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REPRESENTATIONS OF SU(2) AND SOME APPLICATIONS

A. DEBLIJ, N.HADDAR AND H. HAMRAOUI

Abstract. We compute the ring of periodic complex K-theory of the classi-
fying space of SU(2) by the Atiyah Segal completion theorem and we compute
its ring of connective K-theory by investing the Atiyah Hirzebruch spectral
sequence and a cofibration spectra map connecting the connective K-theory
and the integral cohomology theory.

1. Introduction

It is well known that the determination of the irreducible representations of
certain compact Lie groups allow to solve the heat equations [7] . On the other
hand, in the 60’s, Atiyah defined in [2], for any paracompact space the ring of
topological K-theory.
Thanks to the work of Atiyah-Segal in [3], which allows us the computation of
the topological K-theory ring of the classifying space of compact Lie groups by
completing the representation ring generated by their irreducible representations
with respect to the augmentation ideal.

In this work we focus on the special unitary group SU(2) and its classifying
space BSU(2).
In section 2, we determine the ring of complex representations R(SU(2)) and its

completion R̂(SU(2)). We prove that R(SU(2)) = Z[v] where v = t − 2 and t
being the stantard representation.
In section 3, using the Atiyah-Segal completion theorem, we deduce the ring of the
K-theory of BSU(2), KBSU(2) = Z[[w]] where w is the vector bundle associated
to the representation v. We conclude by determining the ring of the connective
K-theory of BSU(2).
As was mentionned in [6] knowing connective K-theory of BSU(2) sheds light on
his cobordism.
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2. The representation ring R(SU(2)) and its completion

The special unitary group

SU(2) =

{(
α −β
β α

)
: α, β ∈ C, |α|2 + |β|2 = 1

}
(2.1)

Where the overline denotes complex conjugation.
It is a simply-connected, compact Lie group diffeomorphic to the 3-sphere S3.
In [7], Faraut determines the irreducible representations of SU(2), Indeed :
Every irreducible complex representation of SU(2) is equivalent to (πn,Pn) where

πn : SU(2) −→ AutC(Pn)

g =

[
a b
c d

]
7−→ πn(g)(f)(x, y) = f(ax+ cy, bx+ dy)

(2.2)

where Pn is the complex vector space of homogeneous polynomials in two
variables with complex coefficient of degree n.
The representations πn verify the Clebsh-Gordan relations [7]

πp ⊗ πq =

min(p,q)∑
k=0

πp+q−2k (2.3)

Let denote by t the class of the standard representation π1 in R(SU(2)).

Theorem 2.1.

R(SU(2)) = Z[t] (2.4)

where |t| = 2.

Proof. By the Clebsh-Gordan relations, we have for all integers n > 1.

π1 ⊗ πn =

min(n,1)∑
k=0

πn+1−2k = πn+1 ⊕ πn−1 (2.5)

Therefore for any integer n > 1 :

πn+1 = π1πn − πn−1. (2.6)

Let show for any integer n > 0, that πn ∈ Z[t].
We have π0 = P (π1) where P (X) = 1 and π1 = P (π1) where P (X) = X.
Let’s assume that for n > 1, πn and πn−1 belong to Z[t].
By Equation (2.6), we have πn+1 ∈ Z[t].
Thus, by induction for all n > 0, πn ∈ Z[t]. Therefore R(SU(2)) = Z[t].

�

Theorem 2.2. The completion ring of R(SU(2)) with respect to its augmentation
ideal I(SU(2)) is :

R̂(SU(2)) = Z[[v]] (2.7)

where v = t− 2.
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Proof. We have Z [v] = Z [t] where v = t− 2.
Then R(SU(2)) = Z[v] and the augmentation ideal I(SU(2)) is generated by v.
Hence

R̂(SU(2)) = lim←−
R(SU(2))

In
= lim←−

Z [t]

(t− 2)n
= lim←−

Z [v]

(v)n
= Z[[v]].

�

3. The ring K∗(BSU(2))

In [3] Atiyah and Segal describe the K-theory of the classifying space BG for
any compact Lie group G.
Let V be a finite dimensional complex representation of G, then we can form the
complex vector bundle over BG with fiber V.

(EG× V )/G = EG×G V −→ BG (3.1)

Where G acts on the right on the universal space EG and on the left on V .
So we have a naturel map

R(G) −→ K0(BG) (3.2)

Let I(G) be the kernel of the augmentation map R(G) −→ Z sending a repre-

sentation to its dimension and R̂(G) = lim←−
R(G)

I(G)n
be the I(G)-adic completion

of R(G). Then the Atiyah Segal completion theorem asserts that the map (3.2)

induces an isomorphism R̂(G)) ∼= K0(BG) and K1(BG) = 0.

