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THE RESTRICTIVE SETS AND THEIR APPLICATIONS TO
SOFT GROUP THEORY

HAKAN AYKUT!, AKIN OSMAN ATAGUN! AND ASLIHAN SEZGIN?2*

ABSTRACT. In this paper, firstly four different restrictions, a —including, o —
covered, a—intersection and a—union sets of a soft set over an initial universe
U obtained by using a non-empty subset « of U are defined and examined in
detail. Then, an application of o — intersection sets over a soft intersection
groups is given. Here, the novel concept of the soft int-subgroup generated
by a C U of a group is introduced and some properties are studied. The
generators of soft intersections and products of soft int-subgroups are given.
Some related properties about generators of soft int-subgroups are investigated
and shown by several examples.

1. INTRODUCTION

The complexity of inaccurate information modeling cannot be successfully
solved by classical methods. In 1999, Molodtsov [21] defined the soft set the-
ory by introducing a new approach to solve problems caused by uncertainties.
This theory has been applied in many areas of uncertainty such as information
systems, decision making problems, optimization theory, algebraic structures,
probability, measurement theory. Practices related to some of these areas are

shown in [21] using the theory of soft set. Studies for soft set theory are still
ongoing. [2, 3] AktaA and Cagman gave some basic concepts in soft set theory
and defined the concept of soft group. In [20, 22, 25], the authors theoretically

defined various operations on soft sets and examined the algebraic properties of
soft sets. Many authors worked on soft algebraic structures and soft operations
[1, 11, 12, 13, 14, 18, 24] after the article [2] publication. In [10], the authors
introduced new concepts on the soft sets, which are called soft quotient subgroup
and quotient dual soft subgroup. They gave their algebraic properties of these
structures and investigated the fundamental isomorphism theorems in soft sub-
groups analogous to the group theory. Cagman and Enginoglu [¢] initiated the
soft matrix theory corresponding to soft sets. They defined soft matrices and
some of their operations, then established a soft max-min decision making prob-
lem to solve problems containing uncertainty. The theory of soft set and soft
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matrices have been successfully applied to decision-making problems in articles
[ ) ) ) ) ) ]

This paper is organized as follows: In Section 2, we recall the necessary defini-
tions, notations and some fundamental properties. In section 3, we examine four
different restriction of a soft set over U, using the subsets of the universal set U.
In Section 3, we give some properties of the restrictive sets according to the soft
operations. These restricted sets play an active role in the applications of alge-
braic structures and decision making. In section 4, the concept of set-generated
soft intersection subgroup of a group G is given. Many properties of this concept
are investigated. This section also includes our main theorems, where we examine
the generator sets of soft groups obtained by the operations of soft intersection
and product. We also give several examples. Section 5 is the conclusion part.

2. PRELIMINARY

Definition 2.1. [7, 21] Let U be an initial universe set, £ be a set of parameters,
P(U) be the power set of U and A C E. A soft set (K, A) or simply K4 on the
universe U is defined by the ordered pairs

KA = {(ZL’,kZA(JZ))|ZL‘ - E, k?A([L') - P(U)},

where k4 : E — P(U) such that ka(z) = 0if z ¢ A. Here k4 is called approximate
function of the soft set K 4.

In other words, a soft set over U is a parameterized family of subsets of the
universe U.

Definition 2.2. [7] Let K4 and (Kpg) be soft sets over U.
a) If ka(z) C kp(x) for all z € E, then K4 is a soft subset of Kp, denoted

by KaC(Kp). N
b) If K4CKp and KgCK 4, then K4 and Kp is said to be soft equal and

denoted by K4 = Kp.

Definition 2.3. [20] If K4 and Lp are soft sets over a common universe U, then
"Ka AND Lp” denoted by K4 A Lp is defined by K4 A Lg = (H, A X B), where
H(z,y) = K(x) N L(y) for all (z,y) € A x B.

Definition 2.4. [20] If K4 and Lp are soft sets over a common universe U, then
"K4 OR Lp” denoted by K4 V Lp is defined by K4 V Lg = (H, A x B), where
H(z,y) = K(x)U L(y) for all (z,y) € A x B.

Definition 2.5. [1] Let K4 and Lp be soft sets over a common universe U such
that AN B # (). The restricted union of K4 and Lp is denoted by K4 Ugr L3,
and is defined as K4 Ugr Ly = Hg, where C = AN B and for all z € C,
H(z) = K(z) U L(z).

Definition 2.6. [!] Let K4 and Lp be soft sets over a common universe U
such that AN B # (). The restricted intersection of K4 and Lp is denoted by
KaiNg Lp, and is defined as K4NLg = He, where C' = AN B and for all z € C,
H(x)=K(x)N L(x).
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Definition 2.7. [1] Let K4 and Lp be soft sets over a common universe U
such that AN B # (). The restricted difference of K4 and Lg is denoted by
K, ~gr Lg, and is defined as K4 ~r Lg = Hc, where C' = AN B and for all
xeC H(x)=K(z)\ L(x).

Definition 2.8. [!] The relative complement of a soft set K4 is denoted by K§
and is defined by K§ = (F°, A), where [’ : A — P(U) is a mapping given by
Fe(x) =U\ K(x), for all z € A.

Definition 2.9. [20] A soft set K4 over U is said to be a null soft set denoted
by @4, if K(z) =10, for all z € A.

