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DEGREE kth POWER SUM POLYNOMIAL OF GENERALIZED
GRAPHS RELATED TO THE CYCLE

1∗B. BASAVANAGOUD, 2SHRUTI POLICEPATIL AND 3POOJA B.

Abstract. The purpose of this paper is to introduce the concept of degree
kth power sum matrix of a graph G. There are some flaws in the definitions
of generalized graphs related to the cycle and we correct these definitions. We
compute degree kth power sum polynomials of generalized graphs related to
cycle. We establish the bounds for the largest degree kth power sum eigenvalue
and degree kth power sum energy of graphs.

1. Introduction and preliminaries

Graph energy is described by Gutman [12] as the sum of absolute values of
the eigenvalues of the associated adjacency matrix of a graph G, which is related
to the total π-electron energy in a molecular graph. Several graph polynomials
based on different matrices defined on the graph, such as adjacency matrix [9],
Laplacian matrix [16], signless Laplacian matrix [10, 18], distance matrix [1],
degree sum matrix [15, 19], are found in the literature of graph theory. For
further information refer to [2, 3, 6, 7, 14] .

Let G = (n,m) be a simple, connected and undirected graph. Let G’s vertex
and edge sets be V (G) and E(G), respectively. The number of edges incident to
a vertex v in V (G) is the degree degG(v) (or dG(v)). Let di = degG(vi). If the
degree of each vertex in G is r, the graph is r -regular.

The adjacency matrix A(G) of a graph G is a square matrix of order n whose
(i, j)-entry is equal to unity if the vertex vi is adjacent to vj, and is equal to zero
otherwise. The concept of degree sum matrix DS(G) introduced by Ramane et al.
[19]. The degree sum matrix of a graph [19] G is an n× n matrix DS(G) = [dij],
whose elements are defined as

dij =

{
di + dj, if i 6= j
0, otherwise.

Basavanagoud et al. [2] introduced the concept of degree square sum matrix
DSS(G). The degree square sum matrix of a graph [2] G is an n × n matrix
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Figure 1. Graph K3.

DSS(G) = [dij], whose elements are defined as

dssij =

{
d2i + d2j , if i 6= j
0, otherwise.

Motivated by degree sum matrix [19] and degree square sum matrix [2], we
introduce the degree kth power sum matrix DkS(G) of a graph G. Let G be
a simple graph with n vertices v1, v2, ..., vn and let di be the degree of vi, i =
1, 2, ..., n. Then DkS(G) = [dksij] for any integer k ≥ 1, is called the degree kth

power sum matrix of a graph G, where

dksij =

{
dki + dkj , if i 6= j
0, otherwise.

Some of hitherto studied matrices defined on graph are the special case of degree
kth power sum matrix, for particular values of k as follows.

D1S(G)= degree sum matrix, DS(G) [19],
D2S(G)= degree square sum matrix, DSS(G) [2],
D3S(G)= degree cube sum matrix.
...

...
...

DkS(G)= degree kth power sum matrix.

Let I be the identity matrix and J be the matrix whose all entries are equal
to 1. The degree kth power sum polynomial of a graph G is defined as

PDkS(G)(ξ) = det(ξI −DkS(G)).

The eigenvalues of DkS(G), are denoted by ξ1, ξ2, ..., ξn, are called the degree
kth power sum eigenvalues of G and their collection is called the degree kth power
sum spectra of G. The sum of the absolute values of the degree kth power sum
eigenvalues of G is called the degree kth power sum energy of G and is denoted
by EDkS(G). Thus

EDkS(G) =
n∑

i=1

|ξi|. (1.1)

Example 1.1. Let K3 be a complete graph (see Figure 1).

D2S(K3) =

 0 8 8
8 0 8
8 8 0


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PD2S(K3)(ξ) = ξ3 − 192ξ − 1024.
The eigen values of D2S(K3) are 16, −8 and −8. Therefore, ED2S(K3) = 32.

