‖u‖0,∞ ≤ C‖Aγu‖ (3.13)

for all u ∈ D(A) and A ∈ ω −OCPn.
Proof:
Suppose 3

4
< γ < 1. If ω = Aγu, then (3.13) is equivalent to

‖A−γω‖0,∞ ≤ C‖ω‖. (3.14)

In order to estimate ‖A−γω‖0,∞, we use

A−α =
sin πα

π

∞∫
0

t−α(tI + A)−1dt 0 < α < 1.

So that

A−γω =
sin πγ

π

∞∫
0

t−γ(tI + A)−1ωdt. (3.15)

From (1.3) it follows that ‖A−1‖ ≤ δ−1 and that for every t ≥ 0 we have

‖(tI + A)−1ω‖ ≤ (t+ δ)−1‖ω‖. (3.16)

Also since A is dissipative in L2(Ω) we have

‖A(tI + A)−1ω‖ ≤ ‖ω‖ (3.17)

and since (tI + A)−1ω ∈ D(A), then Theorem 3.2 yields

‖(tI + A)−1ω‖4
0,∞ ≤ C‖A(tI + A)−1‖3‖(tI + A)−1ω‖. (3.18)

Combining (3.15), (3.16), (3.17) and (3.18) yields

‖A−γω‖0,∞ ≤ C1

∫ ∞
0

t−γ(δ + 1)
1
4‖ω‖dt. (3.19)
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For 3
4
< γ < 1, the integral in (3.19) converges and we have

‖A−γω‖0,∞ ≤ C‖ω‖. (3.20)

For γ ≥ 1, the result follows from the results for 3
4
< γ < 1 via the estimate

‖A−1‖ ≤ δ−1 and this achieved the proof.

Theorem 3.4
Assume A : D(A) ⊆ H2(Ω) → H2(Ω) is the infinitesimal generator of a C0-
semigroup {T (t)t≥0}. Let

f(u) =
3∑
i=1

u
∂u

∂xi
. (3.21)

If γ > 3
4
, u ∈ D(A) and A ∈ ω −OCPn, then f(u) is well defined and

‖f(u)‖ ≤ C‖Aγu‖‖A
1
2u‖. (3.22)

If u, v ∈ D(A) and A ∈ ω −OCPn, then

‖f(u)− f(v)‖ ≤ C(‖Aγu‖‖A
1
2u− A

1
2v‖+ ‖A

1
2v‖‖Aγu− Aγv‖). (3.23)

Proof:
Since D(A) ⊂ H2(Ω), then it follows from Sobolev’s theorem which states that if
Ω is a bounded domain in Rn with a smooth boundary ∂Ω of class Cm, then

W k,p(Ω) ⊂ Lnp/(n−kp)(Ω) for kp < n (3.24)

and
W k,p(Ω) ⊂ Cm(Ω) for 0 ≤ m < K − n

p
. (3.25)

Moreover, there exist constants C1 and C2 such that for any u ∈ Wm,p(Ω),

‖u‖0,np/(n−kp) ≤ C1‖u‖k,p for kp < n (3.26)

and
sup{|Dαu(x)| : |α| ≤ m, x ∈ Ω ≤ C2‖u‖k,p} (3.27)

for 0 ≤ m < K − n
p

and it follows that u ∈ L∞(Ω) and therefore f(u) ∈ L2(Ω) is

thus well-defined. Moreover, from Theorem 3.3 we have

‖f(u)‖ ≤ ‖u‖0,∞‖∇u‖ ≤ C‖Aγu‖‖∇u‖ = C‖Aγu‖‖A
1
2u‖.

Also

‖f(u)− f(v)‖ ≤ ‖u‖0,∞‖∇(u− v)‖+ ‖u− v‖0,∞‖∇u‖

≤ C(‖Aγu‖‖A
1
2u− A

1
2
vv‖+ ‖A

1
2v‖‖Aγu− Aγv‖). (3.28)

Hence the proof in completed.

Conclusion
In this paper, it has been established that ω-order preserving partial contraction
mapping generates some results of semilinear evolution equation in R3

Acknowledgment
The authors acknowledge the management of the university of Ilorin for providing



62 1A. Y. AKINYELE, O. A. UWAHEREN, J. B. OMOSOWON, F. Y. ADERIBIGBE

us with a suitable research laboratory and library to enable us carried out this
research.