Definition 2.10. [20] A soft set K4 over U is said to be an absolute soft set, if
K(x)=U, for all z € A.

Definition 2.11. [I1] Let K4 be a soft set over U. Then the set
suppKa = {z € A|K(z) # 0}

is called the support of the soft set K4. A soft set K, is called non-null if
suppK 4 # 0.

3. THE RESTRICTIVE SOFT SETS

In this section, by using a subset « of U, we examined four different restriction,
upper a-inclusion, lower a-inclusion, a-intersection and a-union of a soft set over
a universal set U,

Definition 3.1. [19] Let K4 be soft set over U and o C U. Then

a) upper a-inclusion of K4 is defined as
At ={r € Alka(x) 2 a},

b) lower a-inclusion of K 4 is defined as

K$* ={x € A|ks(x) Ca}.

Definition 3.2. [5] Let K4 be soft set over U and () # a C U. Then

a) a-intersection of K, is defined as

Kl ={zeA|ka(z)Na#0},
b) a-union of K4 is defined as

K{*={x € A|ka(zr)Ua=U}.

By this definition, it is easily seen that K% = @, KQU = SuppK,, K3V = A.
If ka(z) # U for all z € A, then K% = 0.
From now on, we investigate some useful properties of these four restrictive sets
according to soft set operations. Firstly, we give some properties of the restrictive
sets according to soft subset C:

Theorem 3.3. Let K4, Lg be soft sets over U and let ) # o C U. If KAELB,
then
a) K)* C Ly .
b) i) Ly* C K3*
ii) If Ka(x) € « for all x € A and Lg(z) C « for all x € B, then
K$* C LE.
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c) K3% C Lp™.
d) K§e C L.

Proof. Let K4CLpg. Then, by Definition 2.2, A C B and K4(z) C Lg(z) for all
reA
a) € K" = Ka(zx)Na# 0 = Le(x)Na # 0 since Lg(z) 2 K4(z) for all
x € A . Therefore, x € L}
b) (i) x € L* = Ly(z) Ca= Ka(z) C Ly(z) Ca= Ka(z) Ca=z €
K$*. (i) Let Ku(z) C o for all z € A and Lp(z) C « for all z € B.
Since A C B and A = K5 B = L3", then K3* C L3*.
¢) x€ K" = Ku(z) D a = Lp(x) D Ka(z) D a. Therefore, 2 € L3".
d) z € Ki* = Kix(x)Ua = U = Lg(x) Ua = U since K4(z) C Lg(x).
Therefore, x € LE".
0J

Some properties of the restrictive sets according to the restricted union opera-
tion "Ug” are given as follows:

Theorem 3.4. Let K4, Lg be soft sets over U and o C U. Then,

(KaUg Lp)=* C K5 U L™

Proof. Let C = ANB,He = KxUgpLp . v € H5* < (K Ug Lp)(z) C a <

(Ka(z) U Lp(z)) € a & Ku(z) C a and Lp(z) C a = = € K$*NLE" C

K$“U L3 O
We have the following example:

Example 3.5. Let E be the universe set of parameters and let A, B C E such
that

E = {61, €9, €3, €4, 65}7 A = {61, €9, 63}7 B = {61, €9, 63}.
Let K4 and Lg be soft sets over U = {uy, ug, us, us} such that

Ka = {(e1,{w1,u2}), (€2, {uz,us}), (3, {us})},
Lp = {(e1, {us, us}), (€2, {ur, ua}), (es, {uz})}.
Let Ho = Ko Ug Lg, where C = AN B, H(x) = Ks(x) U Lp(z) for all x € C.
Then7 HC = {(ela {Ul,UQ,Ug,U4}), (627 {Ul,UQ,Ug}), (637 {u17u2})}' Let
a = {uy,us}. Then, we have restricted sets as follows:
&" = {es}, K5% = {er,es}, L5" = {ea, es}.

Hence, we have (K, Ur Lp)<* C K5* U LG".

Theorem 3.6. Let K4, Lg be soft sets over U and o« C U. Then
a) (KaUg Lp)2* D K3% U L3".
b) (KqaUg Lg)™™ = K\*U L.
¢) (KaUg Lp)"™ D K{*U L%,

Proof. a) r € KfO‘UL%a = x € Kia or r € Lﬁa = Ka(x) D « or
Lp(z) D a= (Ks(z)ULg(x)) 2 a=x € (KaUg Lp)=2°.



THE RESTRICTIVE SETS AND SOFT GROUP THEORY 29
b) Let Ho = Ko Ug Lp, where C = ANB. x € HY* < Ho(z)Na # 0 <
(Ka(z)ULg(x))Na#0< Ka(z)Na#Dor Lg(x)Na#0 < xe K
orz e L} re KY\*ULY
c)x € KPPULP =>rxe Ki®orx € L'y = Ka(x)Ua=Uor L(z)Ua =
U= (Ks(r)ULp(x))Ua =U = x € (K4ULg)"™.

0
K

OJ

The following example shows Theorem 3.6:

Example 3.7. Let £ = {ey, e3,e3,e4,65}), A= {e1,ez,e3,ea}, B={e1,ea,e3,¢4}
and let K4 and Lg be following soft sets over U = {uy, ug, us, uq, us}

KA - {(61, {ub u2})> (627 {u2’ U3}), (637 {ul})> (647 {US})}a
LB = {<€1a {u3? u4})? (627 {ulﬁ UZ})v (637 {UZ})v (647 {u4})}
Let Ho = Ko Ug Lp, where C = AN B, H(x) = K4(z) U Lp(x) for all z € C.