D3S(K3) =

 0 16 16
16 0 16
16 16 0


PD3S(K3)(ξ) = ξ3 − 768ξ − 8192.
The eigen values of D3S(K3) are 32, −16 and −16. Therefore, ED3S(K3) = 64.

2. Degree kth power sum polynomial of some graphs

In this section, we obtain degree kth power sum polynomial of some graphs.
We require following lemma in order to prove the forthcoming theorems.

Lemma 2.1. [20] If a, b, c and d are real numbers, then the determinant of the
form ∣∣∣∣ (ξ + a)In1 − aJn1 −cJn1×n2

−dJn2×n1 (ξ + b)In2 − bJn2

∣∣∣∣ (2.1)

of order n1 + n2 can be expressed in the simplified form as

(ξ + a)n1−1(ξ + b)n2−1{[ξ − (n1 − 1)a][ξ − (n2 − 1)b]− n1n2cd}.

Theorem 2.2. The degree kth power sum polynomial of the complete bipartite
graph Kn1,n2 is
PDkS(Kn1,n2 )

(ξ) = (ξ + 2nk
2)n1−1(ξ + 2nk

1)n2−1
{[
ξ2 + 4nk

1n
k
2(n1 − 1)(n2 − 1)

− 2ξ
(
nk
2(n1 − 1) + nk

1(n2 − 1)
)]}

.

Proof. The degree kth power sum matrix of Kn1,n2 is

DkS(Kn1,n2) =

[
2nk

2(Jn1 − In1) (nk
1 + nk

2)Jn1×n2

(nk
1 + nk

2)Jn2×n1 2nk
1(Jn2 − In2)

]
Therefore,

PDkS(Kn1,n2 )
(ξ) = |ξI −DkS(Kn1,n2)|

=

∣∣∣∣ (ξ + 2nk
2)In1 − (2nk

2)Jn1 −((nk
1 + nk

2)Jn1×n2

−((nk
1 + nk

2)Jn2×n2 (ξ + 2nk
1)In2 − (2nk

1)Jn2)

∣∣∣∣
Using Lemma 2.1, we get the required result. �

Corollary 2.3. Let Sn = K1,n−1 be the star graph with n vertices. Then

PDkS(Sn)(ξ) =
(
ξ + 2

)n−2(
ξ2 − 2(n− 2)ξ − (n− 1)

(
1 + (n− 1)k

)2)
.

Theorem 2.4. Let Pn be a path with n ≥ 3 vertices. Then the degree kth power
sum polynomial of Pn is

PDkS(Pn)(ξ) = (ξ+2k+1)n−3(ξ+2)
(
ξ2−2k+1(n−3)ξ−2ξ+2k+1(n−3)−2(n−2)(1+2k)2

)
.
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Proof. The characteristic polynomial of degree kth power sum matrix of Pn is

PDkS(Pn)(ξ) = |ξI −DkS(Pn)|

=

∣∣∣∣∣∣∣∣∣∣∣∣

ξ −(1k + 2k) −(1k + 2k) · · · −(1k + 2k) −(1k + 1k)
−(1k + 2k) ξ −(2k + 2k) · · · −(2k + 2k) −(1k + 2k)
−(1k + 2k) −(2k + 2k) ξ · · · −(2k + 2k) −(1k + 2k)

...
...

...
. . .

...
...

−(1k + 2k) −(2k + 2k) −(2k + 2k) · · · ξ −(1k + 2k)
−(1k + 1k) −(1k + 2k) −(1k + 2k) · · · −(1k + 2k) ξ

∣∣∣∣∣∣∣∣∣∣∣∣
(2.2)

Substract second column from the columns 3, 4,...,n-1 and substract first column
from the last column of Eq. 2.2 to get Eq. 2.3.

=

∣∣∣∣∣∣∣∣∣∣∣∣

ξ −(1 + 2k) 0 · · · 0 −2− ξ
−(1 + 2k) ξ −2k+1 − ξ · · · −2k+1 − ξ 0
−(1 + 2k) −2k+1 ξ + 2k+1 · · · 0 0

...
...

