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ON THE ENTIRE SOLUTIONS OF COMPLEX NONLINEAR
DIFFERENCE-DIFFERENTIAL EQUATIONS

ABHIJIT SHAW!* AND SAMTEN TAMANG?

ABSTRACT. In this paper, we study the nonlinear difference-differential equa-
tions and discuss the conception of their entire solutions. Further, we investi-
gate the criteria for existence and nonexistence of the entire solutions and their
characteristic on the aspect of value distribution theory.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

In this article, meromorphic and entire functions are always defined on whole
complex plane C. We assume that readers are familiar with standard nota-
tions and definitions of Nevanlinna’s value distribution theory like as m(r, f),
N(r,00; f), T(r, f), S(r, f) etc.,(for details, see [3, 11]). The Nevanlinna’s value
distribution theory has extensive application in the field of complex differential
equations and we use the theory as effective tool for Difference-Differential equa-
tions in the complex field (for details, see [1]).

Defination 1.1. [3, 1 1] Deficiency of @ € C with respect to a meromorphic function
f(2) is denoted by d(a, f) and defined as
m(r, +25) N(r,a; f)
T . f o _ BT , Gk,
a, f) = rlggo inf T ) 1 Tlirélo sup Tuf)

By the Nevanlinna’s second fundamental theorem, it can be easily shown that,

> bl f) <2

acCU{oo}
Defination 1.2. [3, 11] The order and hyper order of a meromorphic function f(z)
are denoted by o(f) and oo(f), and defined by

logT
o(f) = lim sup o8i\nJ) (r.f)
r—00 logr
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and

. log log T'(r,
0%”=£$“miiﬁ§—ﬁ

respectively. The lower hyper order of f(z) is given by,
loglog T
vo(f) = lim inf loglog T'(r, /)

700 log r

Using the conception of order and hyper order we ensure the existence and
nonexistence of an entire solution of difference-differential equations in the com-

plex field.

Defination 1.3. [3, 11] The exponent of convergence of zeros and poles of a mero-

morphic function are denoted by ~(f) and 7(%) respectively. The exponent and

hyper exponent of convergence of zeros of a meromorphic function f(z) are de-
fined by,

log N :
v(f) = lim sup o5 (r, 0; f)
700 log r

and
) log log N(r, 0;
1a(f) = lim sup 28108 N, 0:/)

=00 log r

respectively. ’y(%) and 72(%) are similarly defined.

Defination 1.4. [3, 11] Let f(z) is function in the complex plane C and w €
C\ {0}, then f(z+w) is call difference or shift function of f(z) and the difference
differential equation is given by,

Q(2)f"(2) + A(2) f® (2 + w) = R(z)

where Q(z), A(z) are entire function of finite order and R(z) is non-constant
polynomial.

Many researchers are focus on existence and solvability of nonlinear difference-
differential equation in aspect of Nevanlinna’s value distribution theory (see [I,
, 9))-
In 2011, Zhang and Liao [12] discussed an algebraic difference-differential poly-
nomial py(f) and established the following result:

Y

Theorem 1.1. [12] Let algebraic difference-differential polynomial py(f) in f(2)
of degree d < n — 3, where n(> 4) € Z. If pu1(2) , pe(2) are nonzero polynomials
and p1, po arenonzero constants with Z—; #+ (%)il, 1, then the equation,

J"(2) + pa(f) = pa(2)e”* + pa(2)e” 7,
does not have any transcendental entire solution of finite order.

In 2015, Xu, Cao and Liu [3], consider the general non-homogeneous difference-
differential equation and developed the criteria for nonexistence of it’s entire
solutions:
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Theorem 1.2. [3] Let the nonlinear difference-differential equation,

q(2)f(2) + al2) fP(z + 1) = 1 (2)e” P + po(2)e 2,

where ¢(z), a(z) are two nonzero entire functions of finite order, y1(2), u2(2) are
nonzero polynomials and p;, py are nonconstant polynomials, n(> 2) € Z. If an
entire function f(z) satisfy any one of the following two conditions:

(1) v(f) < o(f) = 00, 02(f) < o0;

(il) 12(f) < o2(f) < o0

then, f(z) can not be a solution of the equation.

On the same paper, they [8] also discussed characteristic of entire solution of
a typical difference-differential equation as follow:

Theorem 1.3. [3] Let the nonlinear difference-differential equation,
FH2) +a(2) f Pz +1) = me® + pae>),

where a(z) be an entire functions of zero order, i1, pe and A are nonzero constants,
and p(z) nonconstant polynomial. If the equation poses a transcendental entire
solution f(z), then §(0, f) = 0.