HC = {(617 {ula Uz, U3, U4}), <€27 {ub Uz, Ug}), <€37 {uh Ug}), (647 {Ug, u4})}
Let a = {uy,us} and 8 = {uy, uq, us}. Then, we have the restricted sets as
follows:
HZ" = {e1,eq,e3}, K3% = {e1}, Lp* = {ez} and hence (K4ULp)>* D
K3 ULy .

HE* = {ey1,e9,e3}, KN = {e1, e9,e3}, LB = {ea, €3}, it is seen that (K ULp)"® =
Kﬂa U Lﬁa .
A B

H = {ey,ex}, KY° = {ea}, LY = 0, then we have (K,0Lg)" D K3 U LY

Some properties of these restrictive sets according to the operation soft re-
stricted union "Ug” are given as follows:

Theorem 3.8. Let K4, Lp be soft sets over U and o C U. Then
a) (KqUgLp)<* C KU LS.
b) (K4 Ug Lp)2* D K3* N L3".
C) (KA UR LB)ﬂa = Kga U L%a.
) (KaUg Lp)”™ 2 KRN Ly~

Proof. Let KaUgrLp = He, where Ho(x) = Ka(2)ULp(z) forallz € C = ANB.

a) Let # € C. Then v € H5" = He(r) C a = (KaU Lg)(z) = Ka(z) U
Lp(r) Ca = Kuxlz) Caand Lp(z) Ca = r e K5* and 2 € LF* =
v € K$*NLE* CK{*ULS". = (KaUg Lp)<® C K5* U LF".

b))z € K3*NL3" = z € A, KA()Daand:ceBLB()Daij
AﬂB,KA(.T)mLB( )DijE(KAmLB) aC(KAURLB) = T €
(KAURLB)QO‘.

c)x € H* & Ho(z)Na # 0 < (Ka(z) U Lp(z)) Na # 0 < (Ka(z) N
a) U (Lp(r) Ne) # 0 < (Ka(x) Na) # 0 or (Lp(x)Na) #0 <z €
K\ *ULY < (KqgUg Lp)™ = K> U L.
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d)ze KNl =recK*andzr e Ly =x € A Ka(x) Ua = U and
v € B Lg(zr)Ua=U=a2¢e€ ANB,(Ka(z)ULg(x))Ua=U =z €
(KaUg Lp)~°.

O
The following example shows Theorem 3.8:

Example 3.9. Let £ = {617 €2, €3, €4, 65}7 A= {617 €2, €3, 64}7 B = {617 €2, 63}
and let K4 and Lg be following soft sets over U = {uy, ug, us, uy, us};

KA = {(61’ {ub UQ})7 (627 {u2a U3}), (637 {ul})> (647 {US})}v
LB - {(617 {U3, U4}), (627 {Ul, UQ})’ (63’ {ub u2})}
Let Ho = K4 Ug L, where H(z) = Ks(x) U Lg(x) for allz € C = AN B.
Then,

He = {(e1, {1, ug, us, us}), (€2, {wr, ug, uz}), (es, {ur, ua})}.

Let a = {uy,us} and 5 = {uy, uq, us}. Then, we have the restricted sets as
follows:

Hga = {63}7 ngla = {61763}7 L%a = {62763} and hence (KA Ur LB)ga
Ca Ca
Kg ULE .

N

HE" = {er,e0,e3}, K3 = {e1}, L3" = {ea, 3} and hence (K4 Ug Lg)>* 2
Do Da
K3"NnLz".

Hga — {61,62,63}, Kga = {61762763}7 L%a = {62,63} and hence (KA Ugr
LB)OO‘ = KQO‘ U L%a.

HY = {er,e2}, K37 = {ea}, Ly’ = 0 and hence (K4 U L) 2 K77 0 LY.

Some properties of the restrictive sets according to the operation soft restricted
intersection "Mg” are given as follows:

Theorem 3.10. Let K4, Ly be soft sets over U and o C U. Then
a) (KaNr Lp)<* D K$* N LY.
b) (KaNgLp)2* = K3*NLy"
C) (KA ﬂR LB)Ua = K;‘Ja N L%a.
d) (KanNgLg)™ C KN LY.

Proof. Let KaNgLp = He, where Ho(x) = Ka(z)NLp(x) forallxz € C = ANB.

a) r€ K*NLG = r€ K% andr € L3* = 2 € A, Ku(z) Caandz € B,
Lp(r) Ca=re ANBand (K4Ng Lp)(x) Ca = x € (K4Ng Lp)=~.

b)re K*NLlg* e rcArecKi"andr € Byr € L3* & x € ANB,
Ki(x) Daand Lg(x) Dasr e ANBand (KaNg Lp)(z) 2aex €
(K4 Ng Lp)=2~.