...
. . .

...
...

−(1 + 2k) −2k+1 0 · · · ξ + 2k+1 0
−2 −(1 + 2k) 0 · · · 0 ξ + 2

∣∣∣∣∣∣∣∣∣∣∣∣
(2.3)

Adding last row to the first row and then adding rows 3, 4,...,n-1 to the second
row of Eq. 2.3, we get Eq. 2.4.

=

∣∣∣∣∣∣∣∣∣∣∣∣

ξ − 2 −2(1 + 2k) 0 · · · 0 0
−(1 + 2k)(n− 2) ξ − 2k+1(n− 3) 0 · · · 0 0
−(1 + 2k) −2k+1 ξ + 2k+1 · · · 0 0

...
...

...
. . .

...
...

−(1 + 2k) −2k+1 0 · · · ξ + 2k+1 0
−2 −(1 + 2k) 0 · · · 0 ξ + 2

∣∣∣∣∣∣∣∣∣∣∣∣
(2.4)

Eq. 2.4 can be reduced to

PDkS(Pn)(ξ) = (ξ + 2k+1)n−3(ξ + 2)

∣∣∣∣ ξ − 2 −2(1 + 2k)
−(1 + 2k)(n− 2) ξ − 2k+1(n− 3)

∣∣∣∣
PDkS(Pn)(ξ) = (ξ+2k+1)n−3(ξ+2)

(
ξ2−2k+1(n−3)ξ−2ξ+2k+2(n−3)−2(n−2)(1+2k)2

)
.

�

Definition 2.5. [13] For n ≥ 4, the wheelWn is defined to be the graphK1+Cn−1.

Theorem 2.6. The degree kth power sum polynomial of the wheel graph Wn is

PDkS(Wn)(ξ) = (ξ + 2 · 3k)n−2{ξ[ξ − (n− 2)2 · 3k]− (n− 1)(nk + 3k)2}.

Proof. The degree kth power sum matrix of Wn is

DkS(Wn) =

[
0(J1 − I1) (nk + 3k)J1×n−1

(nk + 3k)Jn−1×1 2 · 3k(Jn−1 − In−1)

]
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Therefore,

PDkS(Wn)(ξ) = |ξI −DkS(Wn)|

=

∣∣∣∣ (ξ + 0)I1 − 0J1 −(nk + 3k)J1×n−1
−(nk + 3k)Jn−1×1 (ξ + 2 · 3k)In−1 − (2 · 3k)Jn−1

∣∣∣∣
Using Lemma 2.1, we get the required result. �

Theorem 2.7. If G is an r-regular graph with n vertices, then the degree kth

power sum polynomial is,

PDkS(G)(ξ) =
(
ξ − 2rk(n− 1)

)(
ξ + 2rk

)n−1
. (2.5)

Proof. Let G be a simple connected r-regular graph with n vertices v1, v2, ..., vn
and let di = rk be the degree of vi, i = 1, 2, ..., n. Then,

dksij =

{
dki + dkj = 2rk, if i 6= j
0, otherwise.

The degree kth power sum polynomial of G is

PDkS(G)(ξ) = |ξI −DkS(G)|
= |ξI − 2rk(A(Kn))|

= (2rk)n
∣∣∣∣ ξ2rk I − A(Kn)

∣∣∣∣
= (2rk)n

[
ξ

2rk
− n+ 1

] [
ξ

2rk
+ 1

]n−1
=

(
ξ − 2rk(n− 1)

)(
ξ + 2rk

)n−1
.

�

Corollary 2.8. For a complete graph Kn, the degree kth power sum polynomial
is,

PDkS(Kn)(ξ) =
(
ξ + 2(n− 1)k

)n−1(
ξ − 2(n− 1)k+1

)
.

