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ON POWER-ASSOCIATIVE NILALGEBRAS OF DIMENSION N
AND NILINDEX >N -3

JOSEPH BAYARA! AND BABA PHILIPPE DAKOUQO?*

ABSTRACT. The present study is about commutative power-associative nilal-
gebras of dimension n > 5 and nilindex n — 3, over a field K. We prove the
solvability of such algebras when K is of characteristic 0 or sufficiently large.

1. INTRODUCTION

It is well known that every finite-dimensional Jordan nilalgebra over a field of
characteristic # 2 is nilpotent [11]. In [I], Albert asked if the same occurs in the
variety of commutative power-associative algebras. This question was answered
by Suttles [13], who constructed a 5-dimensional algebra which is commutative
power-associative, nil of index 4, but it is not nilpotent. However, this algebra is
solvable. Since then, a modified version of Albert’s question was formulated as
following;:

Albert’s Problem. Is every finite-dimensional commutative power-associative
nilalgebra solvable?

This question remains open but in some particular cases, a positive answer was
obtained relative to the nilindex and dimension [%, 9, 2]. The following results
are prove in [0]: commutative power-associative nilalgebra of dimension n and
nilindex n — 1 or n — 2 are solvable; commutative power-associative nilalgebras
of dimension 7 are solvable. In [7], it was proved that any commutative power-
associative nilalgebras of dimension n and nilindex n— 3, over the field of complex
numbers C, is solvable. In this paper, we generalize this result to any field K
with characteristic 0 or sufficiently large.

2. PRELIMINARIES

Let A be a commutative algebra over a field K of characteristic # 2,3. We
have different ways to define the powers of an element x in A. The principal
powers of an element z in A are defined inductively by:

ot = 2 =2k, VE> 1
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We also define the plenary powers of an element z of the algebra A by:
The principal powers of A are defined inductively by:
Al = A,
k—1
AP =" AA k> 2,

i=1

We also define the plenary powers of A by:
AW = A Al — Al AW i > 1

A commutative algebra A is called a power-associative algebra if for any a € A,
the subalgebra Kla] of A generated by a is associative. This is equivalent to
defining, for any a € A and all integers 7,7 > 1,

a'a’ = a"",

An element x € A is called nilpotent of index < n if 2™ = 0. We say that
the algebra A is a nilalgebra if every element = of A is nilpotent. The smallest
positive integer n such that every element of the algebra is nilpotent of index < n
is called the nilpotent nilindex of the algebra.

A nilpotent algebra is an algebra for which there is a natural number n such
that any product containing at least n elements of the algebra is zero. Thus, an
algebra A is nilpotent of index n, if A” = 0 and A" ! # 0. The algebra A is
solvable of index n if A" = 0 and A"~ £ 0. We note that any nilpotent algebra
is solvable.

In [11, 12], we have:

Definition 2.1. An algebra A over a field K is called strictly power-associative in
case every scalar extension Ar = F ®k A is power-associative, for any extension

F of K.

Proposition 2.2. Let A be a power-associative algebra over a field K of charac-
teristic # 2,3 and 5. Then A is strictly power-associative.

In [1], we have:

Definition 2.3. Two commutative rings R; and R, are called elementarely equiv-
alent in case for any assumption o,
o is valid over R; if and only if o is valid over Rs.

Proposition 2.4. Two algebraicaly closed fields are elementarely equivalent if
and only if they have a same characteristic.

Lemma 2.5. If an assumption o is true over every fields of characteristic 0, then
there exists a prime number q such that o is true over every fields of characteristic
greater or equal to q.

In [11], we have:

Theorem 2.6. Fvery finite-dimensional Jordan commutative nilalgebra, over a
field K of characteristic # 2, is nilpotent.
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In [7], we get:

Theorem 2.7. Let A be a commutative power-associative nilalgebra with dimen-
sion n and nilindex > n — 3, over the field of compler numbers. Then A is
solvable.