C) Since KA ﬂRLB Q KA and KA Ngr LB g LB N then (KA Mg LB)Ua g Kga
and (K4 Ng Lp)”® C L% by Theorem 3.3 (d) and therefore

(KaNg Lp)”™ C Ky*“N LY. (3.1)
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reK*NLyY =2 ANDB, Ka(x)Ua=U and Lg(z)Ua=U = x €
ANB and (Ka(x) N Lp(z)) Ua=U = x € (K4 Ng Lp)“*. Therefore,

Ki*N Ly C(KaNg Lp)™™. (3.2)
From (3.1) and (3.2), the proof is completed.
d) x € H* = (KaNgLp)(z)Na # 0 = (Ka(z)NLp(z))Na # 0 = (Ka(z)N
a)#0and (Lp(z)Na)#0 =z e Ki*and z € L'} = x € K\“N L%
[

The following example shows Theorem 3.10:

Example 3.11. Let E = {ey, ea,e3,€4,65}, A={e1,e9,e3}, B={ey,eq,e4} and
let K4 and Lp be following soft sets over U = {uy, ug, us, uy, us}

Ky = {(617 {ub Uz, U5}), (627 {uh U3}), (637 {u?n Uy, US})}’
Lp= {<€1’ {u27 u4}>7 (627 {ulﬁ us, U5}), (647 {u3})}

Let Ho = K4Ng Lp, where H(x) = Ka(x)N Lp(z) for all z € C = AN B. Then,
He = {(617 {u2}>7 (627 {uh u3})}7
Let a = {uy,u3} and 0 = {us, ug, us}. Then, we have the restricted sets as
follows:

Since H5" = {ea}, K5* = {ea}, L5 = {es}, then we have (KaNLg)<® D
K$*NLE™

Since H3* = {es}, K3 = {es}, L3 = {e2}, K37 = {es,e3}, L3 = {ea, e},
then it is seen that (K4NLp)2* = K3%N L3".

Since HYY = {e1}, K% = {e1,e3}, LY = {e1,ex} , we see that (KN Lp)"? =
Kﬂ@ ﬂLﬁ@
A B -

Since Hg? = {es}, KY° = {es}, LY = {ea} , we see that (KaNg L)Y’ =
U 70
K% N LY.

Some properties of the restrictive sets according to OR operation ”V” are given
as follows:

Theorem 3.12. Let K4, Lg be soft sets over U and o« C U. Then
a) (KaV Lp)<® = K5 x L™
b) (KaV Lp)™™ D K4 x L%
¢) (KaV Lp)2* D K" x Lz".
d) (KaV Lp)“™ O K3* x LY.

Proof. Let KoV L = (H,A x B), where H(x,y) = Ka(x) U Lg(y) for all
(z,y) € Ax B.

— — —

a) (z,y) € HSY; & Ku(x) U Lp(y) € a < Ka(z) C a and Lp(y) € a &
(z,y) € K5 x L5".
b) (z,y) € Ki* x LY & x € Ki* andy € LY < Ka(x) Na # 0 and

Le(y)Na#0= (Ka(x)ULp(y) Na#0=(x,y) € (KsaV Lp)™
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¢) (r,y) € K3*x L3* & 2 € Ki* and y € L3* & Ki(z) 2 a and
Lp(y) 2 o = Ka(x) ULp(y) 2 a = (z,y) € (K4 V Lp)=*

d) (v,y) € K9 x L% & 2z € K{* and y € L & Ka(r) Ua = U and

Lp(y)Ua=U= (Ka(x)ULp(y)) U =U = (2,y) € (KaV Lp)™".

OJ

Some properties of the restrictive sets according to AND operation "A” are
given as follows:

Theorem 3.13. Let K4, L be soft sets over U and o« C U. Then
a) (KaALp)™ C K™ x L.
) (KaALp)* = K3* x L%a.
¢) (KaALp)s® D K$* x LF".
) )

Ca
D B
QOt A @ X LBa .

Proof. Let Kq4 AN Lgp = (H,A x B), where H(z,y) = Ka(z) N Lg(y) for all
(x,y) € Ax B.
a) (x,y) € HY%g = (Kalz) N Lp(y)) Na # 0 = Ka(z) Na # 0 and
Lp(y)Na#0=ze K\ and y € LY = (z,y) € K| x L}
b) (z,y) € H3%p < (Ka(x)NLp(y))Va = U < (Ka(x)Ua)N(Lp(y)Ue) =
U@KA( JUa=Uand Lg(y) Ua=U & x € K3* and y € L} <
(x,y) € K{* x L.
¢) (z,y) € K§* x LE* & =z € K% and y € L3* (:)KA()Qozand
Lp(y) € o = (Ka(x) N Lp(y)) € a = (v,y) € (Ka A Lp)="
d) (x,y)eHifBﬁKA(:c)ﬂLB()Da<:>KA( )QaandLB()DOz<:>
(z,y) € K3 x L3".
|

The following example shows Theorem 3.12 and 3.13:

Example 3.14. Let E = {ey, ea,e3,€4,65}, A ={e1,e9,e3}, B ={e1,eq,e4} and
let K4 and Lp be following soft sets over U = {uy, us, us, ug, us}