Proof. The complete graph Kn is (n−1)-regular graph with n vertices. Therefore,
the result follows from Eq. 2.5. �

Corollary 2.9. If G is a cycle Cn, then the degree kth power sum polynomial is,

PDkS(Cn)(ξ) =
(
ξ + 2k+1

)n−1(
ξ − 2k+1(n− 1)

)
.

Proof. The cycle Cn is 2-regular graph with n vertices. Therefore, the result
follows from Eq. 2.5. �

Definition 2.10. [13] The complement of a graph G is a graph G with vertex
set V (G) and two vertices in G are adjacent if and only if these are not adjacent
in G.

If G is an r-regular graph with n vertices then G is an (n−r−1)-regular graph
on the same number of vertices.
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Theorem 2.11. If G is an r-regular graph with n vertices, then the degree kth

power sum polynomial of its complement of a graph G is

PDkS(G)(ξ) =
(
ξ + 2(n− r − 1)k

)n−1(
ξ − 2(n− r − 1)k(n− 1)

)
.

Proof. If G is r-regular, then G is (n − r − 1)-regular graph. Therefore by Eq.
2.5, we get the desired result. �

Definition 2.12. [13] The kth iterated line graph Lk(G) of G is defined as
Lk(G) = L(Lk(G)), k = 1, 2, ..., where L0(G) ∼= G and L1(G) ∼= L(G).

Corollary 2.13. Let G is an r-regular graph of order n and nk be the order of
Lk(G). The degree kth power sum polynomial of kth iterated line graph Lk(G) is

PDkS(Lk(G))(ξ) =
(
ξ + 2(2kr − 2k+1 + 2)k

)n−1(
ξ − 2(2kr − 2k+1 + 2)k(n− 1)

)
.

Proof. The kth iterated line graph Lk(G) is a regular graph of degree 2kr−2k+1+2.
Therefore by Eq. 2.5, we get the desired result. �

Definition 2.14. [8] The jump graph J(G) of a graph G is a graph with vertex
set as E(G) where the two vertices of J(G) are adjacent if and only if they
correspond to two nonadjacent edges of G.

Corollary 2.15. If G is an r-regular graph of order n, then

PDkS(J(G))(ξ) =

(
ξ + 2

(
(n−4)r

2
+ 1
)k)nr

2
−1(

ξ − 2
(

(n−4)r
2

+ 1
)k(

nr
2
− 1
))

.

Proof. The jump graph of an r-regular graph is

(
(n−4)r

2
+ 1

)
-regular graph with

nr
2

vertices. Therefore, the result follows from Eq. 2.5.
�

Definition 2.16. [13] The n-cube Qn is defined recursively by Q1 = K2 and
Qn = K2 × Qn−1. The Qn has 2n vertices which may be labelled a1, a2, ..., an,
where each ai is either 0 or 1. Two points of Qn are adjacent if their binary
representations differ at exactly one place.

Corollary 2.17. If n-cube Qn is n-regular with 2n vertices and n2n−1 edges, then

PDkS(Qn)(ξ) =
(
ξ + 2nk

)2n−1(
ξ − 2nk(2n − 1)

)
.

Proof. The n-cube graph of an r-regular graph is n-regular graph with 2n vertices.
Therefore, the result follows from Eq. 2.5. �

3. Degree kth power sum polynomial of generalized graphs
related to cycle

In this section, we obtain the degree kth power sum polynomial of generalized
graphs related to cycle. Scaria et al., [21] defined some generalised graphs related
to the cycle Cn namely, M(n, k), T (n, k, t), N(n, k, t), D(n, k, t,m), C(n, k, t),
PC(n, k, t) and CC(n, k, t).
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Definition 3.1. [21] The graph M(n, k) has vertices, respectively, edges given
by

V (M(n, k)) = {ui, vi/0 ≤ i ≤ n− 1},

E(M(n, k)) = {uivi, uivi+1, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and k < n

2
.