From [6], we get following results:

Theorem 2.8. Let A be a commutative n-dimensional power-associative nilalge-
bra with nilindex > n — 2, over a field K of characteristic O or sufficiently large.
Then A is solvable.

Theorem 2.9. Let A be a commutative power-associative nilalgebra of nilindex
n — 1 and dimension n > 4, over a field K of characteristic 0 or sufficiently
large. Then either A is isomorphic to the Suttle’s algebra or A is nilpotent of
index n — 1.

Theorem 2.10. Let A be a commutative power-associative nilalgebra of nilindex
n and dimension n, over a field K of characteristic O or sufficiently large, then
A is nilpotent of index n.

We also have:

Proposition 2.11. FEvery commutative power-associative nilalgebra of dimension
n and nilindex n + 1 is nilpotent of index n + 1.

Proof. Let A be commutative power-associative nilalgebra of dimension n and
nilindex n + 1, over a field K and x an element of A with maximal nilindex. We
have 2" # 0 and 2" = 0. The family {z,2?%, ...,2"}, containing n elements of
A, is then linearly independent. Thus, it is a basis of A. We get A = K|[z]. This
implies that the algebra A is nilpotent of index n + 1. O

Proposition 2.12. Let A be a n-dimensional commutative power-associative mni-
lalgebra with nilindex k. Then k < n + 1.

In the following, we shall denote by (a1, as, ..., as) the subspace of the algebra
A generated by the elements ay, as, ..., as of A.

3. GENERALIZATION OF THE BINOMIAL FORMULA

Let A be a commutative and not necessarily associative algebra, over a field
K. In this section, we establish a multinomial formula which is a generalization
of the binomial formula obtained by Guzzo [10] in the case of non-associative and
commutative algebras.

Let m > 1 be an integer. Suppose f; : A — A arbitrary functions, with
ie{l,..,m}. We define (f1,...,fm) : AD...® A — A by:

(a) (f1) = h, »
(D) (f1seoes f) (a1, orr ) = % D (frs s Fnet) @1y, o Goim—1)) fon (Ao (m))
=0

where (ai,...,a,) € A® ... A and o is the cycle (1 2 ... m) in the symmetric
group Sy,. In [10], we have following results:
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Lemma 3.1. If for any i € {1,...,m}, f; is a linear function, then (fi, ..., fm) is
a m-linear symmetric function of m variables in A ® ... & A with values in A.

Let f;9: A — A as above, a,b € A and m,p € N*. We use the following
notations:

(a) fO) = f; fom - (fr e ); (FU™59%) = (f, s fr95 -, 9);
:gp ; - 9
.a); (@™ P = (a,...,a,b, ..., b);

Now, let us give the binomial formula obtained by Guzzo [10]:
Lemma 3.2. Let A be an algebra over K, a,b € A and m € N*. We have:
m m ‘ ‘
By A (g m)_ )
@y = (77 i),
where id 4 is the identity function on A.

Let 4, 41, -+ , i be integers such that ¢; 4+ --- + 4, = 7. Let us note :

We get:

Lemma 3.3. Let {ay,...,a, b} be a family with k + 1 elements of A and n > 2
be an integer. For any integers 1,5 > 1 such that n =1+ j, we have:

idg‘)((al + .. +ak)(i),b(j)) — Z ( ? ‘ >id(n)<a§i1)".‘7(1]&1';@)76(]')).
. T\l ey U
11 +... =1
Proof. By induction on ¢, we have:

Fori=1, we get j =n — 1 and:

id® (a1 + ... + a)®,09) = id(ay + .. + ag, b9)
= id® (@Y, 59) +id™ (@, bD) + ... +id ™ (0P, b))

1 . , ,
.S ( )@-dfmagﬂn...,agw,bo»