References

1. A. Y. Akinyele, K. Rauf, J. B. Omosowon, B. Sambo, and G. O. Ibrahim, Results of
Semigroup of Linear Operator Generating a Continuous Time Markov Semigroup, Earthline
Journal of Mathematical Sciences. 10(1) (2022), 97-108.

2. A. Y. Akinyele, O. E. Jimoh, J. B. Omosowon, and K. A. Bello, Differentiable and An-
alytic Results on ω-order preserving Partial Contraction Mapping in Semigroup of Linear
Operator, Asian Pacific Journal of Mathematics and Applications. 8(2) (2021), 1-13.

3. A. V. Balakrishnan, An Operator Calculus for Infinitesimal generators of Semigroup, Trans
Amer. Math. Soc. 91 (1959), 330-353.

4. S. Banach, Surles Operation Dam Les Eusembles Abstracts et lear Application Aus Equation
integrals, Fund. Math. 3 (1922), 133-181.

5. H. Brezis ,and T. Gallouet, Nonlinear Schrödinger evolution equation, Nonlinear Anal.
TMA. 4 (1980), 677-682.

6. R. Chill, and Y. Tomilov, Stability Operator Semigroup, Banach Center Publication 75,
Polish Academy of Sciences, Warsaw, (2007), 71-73.

7. E. B. Davies, Linear Operator and their Spectra, Cambridge Studies in Advanced Mathe-
matics, Cambridge University Press, New York. (2007).

8. K. Engel, and R. Nagel, One-parameter Semigroups for Linear Equations, Graduate Texts
in Mathematics, 194, Springer, New York, (2000).

9. J. B. Omosowon, A. Y. Akinyele, O. Y. Saka-Balogun, and M. A. Ganiyu, Analytic Results
of Semigroup of Linear Operator with Dynamic Boundary Conditions, Asian Journal of
Mathematics and Applications ama0561 (2020), 1-10.

10. J. B. Omosowon, A. Y. Akinyele, F. M. Jimoh, Dual Properties of ω-order Reversing Partial
Contraction Mapping in Semigroup of Linear Operator, Asian Journal of Mathematics and
Applications ama0566 (2021), 1-10.

11. J. B. Omosowon, A. Y. Akinyele, K. A. Bello, and B. M. Ahmed, Results of Semigroup of
Linear Operators Generating a Regular Weak*-continuous Semigroup, Earthline Journal of
Mathematical Sciences 10(2) (2022), 289-304.

12. J. B. Omosowon, A. Y. Akinyele, K. A. Bello, and B. M. Ahmed, Results of Semigroup
of Linear Operator Generating a Quasilinear Equations of Evolution, Earthline Journal of
Mathematical Sciences 10(2) (2022), 409-421.

13. A. Y. Akinyele, and O. Y. Saka-Balogun, Results of Semigroup of Linear Operator Gener-
ating a Wave Equation, Earthline Journal of Mathematical Sciences 11(1) (2023), 173-182.

14. A. Pazy, Asymptotic Behavior of the Solution of an Abstract Evolution and Some Applica-
tions, J. Diff. Eqs. 4 (1968), 493-509.

15. A. Pazy, A class of semi-linear equations of evolution, Isreal J. Math. 20 (1975), 23-3.
16. K. Rauf, and A. Y. Akinyele, Properties of ω-Order-Preserving Partial Contraction Map-

ping and its Relation to C0-semigroup, International Journal of Mathematics and Computer
Science. 145(1) (2019), 61-68.

17. K. Rauf, A. Y. Akinyele, M. O. Etuk, R. O. Zubair, and M. A. Aasa, Some Result
of Stability and Spectra Properties on Semigroup of Linear Operator, Advances in Pure
Mathematics. 9 (2019), 43-51.

18. I. I. Vrabie, C0-semigroup and application, Mathematics Studies, 191, Elsevier, North-
Holland, (2003).

19. K. Yosida, On The Differentiability and Representation of One-Parameter Semigroups of
Linear Operators, J. Math. Soc. 1 (1948), 15-21.



RESULTS OF SEMIGROUP OF LINEAR OPERATORS 63

1 Department of Mathematics, University of Ilorin, Ilorin, Nigeria.
Email address: olaakinyele04@gmail.com, uwaheren.ao@unilorin.edu.ng, jbo0011@mix.wvu.edu,

uwaheren.ao@unilorin.edu.ng, shuaib.fy@unilorin.edu.ng


	1. Introduction
	2. Preliminaries
	3. Main Results
	References