Definition 3.2. [21] The graph T (n, k, t) has vertices, respectively, edges given
by

V (T (n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},

E(T (n, k, t)) = {uivi, uivi+1, uiui+t, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and t, k < n

2
.

Definition 3.3. [21] The graph N(n, k, t) has vertices, respectively, edges given
by

V (N(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},

E(N(n, k, t)) = {uivi+t, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and t, k < n

2
.

Scaria et al., [21] gave the definition of N(n, k, t) and mentioned that N(n, k, t)
is the neighborhood corona of Cn with K1, for k = t = 1. There is some flaw in
the definition, we correct it.

Definition 3.4. The graph N(n, k, t) has vertices, respectively, edges given by

V (N(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},

E(N(n, k, t)) = {uivi+t, viui+t, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and t, k < n

2
.

Definition 3.5. [21] The graph D(n, k, t,m) has vertices, respectively, edges
given by

V (D(n, k, t,m)) = {ui, vi/0 ≤ i ≤ n− 1},

E(D(n, k, t,m)) = {uiui+t, uivi+m, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and t,m, k < n

2
.

Scaria et al., [21] gave the definition ofD(n, k, t,m) and mentioned thatD(n, k, t,m)
is the double graph of Cn, for k = t = m = 1. There is some flaw in the definition,
we give correct definition.

Definition 3.6. The graph D(n, k, t,m) has vertices, respectively, edges given
by

V (D(n, k, t,m)) = {ui, vi/0 ≤ i ≤ n− 1},

E(D(n, k, t,m)) = {uiui+t, ui+mvi, uivi+m, vivi+k/0 ≤ i ≤ n− 1},
where the subscripts are expressed as integers modulo n > 4 and t,m, k < n

2
.
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Definition 3.7. [21] The graph C(n, k, t) has vertices, respectively, edges given
by

V (C(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},
E(C(n, k, t)) = {uiui+k, uivi, vivi+t/0 ≤ i ≤ n− 1},

where the subscripts are expressed as integers modulo n > 4 and t, k < n
2
.

Definition 3.8. [21] The graph PC(n, k, t) has vertices, respectively, edges given
by

V (PC(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},
E(PC(n, k, t)) = {uivj, uivi, vivi+k/0 ≤ i, j ≤ n− 1},

where j /∈ {i + n − t, i + t} and the subscripts are expressed as integers modulo
n > 4 and t, k < n

2
.

Scaria et al., [21] gave the definition of PC(n, k, t). There is a flaw in the
definition, we give correct definition.

Definition 3.9. [21] The graph PC(n, k, t) has vertices, respectively, edges given
by

V (PC(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},
E(PC(n, k, t)) = {uivj, vivi+k/0 ≤ i, j ≤ n− 1},

where j /∈ {i + n − t, i + t} and the subscripts are expressed as integers modulo
n > 4 and t, k < n

2
.

Definition 3.10. [21] The graph CC(n, k, t) has vertices, respectively, edges
given by

V (CC(n, k, t)) = {ui, vi/0 ≤ i ≤ n− 1},
E(CC(n, k, t)) = {uiuj, uivi, vivi+k/0 ≤ i, j ≤ n− 1},

where j /∈ {i + n − t, i + t} and the subscripts are expressed as integers modulo
n > 4 and t, k < n

2
.

Theorem 3.11. The degree kth power sum polynomial of M(n, k) is

PDkS(M(n,k))(ξ) = (ξ + 22k+1)n−1(ξ + 2k+1)n−1{ξ2 + (n− 1)223k+2

−(n− 1)(22k+1 + 2k+1)− n2(4k + 2k)2}.