21, .00y 0
i tig=1 1 s Uk

The result is true for ¢ = 1. Let us suppose it is true up to the order ¢ and
show that it is true to the order ¢ + 1. To the order ¢ + 1, we get j =n —i — 1
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and:
id(})((al Fo a) D )y = @'dff)((cn Foitan)®, (a1 + .+ ap), b9)
k
=Y id (a1 + o+ ap) @ ay, b))
p=1
= Z ( Z ( ‘ )id%)(ayl), - a}(jk)’ CL:EJI)’ b(ﬁ))
p=1 Nyt gip=i N Tk
= Z (Z ( ' >id%)(a§“), - a’](czk)7 a}()l)j b(ﬂ))
. T 11y .eey Uk
t1+...+ig=1 > p=1
k il . 4 ‘
- T (- )il 89)
intotin—itl N p=t1 (p — 1) H by
1<5<k
J#p
We have:
i+1\ 7! - 7!
i, enin) (i — Dliglodg! 7 ey (i — DY
Then,
) (i+1) p()) — L\ ) ) 6)
idy ((ar + ... +ap)" 7, 0Y)) = Z , Cidy (ag e a DY),
11, ..., 1k

i1t i =i+1

The result being true to the order ¢ + 1, we deduce that it is true for every
integer ¢ > 1. Il

We deduce the following multinomial formula:

Lemma 3.4. Let A be a nonassociative and commutative algebra, over a field K,
(ar,...,a;) € A¥ and n > 1. Then:

(a1+...+ak)"= Z ( . )deél)(a’gl)w"aal(gk))a

21, ...51
11+...+ig=n Ls )k

where 1d 4 1s the identity function on A.

Proof. From the binomial formula, we get:
(a1 + ...+ ap)" = ((a1 + ... + ar—1) + ap)"

By Lemma 3.3, we have:

zd;)((al—i—...—|—ak,1)(),a,(€’“)): E (z , )zdg)(agl),...,a,(ﬁk)).
1y eee

T
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Then,
n ? ), (G i
(a1 + ... +ap)" = Z < >< ( , )zdg)(agl), ,a(’“)))

L (2R7” . . 11y eeey Ue—1
1+i=n 11+ Al _1=1

= > < (’?)x ( v )Zd(n)mgil), 7a(zk>)>
itipen Niitodig =i \D Uk Uy ey U1

-Y (X () )
.= . - U1y ooy Uk
1+i=n 11+ AFig_1=1

(a1 +ta)" = Y (zl ik)Zdi)(aﬁ”,-.-,ai")>-

4. RECALLS ON SCALAR EXTENSIONS

Let A and B be algebras over a field K. We consider the tensor product
A ®p B of the vector spaces A and B, where all elements of A ® B are finite
sums Ya; Q@ b; with a; € A and b, € B.

Multiplication is defined by:

(a @k b)(a @k b) =aa R bb with a,a’ € A and b,b’ € B.
Consequently, we have:

(Z oy bi) (z &, b;.) =Y aid) @ b,
i J 1,3

with a;,a; € A and b;, b; € B.
We also have:

a(Z a; ®K bz) = Z(aai) ®K bz = Zai ®K (Ozb,)
with o« € K, a; € A and b; € B.

Thus, the tensor product A ®x B is an algebra over K. Particularily, in the
case where F' is an arbitrary extension of K, we set A = F'®x A. Note that Ap
is an algebra over the field F' and is called the scalar extension of A.

In the following, let A be a commutative power-associative nilalgebra of di-
mension n > 5 and nilindice n — 3 over a field K of characteristic 0 and K the
algebraic closure of K. The field K is then an algebraicaly closed field of charac-
teristic 0 and also is an algebra over K. Now, let us consider the scalar extension
Az = K @ A.

Proposition 4.1. Az is a commutative algebra over the field K.