Ky= {(617 {U1, U2, U5}), (627 {uh U3}), (637 {Ug, Uy, u5})}a

LB = {(617 {u2a U4}), (627 {Ul, U3z, u5}>7 (647 {U3})}
Then,
KoV Lg =
{((er, 1), {ur, ug, ug, us}), (e, €2), {ur, ug, us, us}), ((e1, e), {ur, uz, us, us}),
((627 61)? {ula Uz, Ug, U4}), ((62’ 62)’ {uh Uz, u5})’ ((62’ 64)? {ula u3})7
((e3,e1), {uz, uz, us, us}), ((es, €2), {ur, us, ua, us}), (€3, ea), {us, ua, us})}.
KaNLp= {((617 61)? {u2}>’ ((617 62)7 {ula u5})7 ((617 64>’ Q))v
((627 61), ®)7 ((627 62), {ula U3}), ((62’ 64)7 {u3})7
((es,e1), {ua}), ((es, e2), {us, us}), (€3, ea), {us})}.
Let a = {uy,us}, f={us}, 0 = {ug,us} and o = {uy, uz, us}. Then, we have
the restricted sets as follows:
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(KCA\/LB)QO‘ = &{(6% es)}, (KA/\LCB)QO‘ :c{(61’64)’ (e, €1), (ea, €2), (€2, €4), (€3,€4)},
K5% ={ea}, L3" ={esa} and K5 x L3" = {(e2,e4)}.

(KA\/LB)QOC = {(61, 62), (61, 64), (62, 61), (62, 62),:()62, 64), (63, 62)}, (KA/\LB)QQ =
{(ea,e2)}, K3 = {ea}, L5" = {ea} and K3% x Lg™ = {(e2, ¢2)}-

(KA\/LB)OB == {(617 62)7 (617 €4>7 (627 el)? (627 62)7 (627 64)7 (637 61>7 (637 62)7 (637 64)}7
K;;'ﬁ — {627 63}7 L;B - {627 64} and KQBXLBB - {(627 62)7 (627 64)7 (637 62)7 (637 64)}‘

(Ka A L) = {(e1,e2), (e3,€1), (e3,€2)},
K7 ={ey, e}, LY = {er, e} and K\ x LY = {(e1, 1), (1, e2), (e3,€1), (e3,€2)}.

(KA \ LB)UJ = (617 61)7 (617 62), (617 64)7 (627 62)7 <€37 62)}7
(KaALp)”” ={(e1,e2)}, K37 = {e1}, Ly = {e2} and K37 x L” = {(e1, €2)}.

Some properties of the restrictive sets according to the operation restricted
difference ”~pg” are given as follows:

Theorem 3.15. Let K4, Lg be soft sets over U and oo C U. Then,
a) (Ka~rLp)=* 2 K5\ Lg".
b) (K4 ~g Lp)2* C K3%\ L3".
¢) (Ka~g Lp)”* C KZ*\ Ly

Proof. Ky ~p Lp = He, where C' = AN B and H(z) = Ka(x) \ Lp(z) for all
zeC.

a)r € K"\ L5" = v € K" and 2 ¢ L3* = Ka(r) C a and Lp(z) ¢
a= (Ks(z)\ Lp(x)) C Ka(z) Ca=x € (Ka~r Lp)=°.

b) z € HZ* = a C (Ka(x)\ Lp(z)) € Ka(z) and since [(Ka(x)\ Lp(z)) N
Lp(r) =0 = Ka(r) Daand Lp(z) B a =z K3*\ L3*.

c)x € Hp* = (Ka(z) \ Lp(z))Ua =U = (Ka(x) N (U \ Lp(z))) Ua =
U= (Ka(z) Ua)N ((U\ Lp(z))Ua) = U = Ka(z) Ua = U and
(U\Lp(z))Ua=U= Ks(zr)Ua=U and Lg(x)Ua # U =z € K}*
and x ¢ Ly = v € KY*\ L.

0

Example 3.16. Let E = {e;,e9,e3,e4}, A = {e1,e2}, B = {e1,e3} and let K4
and Lp be following soft sets over U = {uy, ug, us, uq}
KA = {(617 {U’h UQ})J (627 {U’27 U3})},
Lp = {(e1, {ua, us}), (es{ur, us})}.
If Ky ~gr Lp = Hc, where C = AN B and H(z) = K4(x) \ Lg(z) for all z € C,
then
He = {(e1, {u })}.

Let a = {uy,us}, 8 = {u1,us}. Then, we have the restricted sets as follows:
HE" ={e1}, K3* =0, L3* =0, then (Ka ~g L)=* 2 K5\ L3,
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HZ' =0, K7° = {e1}, L3” = 0, then (K4 ~g L)2® C K7”\ L3’ and

He =0, K3* = {ea}, LE* =0, then (K4 ~r Lp)"™ C K3*\ Lg.
Proposition 3.17. [20] Let K4 be a soft set over U and o, C U. If a C j,
then K3° C K3,

Corollary 3.18. Let K4 be a soft set over U and o, 5 C U. Then, Ki(omﬁ) )
K3*UK3" D K3*nK3".
Proof. Ki(omﬁ) D K3* and Ki(omﬁ) D K3” by Theorem 3.17, then we have
K7 D K*UK? D K" nK7. O
Proposition 3.19. [26] Let K4 be a soft set over U and o, C U. If « C f3,
then K%a C K%B.
Corollary 3.20. Let K4 be a soft set over U and o, 8 C U. Then, KI%(OMB) C
KN KK UKS’.
Theorem 3.21. Let K4 be a soft set over U and o, 8 CU. If B C a C U, then
Cla Ie%
KZ( \B) C K% \KI%/B

Proof. If x € Kf(a\ﬁ) = Ka(z) C (a\ f) = Ka(z) Caand Kux(x) L 8=z €
KS"and 2 ¢ K5 = 2 € K§*\ K5’ O
Theorem 3.22. Let K4 be a soft set over U and o, 3 C U. Then,
Ki(a\ﬁ) > Kia \ Kiﬁ'
Proof Itz € K3*\ K7’ = Ka(z) 2 a and Ka(z) 2 8 = Ka(z) 2 (a\ §) =
e K29 0
A .