Theorem 1.4. [3] Let the nonlinear difference-differential equation,
P& +a(2) [Pz +1) = e + ppe™,

where a(z) be an entire functions of zero order, p;, ps and A are nonzero con-
stants. Then the following results are hold,

(i) The equation does not poses any transcendental entire solution of finite order,
if a(z) be a nonzero variable;

(ii) The equation poses a transcendental entire solution of finite order, if a(z) be
a nonzero constant, and the form of solution is given by,

(a) If k be an even number then the equation poses a transcendental entire solu-

tion of finite order if and only if the condition e3 = ¥1 and papiz = (%)% holds
and if the condition holds, then

2kmiz A okriz
z) = aje ——e
f(z) =q; %) :
or,
Fz) = aj€(2k7r+7r)iz + ie—(2k7r+7r)iz7
30[j
(b) If k£ be an odd number then the equation poses a transcendental entire solution

of finite order if and only if the condition 3 = Fi and e = +(%)? holds and
if the condition holds, then
m+Z)iz A  _(2kr+T)iz
f(z) = ajema)iz 30, (2kr+3)

Y

or,

_ (2kmr—Z%)iz a —(2km—3%)iz
Z) = aj e 27+ —e 277,
f( ) J 30é]
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Defination 1.5. The difference-differential polynomial is defined by P(z 4+ w) =
Z?Zl b fV(z 4+ w), where w € C\ {0} and b;(j = 1,2, ..., k) are constants(atleast
one is nonzero).

Considering the difference-differential equation,

9(2)f"(2) + a(2) P(z + w) = p(z) sin Ap(2),

we establish the criteria of existence and nonexistence of an entire solution, and
find the form of a solution of the equation.

2. LEMMAS

In this section, we present some lemmas which will be needed in a sequel.

Lemma 2.1. [11] Let fi1(2), fo(2),....fu(2),(n > 2) are meromorphic functions and
91(2), g2(2),...,gn(2), are entire functions satisfying the following conditions:

(i) 2254 fi(2)esn®) = 0;

(ii) g;(2) — gk(z) are not constant for 1 < j <k <m;
(iii) T'(r, f;) = o(T'(r,e9=9%)), where 1 < j <n,1 <h<k<nandr(— oc0) ¢ E,
where £ C (1,00) is of finite linear measure. Then f; =0, j=1,2,...,n

Lemma 2.2. [2] Let f(z) be a transcendental entire function with o(f) = co and
o2(f) < 0o, then f(z) can be represent as f(z) = 1(z)e?®), where ¥(z) and ¢(z)
are entire functions such that v(v) = o(¥) = v(f), 12(¥) = 02(¢¥0) = 12(f) and
0(f) = max{oz(1)), 02(e?)}.

Lemma 2.3. [5] Let f(z) be a transcendental meromorphic solution of finite order
of a difference equation of the form,

where P(z, f), U(z, f), Q(z, f) are difference polynomials such that the total
degree of U( f) in f(z) and its shifts is n, and that the total degree of Q(z, f)
is at most n. If U(z, f) just contains one term of maximal total degree, then for
any € > 0,

m(r, P(z, f)) = O(r"" %) + S(r, f)

holds possibly outside of an exceptional set of finite logarithmic measure.
Lemma 2.4. [10] Let the equation,

FA(2) + (efM(2)) = a

where ¢ is a nonzero constant and « is a nonconstant meromorphic function,
then the equation has no transcendental meromorphic solution f(z) satisfying

T(r,a) = S(r, f).
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3. MAIN RESULTS

Theorem 3.1. Let the nonlinear difference-differential equation,

q9(2)f"(2) + a(2) P(z + w) = p(z) sin Ap(2),
where ¢(2), a(z) are two nonzero entire functions of finite order, u(z), p(z) are
nonzero polynomials, and n(> 2) € Z. If an entire function f(z) satisfy any one
of the following two conditions:
() Y(f) < o(f) = 00, 03(f) < 005
(i) 12(f) < o2(f) < o0;

then, f(z) can not be a solution of the equation.