Proof. The degree kth power sum matrix of M(n, k) is

DkS(M(n, k)) =

[
22k+1(Jn − In) (4k + 2k)Jn×n
(4k + 2k)Jn×n 2k+1(Jn − In)

]
Therefore,

PDkS(M(n,k))(ξ) = |ξI −DkS(M(n, k))|

=

∣∣∣∣ (ξ + 22k+1)In − 22k+1Jn −(4k + 2k)Jn×n
−(4k + 2k)Jn×n (ξ + 2k+1)In − (2k+1)Jn

∣∣∣∣
Using Lemma 2.1, we get the required result. �
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(g) PC(6, 1, 1)

(f) CC(6, 1, 1)(e) C(6, 1, 1)(d) D(6, 1, 1, 1)

(b) T (6, 1, 1) (c) N(6, 1, 1)(a) M(6, 1)

Figure 2. Some generalized graphs related to cycle.

Theorem 3.12. The degree kth power sum polynomial of T (n, k, t) is

PDkS(T (n,k,t))(ξ) =
(
ξ + 2(4)k

)2n−1(
ξ − 2(4)k(2n− 1)

)
.

Proof. The graph T (n, k, t) is a 4-regular graph with 2n vertices. Therefore, the
result follows from Eq. 2.5. �

Theorem 3.13. The degree kth power sum polynomial of C(n, k, t) is

PDkS(C(n,k,t))(ξ) =
(
ξ + 2(3)k

)2n−1(
ξ − 2(3)k(2n− 1)

)
.

Proof. The graph C(n, k, t) is a 3-regular graph with 2n vertices. Therefore, the
result follows from Eq. 2.5. �

Theorem 3.14. The degree kth power sum polynomial of PC(n, k, t) is

PDkS(PC(n,k,t))(ξ) = (ξ + 2nk)n−1(ξ + 2(n− 2)k)n−1{ξ2 + 4(n− 1)2nk(n− 2)k

−2(n− 1)(nk + (n− 2)k)− n2(nk + (n− 2)k)2}.

Proof. The degree kth power sum matrix of PC(n, k, t) is

DkS(PC(n, k, t)) =

[
2nk(Jn − In) (nk + (n− 2)k)Jn×n

(nk + (n− 2)k)Jn×n 2(n− 2)k(Jn − In)

]
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Therefore,

PDkS(PC(n,k,t))(ξ) = |ξI −DkS(PC(n, k, t))|

=

∣∣∣∣ (ξ + 2nk)In − 2nkJn −(nk + (n− 2)k)Jn×n
−(nk + (n− 2)k)Jn×n (ξ + 2(n− 2)k)In − (2(n− 2)k)Jn

∣∣∣∣
Using Lemma 2.1, we get the required result. �

Theorem 3.15. The degree kth power sum polynomial of CC(n, k, t) is

PDkS(CC(n,k,t))(ξ) = (ξ + 2 · 3k)n−1(ξ + 2(n− 2)k)n−1{ξ2 + 4 · 3k(n− 1)2(n− 2)k

−2(n− 1)(3k − (n− 2)k)}.

Proof. The degree kth power sum matrix of CC(n, k, t) is

DkS(CC(n, k, t)) =

[
2 · 3k(Jn − In) (3k + (n− 2)k)Jn×n

(3k + (n− 2)k)Jn×n 2(n− 2)k(Jn − In)

]
Therefore,

PDkS(CC(n,k,t))(ξ) = |ξI −DkS(CC(n, k, t))|

=

∣∣∣∣ (ξ + 2 · 3k)In − 2 · 3kJn −(3k + (n− 2)k)Jn×n
−(3k + (n− 2)k)Jn×n (ξ + 2(n− 2)k)In − (2(n− 2)k)Jn

∣∣∣∣
Using Lemma 2.1, we get the required result. �

Theorem 3.16. The degree kth power sum polynomial of N(n, k, t) is

PDkS(N(n,k,t))(ξ) = (ξ + 22k+1)n−1(ξ + 2k+1)n−1{ξ2 + 23k+2(n− 1)2

−(n− 1)(22k+1 + 2k+1)− n2(4k + 2k)2}.