Some properties of soft sets that are restricted by a-intersection and a-union
are given by the following Theorems:

Theorem 3.23. Let K4 be a soft set over U and o, 3 C U. Then
a) Ky c KYen KYP.
b) K3 o Koy KL,
Proof. a)If v € K{“ = K () U(anpB) =U = Ka(z) Ua = U and
Le(x)UB=U=2ec K{"NK;.
b) If z € KY*UKY = Kj(2)Ua = U or Ka(z)UB = U = Ka(z)U(aUp) =
U=ze K",
O
Theorem 3.24. Let K4 be a soft set over U and let B C o C U. Then
a) Kj(a\ﬁ) C Kga \ KZJﬁ.
b) K3V = gYen Kjﬁt, where f* =U \ .

Proof. a) If € K5V = K (z)U(a\ B) = U = Ku(z)Ua = U and
Kiaz)UB#AU=zecK{andz ¢ K’ =z e K{*\ K}’
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b) Ifz € K5 o K (2)U(a\B) = U < Kai(z)U(anB!) = U < (Ka(z)U
)N (Ka(z)UBY) =U < Ka(x)Ua =U and Kz(z)UB' =U <z € K3®
andxeKXﬂt@xEKjaﬂKjﬁt.

0

Proposition 3.25. [0] Let K4 be a soft set over U and let ) # o, 8 C U. Then
a) K4“N KQB C KQ(QW). Here the equality does not hold in general, even if
anpB=>0.
b) K7 UK = K9
¢) KL Cc Ko n K0,

Proposition 3.26. [0] Let K4 be a soft set over U and let ) # o C U. Then
a) Kj* C suppKa.
b) If « C K(z) for all x € A, then K\* = suppK4 = A.
¢) If K(x) # 0 and K(z) C « for all z € A, K\* = suppK 4 = A.
d) If Ka = Uy, then K™ = suppK 4 = A.
e) If Kax = ®4 or suppKa =0, then K')* = .
Proposition 3.27. [6] Let K4 be a soft set over U and let ) # o C U. Then
a) If « C B, then K C K'\".
b) (F*, A)™ —{JIGAla\K( ) # 0}.
¢) K3 = {z € A[K(x) \ a # 0}.
d) (F©,A)" ={z € AU\ (K(z) Ua) # 0}.
Proposition 3.28. [0] Let K4 be a soft set over U and let O # o G U. If
K(x)Ua #U forallx € A, then
a) suppK, C (F¢, A)""
b) K> C (F¢, A)"e"
Theorem 3.29. Let K4 be a soft set over U and o, 3 CU. If 8 C o C U, then
KQ(Q\B) ») KQQ \ K;‘]ﬁ

Proof. € K"\ KV & 2z € K\ and z ¢ K\’ & Ku(z)Na # 0 and
Kiaz)NB=0= Kiz)N(a\B) £0ezec K\, O

4. a-INTERSECTIONS APPLIED TO GROUP THEORY VIA SOFT SET

Definition 4.1. [9] Let G be a group and K be a soft set over U. Then K is
called a soft int-group of G over U if

i) K(xy) O K(x) N K(y) for all z,y € G,

ii) K(z7') = K(z) for all z € G.
Theorem 4.2. [9] A soft set K¢ over U is a soft int-group over U if and only if
K(zy™) 2 K(z) N K(y) for all z,y € G.

Theorem 4.3. [I] Let K¢ be a soft int-group over U. Then, K(eg) 2 K(x) for
all x € G. Here, eq is the identity element of the group G.
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Now, we are ready to introduce the concept of soft intersection subgroup of a
group G generated by a C U.

Definition 4.4. Let G be a group, ) # o C U and K¢ be a soft set over U. If
the soft set (K, KZ%) is a soft int-group over U, then it is called a soft intersection
subgroup of G generated by the set o and denoted by < a > <G.

Example 4.5. Let G = (Zg, +) be the group, the soft set K over U = S3, where
K :G — P(U) is a set-valued function defined by
K(0) ={(1),(12),(132), (123)}, K(1) = {(23)}, K(2) = {(12)},
K(3) ={(1),(132),(123)}, K(4) ={(12)}, K(5) = {(23)}.
t o = {(132), (123)} C U. Then
K> ={0,3}

Le

and
<@ >n= (K’ Kga) = {<O’ {(1)’ (12)7 (132)7 (123)})7 (37 {(132)7 (123)})}§G

Let f = {(12)} C U. Then
Kg={0.2,4}

and

< B >n= (K, Kg") = {(0,{(1), (12), (132), (123)}), (2, {(12)}), (4. {(12)})} <G.
Therefore, the soft set {(0, K(0)), (2, K(2)),(4,K(4))} is a soft intersection
subgroup of G generated by the element (12) € 53

Theorem 4.6. Let K¢ be a soft set over U. Then, (K,{ec})<G. But the soft
intersection subgroup (K,{eg}) is not set generated.