Proof. We assume that f(z) is entire solution of the equation,

A(2)17(2) + a(2)P (= + ) = plz) sin Mp(2), (3.1)
and f(z) satisfy v(f) < o(f) = o0; 02(f) < co.With help of Lemma 2.2, we can

write f(z) = 1(z)e?®), where ¥(z) is an entire function and ¢(z) is a transcen-
dental entire function such that,

V(W) = o) = (f), 2(¥) = 02(¢) = 12(f) and 02(f) = max{oa(¥), o2(e?)}.
We have oy(f) < 0o, then 0(¢) = ga(e?) < co. We substitute f(z) = (z)e?®
into (3.1), we have,

q(z)0"(2)e™ Z 2+ w)e?EHN0) = y(2) sin Ap(2)

= ¢(2)9" (2)e" + a(2)x(2)e? ) = p(2) sin Ap(2)

Where x(z) is differential polynomial of ¢(z + w) and ¢(z + w) and o(x) < 0.
Again, we take ¢(2) = ¢(2 + w) — n¢(z). Then we have,

q(2)"(2) + a(2)x(2)e? = p(z) sin A\p(z)e ")
Let ¢(2) is a polynomial, then

o(g(2)¥" (2) + a2)x(2)e??)) < oo,

=1
(

but,

o (1(z) sin Ap(2)e ") = oo,
which is contradiction.
Again, if ¢(z) be a transcendental entire function, then (3.1) can be written as,

Q267 (2)e™ ) + a(2)x () — O psinp(z) = 0,
where f(z) = 0. Then from Lemma 2.1, we deduce that, ¢(z)¥"(z) = 0
a(z)x(z) = 0, psinA\p(z) = 0. If ¢(2)¢¥™(z) = 0, then ¢"(z) = 0 and hence
f(z) = 0, which is contradiction as o(f) = co. Hence, f(z) does not a solution
of the equation (3.1).

Again, let f(z) is an entire solution of (3.1) and satisfying v (f) < o9(f) < 0.
Using Lemma 2.2, we have f(z) = 1(2)e®®, where ¥(2) is an entire function and
¢(z) is a transcendental entire function such that,
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V(@) = oY) = y(f), 12(¥) = 02(1h) = 72(f) and oa(f) = max{o2(¢)), oa(e?)}.
With the given condition, oo(f) = g9(e?) < 00, 50, 02(¢) < 09(e?) = 0(¢) < 0.
We substitute f(z) = 1(2)e?® into (3.1), we find,

2267 (2) + a(2)x(2)e?) = (=) sin dp(z)e O
Now if o(p) < o(¢), then,
o2(a(2)9"(2) + al2)x(2)e") < max{a(),0(1)} < 0(9) = oa(pusin Ap(z)e "),
which is a contradiction.

Again, if o(p) = 0(¢), then proceeding similarly as above we obtain a contradic-
tion. Hence the theorem. 0

Corollary 3.1. One can easily prove the similar result for the nonlinear difference-
differential equation

q(2) f"(2) + a(z)P(z +w) = p(z) sinh Ap(2).

Remark 3.1. It is easily can be shown that the corollary is a special case of
theorem 1.2 for proper choice of P(z + w) and pu.

Theorem 3.2. Let the nonlinear difference-differential equation
2(2) + a(2) P(z + w) = psin Ap(z),

where a(z) be an entire functions of zero order, p, A are nonzero constants,
and p(z) nonconstant polynomial. If the equation poses a transcendental entire
solution f(z), then 6(0, f) = 0.

Proof. We assume that f(z) is transcendental entire solution of the equation,

f3(2) +a(2)P(z +w) = psin Ap(2). (3.2)
Differentiating (3.1), we find that,
3f2(2)f'(2) + d (2)P(z +w) + a(2)P'(z +w) = prp'(2) cos Ap(2), (3.3)

we find from (3.2) and (3.3) that,
P12 () +a(2) Pz +w)? + [3f2(2) f'(2) + d'(2) P2 + w) + a(2) P']* = [up]?

Hence ¢(2)f4(2) = x(f), where ¢(2) = A\ f2 + 9(f") and x(f) is a difference-
differential polynomial in f(z) with total degree 4. Then we obtain with help of
Lemma 2.3 that,

T(r,¢) =m(r,¢) = O(r"*") + S(r, f).