Proof. The degree kth power sum matrix of N(n, k, t) is

DkS(N(n, k, t)) =

[
22k+1(Jn − In) (4k + 2k)Jn×n
(4k + 2k)Jn×n 2k+1(Jn − In)

]
Therefore,

PDkS(N(n,k,t))(ξ) = |ξI −DkS(N(n, k, t))|

=

∣∣∣∣ (ξ + 22k+1)In − 2 · 3kJn −(4k + 2k)Jn×n
−(4k + 2k)Jn×n (ξ + 2k+1)In − (2k+1)Jn

∣∣∣∣
Using Lemma 2.1, we get the required result. �

Theorem 3.17. The degree kth power sum polynomial of D(n, k, t,m) is

PDkS(D(n,k,t,m))(ξ) =
(
ξ + 2(4)k

)2n−1(
ξ − 2(4)k(2n− 1)

)
.

Proof. The graph D(n, k, t,m) is a 4-regular graph with 2n vertices. Therefore,
the result follows from Eq. 2.5. �
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4. Bounds for the largest degree kth power sum eigenvalue and
degree kth power sum energy of graphs

We require the following theorems to prove our next results.

Theorem 4.1. [4] The Cauchy-Schwarz inequality states that if (a1, a2, ..., an)
and (b1, b2, ..., bn) are two real n-vectors, then

(
n∑

i=1

aibi

)2

≤
( n∑

i=1

a2i

)( n∑
i=1

b2i

)
.

Theorem 4.2. [17] Let ai and bi, 1 ≤ i ≤ n are nonnegative real numbers, then

n∑
i=1

ai
2

n∑
i=1

bi
2 −

( n∑
i=1

aibi

)2
≤ n2

4
(M1M2 −m1m2)

2,

where M1 = max
1≤i≤n

(ai); M2 = max
1≤i≤n

(bi); m1 = min
1≤i≤n

(ai); m2 = min
1≤i≤n

(bi).

Theorem 4.3. [5] Let ai and bi, 1 ≤ i ≤ n are nonnegative real numbers, then

∣∣∣∣∣n
n∑

i=1

aibi −
( n∑

i=1

ai

)( n∑
i=1

bi

)∣∣∣∣∣ ≤ µ(n)(A− a)(B − b),

where a, b, A and B are real constants, such that for each i, 1 ≤ i ≤ n, a ≤ ai ≤ A

and b ≤ bi ≤ B. Further, µ(n) = nbn
2
c
(

1− 1
n
bn
2
c
)
.

Theorem 4.4. [11] Let ai and bi, 1 ≤ i ≤ n are nonnegative real numbers, then

n∑
i=1

bi
2 + c1c2

n∑
i=1

ai
2 ≤ (c1 + c2)

(
n∑

i=1

aibi

)
.

where c1 and c2 are real constants, such that for each i, 1 ≤ i ≤ n holds, c1ai ≤
bi ≤ c2ai.

Theorem 4.5. The eigen values of DkS(G) satisfies the relations

1.
∑n

i=1 ξi = 0.
2.
∑n

i=1 ξ
2
i = 2S, where S =

∑
i<j(d

k
i + dkj )2.
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Proof. By the definition of DkS(G),
∑n

i=1 ξi = 0
Next,

n∑
i=1

ξ2i = trace((DkS(G))2)

=
n∑

i=1

n∑
j=1

cijcji

=
n∑

i=1

n∑
j=1

c2ij

= 2
∑
i<j

(dki + dkj )2

= 2S, where S =
∑
i<j

(dki + dkj )2.

�

Theorem 4.6. If G is a connected graph with n vertices, then

ξ1 ≤
√

2S(n− 1)

n
.

Proof. Let ai = 1 and bi = ξi for i = 2, 3, ..., n in Theorem 4.1. Therefore( n∑
i=2

ξi

)2
≤ (n− 1)

( n∑
i=2

ξi
2
)

(4.1)

From Theorem 4.5, we have
∑n

i=2 ξi = −ξ1 and
∑n

i=2 ξi
2 = 2S − ξ12

Therefore Eq. 4.1 becomes

(−ξ1)2 ≤ (n− 1)(2S − ξ12)
which gives

ξ1 ≤
√

2S(n− 1)

n
.