Proof. Since K : {eq} — P(U) is a function such that
K(zy™) = K(eq) 2 K(eq) N K(eq) = K(z) N K(y)
for all z,y € {eq}, then (K, {eq})<G by Theorem 4.2.

For the rest of the proof, we have (K, {0})<Zg in Example 4.5. But there is no
a C S5 such that (K, {0}) =< a >n, since K(eg) 2 K(z) for all z € G. O

Definition 4.7. The soft subgroup (K, {ec}) of G is called the trivial soft sub-
group of G.

Proposition 4.8. If < a >n %G, then the generator o doesn’t have to be unique.
Furthermore, if < {a} >r=< {b} >n for a,b € U, then < {a,b} >~=< {a} >n.

Proof. Let a = {a}, 8 = {b} for a,b € U such that < o >=<  >n. Consider
the sets

A={z e G|K(z)N{a} # 0} = {z € G|K(z) N {b} # 0}
and
B ={x € G|K(z) N{a,b} # 0}.

Obviously A C B.
Let x € B. Then,
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K(z)n{a,b} #0 = K(z)Nn{a} #0 or K(x)N{b} #0
= gc€AorzxzcA
= rzecA

Hence B C A. Therefore, Kg{a} = Kg{b} = Kg{a’b}, which implies that
< {a,b} >n=< {a} >n. For the rest of the proof, we have Example 4.9. O

Example 4.9. In Example 4.5, if we take a = {(132)} and 8 = {(123)}, then it
is seen that
<a>q=< f>n=<(132), (123) >n.

The following proposition gives a relation between set generated soft subgroups
of a group and subgroups of that group:

Proposition 4.10. Let K¢ be a soft int-group over U and 0 #a CU. If
< a>n <G, then Kg* is a subgroup of G.

Proof. Since < a >n= (K, K§*)<G , then ) # KJ* C G and K(zy™') =
K(z) N K(y) for all z,y € Kg*. Since F : K* — P(U) is function, then
zy~t € Kg* for all z,y € KZ*. Therefore Ko* < G. O

Proposition 4.11. Let G be a group and K¢ be a soft int-group over U. If
< a>n <G, then F(eg) Na # (. But the converse is not true, in general.

Proof. Let < a >n <G. Then, by Proposition 4.10, the set K3* = {z € G|K ()N
a # 0} is a subgroup of G, Since K (z)Na # @ and F(eq) 2 K(x) for all x € Kg°,
then K(eg) Na # (). For the rest of the proof, we have Example 4.12 : O

Example 4.12. In Example 4.5 | if we take A = {(1),(12), (123)}, then it is
seen that K(0) N\ # 0. But K3* = {0,2,3,4} and then (K, Kg*) is not a soft
int-subgroup of G.

Proposition 4.13. Let < a > <G and < 8 >n <G. If a C 3, then < a >n
C < B >n.

Proof. Let x € Kg* . Then, K(z) N« # 0. Since a C 5, K(x) N 3 # (). Hence

K0 C K22, Thus, (K, K0*)C(K, K5°) implying that < a >, C < >5. O
Theorem 4.14. [9] Let G be a group and Kq, T be soft sets over U. If Ko<G
and Tg<G, then Kg N T<G.

Corollary 4.15. If < a >n <G and < B >n gG, then < a >f Np < B >n is
also a soft int-subgroup of G. But it does not have to be set-generated.

Proof. If < a > <G and < 8 > <G, then < a > Ng < B >1 <G by Theorem
4.14. We have the following example for the rest of the proof. OJ

Example 4.16. Let G = (Z2,+) be group, Kg be the soft set over U =
{uy,ug, us, ...,u15}. Here, U represent 15 different cancer diseases, where F' :
G — P(U) is a set-valued function defined by

K(O) = {U17U3,U5,U6,U7,UQ,U11}, K(].) == {UQ,U4}, K(2) = {Ug,UG,U7,U11},
K(S) = {u17u5au9})
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K(4) == {U37U6,U7,U11}, K(5) == {ul,ug}, K(6) == {ul,u3,u5,u6,u7,u9,u11},
K(7) = {uz, w10},

K(8) = {Ug,UG,U7,U11}, K(g) = {U1,U5,U9}, K(lO) = {U3,U6,U7,U11}, K(ll) =
{ug,ug}. Let @ = {up} and f = {us}. Then, KZ* = {0,2,4,6,8,10} and
Kgﬁ ={0,3,6,9} are subgroups of G and the soft sets

(K7 Kga) :{(Oa {U'l; us, Us, Ue, U7, Ug, ull})v (27 {Ug, Ug, U7, ull}): (47 {Ug, Ueg, U7, ull})7

(67 {ub us, Us, Ue, U7, Ug, ull}); (87 {u37 Ueg, U7, ull})7 (107 {Ug, Ug, U7, ull})}7

(K, Kgﬁ) ={(0, {uq, us, us, ug, uy, ug, u11 }), (3, {uy, us, ug}), (6, {uq, us, us, ug, Uz, ug, U1 }),
(9’ {u1’u5>u9})}
are soft int-groups. Hence < o >p, <G and < 8 >n <G . Now,
<a>Np< P >q=
{(0, {uy, us, us, ug, ur, ug, ui1 }), (6, {u1, us, us, ug, uz, ug, uu})}gG.
But there is no subset 6 of U such that < a >~ Ngr < B >A=< 0 >n.