Hence, ¢ is a small function of f(z). Now we discuss following two cases,

Case L. First we assume that ¢(z) = 0. Then,
)\pl2f2 + 9(f/2) — 0,

We find by simple calculation that, f(z) = ceTi5M() where ¢ is a constant.
Substituting f(z) in (3.2)we obtain that,

k
+ilap(z +il A p(z4w)\ (j Ko ixp(z —izp(z
(ce5 M@ 1 g (2) ;bjc(e Ay U) = 2_2'(6 p(2) _ g=Ael(2)),



ON THE ENTIRE SOLUTIONS OF COMPLEX NONLINEAR DIFFERENCE-DIFF... 7

Hence,
k

el 4 g(z) 3 bjc(eis () () 4

H o=ixe(z) _ .
2% ¢ ’

3 JR—
(c 2

j=1
or,

k
Hye=idotz —iixp(z4w)\ (5 M eiro(z
(@ + ;)¢ 7)1 a(z) E 'bjc(e B 0) _ Mo o) — .

From Lemma 2.1, we find that © = 0, which is a contradiction as p is a nonzero
constant.

Case II. Let ¢(z) # 0, then,

¢(2) = M2 f2 +9(f?) = f4(2)
Where 9(2) = (M\p”? + 9(’}/22 )y, from the Lemma of Logarithmic Derivative of
meromorphic function, we have m(r,(z)) = S(r, f). As ¢(z) #Z 0, then p(z) # 0.

Now we have,

2T(r, ) = T(r, f*) = m(r, f*) = m(r,
)

IN

m(r, ¢(2)) + m(r,

¥(2)

< S(r, f)+m(r, )

T(r,

b
¥(2)
)

IN
n

1
S(r, ) +T(r,(2))
S(r, f) + N(r,00;¢4(2))
S(r, f) +2N(r,0; f).

IA AN IA

Hence,

Hence,

: S f) N(r,0; f)
1< rlig)lo sup 5T 1) + rlgrolo sup W
= 1<1-94(0,f).

Then 6(0, f) = 0. Hence, the theorem is completed. O

Corollary 3.2. We also can find the deficient value of zero with respect to an
entire solution of the nonlinear difference-differential equation

4(2)f"(2) + a(2)P(z +w) = psinh Ap(2).
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Remark 3.2. We can chose P(z + w) and p with proper justification that the
corollary will coincide with the theorem 1.3.

We find the form of a solution of the equation of theorem 3.2 by taking P(z +
w) = b f® (2 4+ w) and p(z) = 2 as follows:

Theorem 3.3. Let the nonlinear difference-differential equation
F2(2) + al2)bi f® (2 + w) = psin Az,

where a(z) be an entire functions of zero order, y and A\ are nonzero constants.
Then the following results are hold,

(i) The equation does not poses any transcendental entire solution of finite order,
if a(z) be a nonzero variable;

(ii) The equation poses a transcendental entire solution of finite order, if a(z) be
a nonzero constant, and the form of solution is given by,

(a) If k£ be an even number then,

i 1 1 i
f(Z) = O[jea(QkW)z _ —abk(giA)ke_;@kﬂ)z,

30éj
or,
; 1 1 ;
e Lz ) E A bi( =i\ k _—*t(2kn+m)z
F2) = e BT 4 iy (i)' ,
(b) If k£ be an odd number then,
1 s 1 1 % s
f(2) = e @302 by (id)ke wGRrE)z
Q; 3

or,
3 ™ 1 1 [ ™
f(z) = &jew(%” 3)? + —abk(—z’)\)ke’;(Qkﬂ*a)Z7

3 3
where a; is cubic root of £ and j =1,2,3.

Proof. We assume that f(z) is transcendental entire solution of the equation,
£2(2) + a(2)bpf® (2 + w) = psin 2. (3.4)
Differentiating (3.4), we find that,
3£2(2) f'(2) + ' ()b fP (2 4+ w) + a(2)bp fE V(2 + w) = phcos Az, (3.5)
We find from (3.4) and (3.5) that,
M) +a@hf O +w)? + B () +d ()b f (2 +w)
+ a2 I (2 + w))? = [wA]?

Hence, ¢(2)f4(2) = x(f), where ¢(z) = N2f? + 9(f) and x(f) is a difference-
differential polynomial in f(z) with total degree 4. Then we obtain with help of
Lemma 2.3 that,

T(r,¢) =m(r,¢) = O(r"*") + S(r, f).

Hence, ¢ is a small function of f(z). Now we discuss following two cases,
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Case 1. First we assume that ¢(z) = 0. Then,
Nf2E+9(f?) = 0.