�

Equality holds for ξ1 if G is regular graph.

Theorem 4.7. If G is a graph with n vertices, then
√

2S ≤ EDkS(G) ≤
√

2nS.

Proof. For ai = 1 and bi = ξi in Theorem 4.1 we obtain,( n∑
i=1

ξi

)2
≤ n

( n∑
i=1

|ξi|2
)

Now
(EDkS(G))2 ≤ 2nS

EDkS(G) ≤
√

2nS (4.2)
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This is an upper bound. Now

(EDkS(G))2 =
( n∑

i=1

ξi

)2
≥

n∑
i=1

|ξi|2 = 2S,

which gives a lower bound

EDkS(G) ≥
√

2S. (4.3)

Combining Eq. 4.2 and Eq. 4.3 we get
√

2S ≤ EDkS(G) ≤
√

2nS.

�

Theorem 4.8. If G is a graph with n vertices, then

EDkS(G) ≥
√

2nS − n2

4
(|ξ1| − |ξn|)2.

Proof. For ai = 1 and bi = ξi in Theorem 4.2 we get,
n∑

i=1

12

n∑
i=1

|ξi|2 − (
n∑

i=1

|ξi|)2 ≤
n2

4
(|ξ1| − |ξn|)2

2nS − (EDkS(G))2 ≤ n2

4
(|ξ1| − |ξn|)2

EDkS(G) ≥
√

2nS − n2

4
(|ξ1| − |ξn|)2.

�

Theorem 4.9. If G is an (n,m) graph, then

EDkS(G) ≥
√

2nS − µ(n)(|ξ1| − |ξn|)2,

where µ(n) = nbn
2
c
(

1− 1
n
bn
2
c
)
.

Proof. Let ai = |ξi| = bi, A = ξ1 = B and a = |ξn| = b in Theorem 4.3 then∣∣∣∣∣n
n∑

i=1

|ξi|2 −
( n∑

i=1

|ξi|
)2∣∣∣∣∣ ≤ µ(n)

(
|ξ1| − |ξn|

)2
(4.4)

Since, EDkS(G) =
∑n

i=1 |ξi| and
(∑n

i=1 |ξi|
)2

Inequality 4.4 gives

2nS − (EDkS(G))2 ≤ µ(n)(|ξ1| − |ξn|)2

.
EDkS(G) ≥

√
2nS − µ(n)(|ξ1| − |ξn|)2.

�

Theorem 4.10. If G is a graph with n vertices, then

EDkS(G) ≥ 2S + n|ξ1||ξn|
|ξ1|+ |ξn|

,

where |ξ1| is maximum and |ξn| is minimum absolute value of ξ′is.
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Proof. Let ai = 1 and bi = ξi, c1 = |ξn| and c2 = |ξ1| in Theorem 4.4 then

n∑
i=1

|ξi|2 + |ξ1||ξn|
n∑

i=1

12 ≤ (|ξ1|+ |ξn|)
( n∑

i=1

|ξi|
)

Since EDkS(G) =
∑n

i=1 |ξi| and
∑n

i=1 |ξi|2 = 2S.
On simplification,

2S + |ξ1||ξn| ≤ (|ξ1|+ |ξn|)EDkS(G) (4.5)

simple calculation of inequality 4.5 yields the required result. �

5. Conclusion

In this paper, we have introduced a new graph matrix called the degree kth

power sum matrix and its energy. Further, we obtained degree kth power sum
polynomial of some standard class of graphs and generalized graphs related to
cycle. Being new generalized version of degree based graph energy, the DkS(G)
lies on the fact that their special cases, for particular chosen value of the parameter
k, coincide with the some of previously considered matrices defined on graph. The
bounds for the largest degree kth power sum eigenvalue and degree kth power sum
energy of a graph are investigated.
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