We have obtained that the intersections of set-generated subgroups do not
necessarily have to be a set-generated subgroup. The following theorem gives us
the answer of the question ”What will the generators be, if the intersection is
also a set-generated subgroup?”

Theorem 4.17. Let G be a group, < o >n <G and < >4 <G. Then, either
< a>nNg < B >nqis a trivial subgroup
or if there exists 0 C U such that
<a>aNp <P >=< 0 >n,
then ) # 0 C aUp.

Proof. If < a >n N < 8 >n is a trivial subgroup, we are done. Assume that there
exists a 0 C U such that trivial subgroup is not equal to < a > Ng < B >=<
o >n. Then, < 0 >n <G by Theorem 4.14. Since < a >f Ng < B >n=< 0 >n,
then we have

VNa#Pand VN4l VNo#D (4.1)

for (z,V) €< 0 >n. The requirement (4.1) holds for:
) aCf=o0=0,
i) Ca=o0=aq,
i) aNp#0=0c=aUp
iv)a#fandanNf#£0=0c=aUp.
Although the requirement (4.1) also holds for ¢ O a U 3, it is enough to show
there exists ¢ C U such that () # o C aU 3 to complete the proof. |

Definition 4.18. [9] Let Kg and Ty be soft int-groups over U. Then, the
product of soft int-groups Kg and Ty is defined as Ko x Ty = (Q, G X H), where
Q(z,y) = K(x) x T(y) for all (x,y) € G x H.

Theorem 4.19. [I] If K¢ and Ty are soft int-groups over U, then so is Kg x Ty
over U x U.
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In the following theorem, we show that the product of two set-generated soft
intersection subgroups is also a set-generated soft intersection subgroup.

Theorem 4.20. Let G, G be groups and K¢, , Tg, be two soft sets over Uy and
Us, respectively. If there exist o C Uy and f C U, such that < a >n gGl and
< B >n <G, then

<a>a X< fB>=<axf>q.

Proof. Let < a >n <G, and < 8 > <G5. Then Kg* < Gy and Tgf < Gy by
Proposition 4.10 and

(K, Kg2) x (T, T))<Gh x Gy

by Theorem 4.19. Now, let (z, K(z)) €< a >n and (y,T(y)) €<  >n. Then
K(z)Na#0and T(y) NG # (). Then we have

Kz)Nna#0and T(y) NB £ 0D <(K(z) x T(y))N(ax B) #0
&(x, K(z)) €< a>n and (y,T(y)) €< 5 >n

&((z,y), K(z) x T(y)) € (H,(H,G1 x G5)" )

where (H, G X G5) is a soft set over Uy x Us and where H : G1 x Gy — P(U; xUs)
is a set-valued function defined by H(z,y) = K(x) x T'(y). Hence the proof is
completed. O

Example 4.21. Let G; = (Z4,+) be the group, K¢, be the soft set over
U = {ug,us,us, us}, where U represents the mobile phone brands and where
K : Gy — P(U) is a set-valued function defined by
K(0) = {u1, uz, us}, K(1) = {uo}, K(2) = {us,us}, K(3) = {uz}. For a = {us},
Kg* = 40,2} and

< a>n={(0, {ur, us,us}), (2, {us,u3}) } <G.
Let Gy = (Zg,+) be the group, Tg, be the soft set over V' = {vg, v1, va, v3, vy, U5},
where V' represents the mobile phone features and where 7' : Gy — P(V) is a
set-valued function defined by
T(0) = {vo,v1,v2,v5}, T(1) = {’03,"04} T(2) = {va}, T(3) = {vo, 2}, T(4) =
{vs}, T(5) = {v4}. For B = {vs}, T = ={0,3} and

< B >n= {(Oa {Uo,’Ul,’Ug,Ug)}), (37 {UO>U2})}§G2‘
Then,
< a>n X < fB>nq1s asoft set given by:
{((070)3{(u1’00>’(u1>vl)7(u1702) (u_17v5)7(uQaUO)v(uQ’U1>7(u27U2)7(u2a05)a
(us, vo)(us, v1)(us, v2)(us, vs)}), ((2,0), {(u1,v0), (u1,v1), (w1, v2), (ur,vs),
(U3,U0) (U3,U1) (u?’vU?) (U3,’U5)}),
(( ) {(u1,v0), (u1,v2), (w2, vo), (uz, v2), (u3, vo), (us, v2)}),
(( ) {( 17U0>7( 17/02) ( 371)0)7(”3:@2)})}

Now, the soft set (H, Gy x Gg) over U x V., where H : G1 x Gy — P(U x V) is
a set-valued function defined by H(x,y) = K(x) x T(y) for all (z,y) € G1 X Gb.
It is easily seen that < a X f >q=< a >f X < 8 >n.
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5. CONCLUSION

Throughout this paper, we deal with the algebraic soft substructures of groups
given in the papers [9] and [26]. We have introduced a novel concept called set-
generated soft subgroups of a group using non-empty subsets of initial universe set.
By theoretical aspect, we have applied some of the operations defined on soft sets
to set-generated soft subgroups. Furthermore, we have given some relationships
between the generators of soft subgroups and studied their related properties with
several examples. Especially, this paper includes applications of a-intersection,
which is one of the restrictive sets introduced in Section 3. Similar studies can be
done on a-lower, a-upper and a-union with groups and other algebraic structures
such as fields, modules, vector spaces and algebras.
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