Proof. We already know that A is an algebra over K. Let z,y be elements

in Af Then x = ZOJZ' QK a; and Yy = ZBJ QK bj, with Cki,ﬁj € F and

i=1 j=1
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a;,b; € A. Using commutativity of A and some properties of the tensor product,
we demonstrate that xy = yx. This prove the commutativity of Az over K. [

We have the following result:
Proposition 4.2. Az is a power-associative algebra over K.

Proof. We know that Az is an algebra over K which is a field of characteristic 0.
Proposition 2.2 implies that the algebra A is a strictly power-associative algebra.
Then Az is a power-associative algebra over K. 0J

In [3], we have the following result.

Proposition 4.3. Let K be a field and L an extension of K. If E is a vector
space over K, then dimp(EL) = dimg(E) where Ef, = L Qg E and if (e;)icr is a
basis of E over K, then (1 ® €;)ies is a basis of Ey, over L.

Thus, dimizAzr = dimgA = n and if B = {ej,...,e,} is a basis of A over K,
then the family {1 ®x e1,...,1 ®x e,} is also a basis of Az over K.

Proposition 4.4. The mapping
p: A— K®g Aja— 1 ®k a,
1s an isomorphism of K-algebras.

Proof. Firstly, we prove that ¢ is a well defined surjection morphism of K-algebras

and secondly we conclude using Proposition 4.3.
OJ

Now, we are going to prove the following result:

Proposition 4.5. If K is a field containing at least n — 2 distinct elements, then
Az is nil of nilindexr n — 3.

Proof. The K-algebra A is nil of nilindex n — 3 and dimension n. We want to
prove that Az is nil of nilindex n — 3 as a K-algebra.
Let (A1, ..., An) € K™, such that A; # 0. We have:

()\161 + ...+ )\nen)"{)’ = 0.
By Lemma 3.4, we know that:
_ n — 3 . n— ) )
()\161 + ...+ )\nen)" 3= Z <Z . )Zdil 3)(()\161)( 1)7 ) (Anen)( n))

sl
14 tin=n—3 N L2 n

We get:
Mer 4o+ Ae) 0 = 3 (Z Z_ )A?...A;nzdg el elim).
iotin=n—3 N L in
Thus:

-3 A o i .
2 (” .)A?.-.A::z'dz Ve, elm) = 0.

Iy sl
i4tin=n—3 N 120
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Let k € {0, ...,n — 3} be an integer, and set:

frler,...,en) = Z (k Qo i )AQQ...An”zd(f‘)(egk),egQ),...,e;")).

el
io+...+in=n—3—k »n

Identity (1) implies the following relation:

n—3
Z )\]ffk(el, ceey en) =0.
k=0

As K contains at least n — 2 distinct elements, there is a family {f1, ..., Bn_2}
of elements of K, such that for all i # j we get 8; # 3;. When \; covers

{B1, ..., Bn—2}, we obtain:

BX =0, (%)
where
1 /81 {L_i fO(elu"'ven)
1 e By €ly..esCn
| @2 | 2 I f1(1. )
1 Buo -+ B3 Jo-s(er,...,en)

The determinant of the matrice B is a Vandermonde’s one:
det(B)y= [ (8 -5
1<i<j<n—2

We have det(B) # 0 because §; # f; for all ¢ # j. Then, the matrice B is
inversible. From (%), we get X = 0. We deduce that for all k € {0,...,n — 3}, we
have

fr(er,....,en) =0.

Otherwise, for all z € A = K ®p A, we have: z = Z ;1 @ e; with a; € K,
i=1
then:

ZTL*?) — (Q{ll ®K €1 + + Oénl ®K en)n*3

-3\ 4 n8), (i A
= ¥ (Z” _>a§1...a:;1®mdf4 (el elin)

eyl
14 din=n—3 N1y tn

o 2 :
:1®K< > (” ,)agl...a;;z‘d; 3>(e§1>,...,e§;n>)>

TR
14 tin=n—3 N1 m

n—3
=1Q®k <Z ay frler, ..., en)>
k=0

=0.