We find by simple calculation that, f(z) = ce*3% where c is a constant. Substi-
tuting f(z) in (3.4) we obtain that,

iz Az I A (24w H [2¥4 —iAz
()0 + af2)be(e= B = L emivey

21
Hence,
(CS _ %)ei)\z ( )b C( iz )\z-i-w))(k) + %e—i)\z _ O;
or,
(¢ + 52) e 4 a(2)bpe(e's )‘”“’))(k) ZeZAZ =0;

From Lemma 2.1, we find that ;4 = 0, which is a contradiction as u is a nonzero
constant.

Case II. If ¢(2) # 0, then by Lemma 2.4, we obtain ¢(z) is a nonzero constant.
Then,
¢/22ff/ + 18f/f// =0
Since f(z) is transcendental, then

Nf+9f =0.

Solving the differential equation we find that f(z) = cje 53 1 oei5% where ¢;
and ¢ are constants. Hence from (3.4) we can find that,

(C?— ﬂ,)ei’\z—l—(cg—i—ﬂ,)e_i)‘z—l—(?)c%cz—i—cla( )bk( Z)\)k is )\w) iz Az
2 21 3
1 . )
+ (3eics + @a(z)bk(—gi)\)ke’Z%A“)e’Z%AZ =0
Using Lemma 2.1, we obtain that,
e = ﬁ,; cy = N 30162 + cra(2)bg(= z/\)k i3 = 0;
2 3
1 )
36163 + cga(z)bk(—gi)\)ke’l§)‘w = 0; (3.6)
From the above result, it is clear that, if a(z) be a non-constant function, then
the equation (3.4) has no transcendental entire solution.

If a(z) be a nonzero constant, then the equation poses a transcendental entire
solution.
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Let k is an even number. Then,
1 , 1 .
3cice = —abk(gi)\)kelé’\“’ = —abk(—gi)\)ke”%)‘”
Lok idaw —ilw
= abk(gz)\) (37 —e™'37) =0
itdw
= €3 =4+£1.
If eisM = 1, then i%)\w =log1 + 2kmi. Hence z' A= % 2kmi). or, if ez = -1,

(
then i1\ = L(2km + m)i. Then we have, ¢ico = :Fgabk(%z)\) :

Further we assume that ¢; can assume o;(j

lation, a% = & and then ¢, = IF%jabk(%i)\)k (j

following form,

1,2,3) where «; satisfy the re-
= 1,2,3). Hence f(z) is of the

1 1 i
_abk(gi)\)kef;@kﬂ)z,

— ] %(2]671’),2 .
f(Z) a]e 3@]

or,

f(z) = aje o @hmimz @abk(gv\)ke w (k)2

Again, let k is an odd number. Then, from (3.6) we have,
1 .
3cicg = —abk(31)\)’C €3N — —abk(_gi)\)ke—z%)\w
]. -1 -1
= abk(gi)\)k(e%Aw +e 5 =0

1 ,
N T

If ¢3* = 4, then iz w =log 1+ (2km + %)i. Hence iz = L(2k7w + %)i.
Or, if ¢'3% = —i, then isA = L(2km — g)z
Proceeding similarly, we find,
i s 1 1 @ s
— oo @kr+T) T bl =i\ k —X(2kn+5)z
or,
i s 1 1
— oo (2kn—F)z — ab.(=i\ w(2k7r—f)z‘
£(2) = aje + g (N
Hence, the proof is completed. O]

Corollary 3.3. We also can introduce the nonlinear difference-differential equa-
tion,

q(2) " (2) + a(2)be f*) (2 + w) = psinh Az,

and can find criteria of existence of transcendental entire solution and form of
such solution.
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Remark 3.3. If we take b, = 1, § = puy and 45 = py in the corollary, then the
equation will be equivalent with the equation of the theorem 1.4, and hence we
get similar type result as theorem 1.4.

Corollary 3.4. We can create - shift difference-differentiate polynomial as P(nz+
w) = 2521 b;f9 (nz + w), where n,w € C\ {0} and b;(j = 1,2,...,k) are con-
stants(atleast one is nonzero) and considering P(nz + w) except P(z + w) for the
theorem 1.1, theorem 3.2 and theorem 3.3 we can generate similar type results.

4. OPEN PROBLEMS

We can pose following problems from our results,
1. Are the equations (3.1), (3.2) and (3.4) pose transcendental meromorphic so-
lution?
2. Can the equation (3.2) be solved for higher power of f(2)?
3. May be omitted the condition o5(f) < oco from the theorem 3.17
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