Thus, for all z € Az, we have 2" 3 = 0.

By Proposition 4.4, we know that K ®x A is a nilalgebra of nilindex n — 3 since
the K-algebras A and K ®g A are isomorphic. Then, there exists zg € K ®x A
such that 2 = 0 and 2" # 0. Since K ®x A C K ® A, then 25 € Ax. Thus,
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n — 3 is the smallest natural number such that for all x € Ag, 2"~% = 0. Then
Az is nil of nilindex n — 3 as a K-algebra.

O

5. MAIN RESULT

Let A be a commutative power-associative nilalgebra of dimension n > 5 and
nilindex n — 3, over a field K of characteristic 0. We have:

(1) If n = 5, then the nilindex of A is equal to 2. Then A is a Jordan algebra
and by Theorem 2.6, we conclude that it is nilpotent.

(2) If n = 6, then the nilindex of A is equal to 3. For all x € A, we have
x3 = 0. Linearizing this identity, we get 2(yz)z +yz? = 0, for all z,y € A.
Replacing y by yx, we get 2((yx)x)z+ (yz)z? = 0. Otherwise, multiplying
the same egality by =, we get 2((yx)x)z + (yz*)z = 0. Thus (ya?)r =
(yx)z®. This prove that A is a Jordan algebra. By Theorem 2.6, we
conclude that A is nilpotent.

(3) If n = 7, then the nilindex of A is equal to 4. Using Suttle’s algebra [13],
we construct a 7-dimensional commutative power-associative nilalgebra of
nilindex 4 which is not nilpotent. However it is solvable.

Example 5.1. Let K be a field of characteristic 0 and A be a commutative
algebra of dimmension 7 with basis B = {ey, ..., e;} and nonzero products given
by ejes = esey = —eje5 = e3, €163 = ey, eae3 = e5. Then egA = e;A = 0 and we
get

A= {eq,...,er), A* = (e3,eq, e5), A> = (e3, e4,€5) = A

We know that AP} = A24% = 0, and A is a power-associative nilalgebra of nilindex
4 which is not nilpotent but solvable.

Thus, for n € {5,6}, A is nilpotent and for n > 7, it is not necessarily nipotent
but solvable.

In the section 4, we have proved that if K is the algebraic closure of K, then
the scalar extension Az is also a commutative power-associative nilalgebra of
dimension n and nilindex n — 3 over the field K. By Proposition 2.4, we know
that Theorem 2.7 is valid over every algebraicaly closed fields of chacteristic 0.
Then Az is solvable as a K-algebra. We have the following result:

Theorem 5.2. Let A be a commutative power-associative nilalgebra of dimension
n > 5 and nilindex n — 3, over a field K of characteristic 0 or sufficiently large.
Then, A is nilpotent for n =5 or 6, and solvable for n > 7.

Proof. Firstly, let us suppose that K is a field of characteristic 0. We have already
proved that if n € {5,6}, then A is nilpotent.

Now, suppose that n > 7. By next results, we know that if A is a commutative
power-associative nilalgebra of dimension n and nilindex n — 3, over a field K of
characteristic 0, then Az is solvable as a K-algebra. Since K C K (as a subfield),
then Ay is solvable as a K-algebra. Thus, there exists an natural integer s > 2

such that A% =0.
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Considering the isomorphism ¢ as defined in Propositon 4.4, we have
: [s] _
Since A = 0, then

AP = (¢ (K @A)

— ¢ (K o A))
=0,

because (K @ A)ll C A% = 0. Thus, A is solvable if K is of characteristic 0.
In the case where K is of characteristic # 0, by Lemma 2.5, we deduce that
there exists a prime number ¢ such that the Theorem remains valid when the
characteristic of K is > ¢, i.e sufficiently large.
By Theorems 2.8, 2.9, 2.10 and Proposition 2.11, we deduce that the result is
also true in the case where the nilindex of A is > n — 3. O]
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