Theorem 3.1.

K0(BSU(2)) = Z[[w]] (3.3)

Moreover,

K1(BSU(2)) = 0. (3.4)

Proof. Let WSU(2) = (ESU(2), p, BSU(2)) be the universal fiber bundle of SU(2).
For every finite complex representation ϕ of SU(2) we associated the vector bun-
dle WSU(2)(ϕ) over BSU(2).
Since SU(2) is a compact Lie group . The Atiyah augmented ring homomorphism

A : R(SU(2)) −→ K∗(BSU(2))∑
i nit

i 7−→
∑

i niw
i (3.5)

where A(t) = WSU(2)(t) = w.
Induces after completion the augmented filtered complete ring isomorphism.

Â : R̂(SU(2))) −→ K∗(BSU(2)) (3.6)

Hence we deduce that K0(BSU(2)) = Â(R(SU(2))) = Â(Z[[v]]) = Z[[w]] and
K1(BSU(2)) = 0.

�



68 A. DEBLIJ, N.HADDAR AND H. HAMRAOUI

4. The ring k∗(BSU(2))

The complex K-theory is represented by a 2-periodic ring Ω-spectrum KU
where KU2n = BU × Z and KU2n+1 = U , by Bott periodicity theorem the
homotopy groups of KU are

πi(KU) =

{
Z{ui} if n is even

0 if n is odd
(4.1)

Where u is the Bott element of degree 2.
Hence its coefficient ring is the graded ring π∗(KU) = Z[u, u−1].
We can form the connective cover of this ring specrtum denoted by ku, where
kun = KU(n, ...,∞) is an nth connected cover of the space KUn for n ≥ 0 and
ku2n = BU, ku2n+1 = U for n 6 0.
The morphisms adjoint to the structure morphisms are the maps see([1]).{

ku2n+2 = BU(2n+ 1, ...,∞) −→ ku2n = BU(2n, ...,∞)
ku2n+1 = U(2n+ 1, ...,∞) −→ ku2n−1 = U(2n− 1, ...,∞)

(4.2)

Hence we obtain a ring spectrum map ku −→ KU which induces the isomor-
phisms on homotopy groups in positive degree. Hence

πi(ku) =

{
πi(KU) if i ≥ 0

0 if i < 0
(4.3)

As a graded ring π∗(ku) = Z[u].
We call the corresponding cohomology theory the reduced connective K-Theory
and we have kun(X) = [(X, x0), (kun, ∗)] for all pointed CW-complex (X, x0).
The main theorem is:

Theorem 4.1. The connective ring of the classifying space BSU(2) is

ku∗(BSU(2)) = Z[u][[c2]] (4.4)

where c2 = c2(π1) is the second Chern class of the standard representation π1.

The proof of the main theorem requires some technical lemmas:

1) The maps (4.2) induce a morphism see([1]) β : (kn) −→ (kn) of Ω-spectra.
Hence β is the morphism of spectra corresponding to multiplication by u
in ku-cohomology.

2) The maps see([1]){
k2n = BU(2n, ...,∞) −→ k2n = (HZ)2n = BU(2n)

k2n+1 = U(2n+ 1, ...,∞) −→ (HZ)2n+1 = U(2n+ 1)
(4.5)

induce a ring homomorphism η : (kn) −→ (HZ) of Ω-spectra where HZ
is the spectrum associated to the integral cohomology theory. So that it
induces the homomorphism η∗ : ku∗(pt) → H∗(pt;Z) given by ηi = 0 if
i ≥ 0 and the identity if i = 0.

Adams in [1] showed the following result.

Lemma 4.2. [8] The sequence (kn)
β−→ (kn)

η−→ (HZ) is a cofibration sequence of
spectra.
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Therefore it gives the long exact sequence of Z[u]-modules.

Corollary 4.3. For every n ≥ 2. We have a long exact sequence of Z[u]-modules:

... H̃n−3(BSU(2),Z) kn(BSU(2)) kn−2(BSU(2)) H̃n−2(BSU(2),Z)

kn+1(BSU(2))

...

δ βn ηn−2

δ

(4.6)
Where δ is the boundary homomorphism.

Next we establish that the integral cohomology H∗(BSU(2),Z) is concentrated
in even degrees.

Lemma 4.4. The integral cohomology of BSU(2)

H∗(BSU(2),Z) = Z[c2]. (4.7)

Proof. The integral cohomology of BU(2) is H∗(BU(2),Z) = Z[c1, c2] where
c1 ∈ H2(BU(2),Z) and c2 ∈ H4(BU(2),Z) are the first and second universal
Chern class.
The exact sequence of groups 1→ SU(2)

j−→ U(2)
det−→ U(1)→ 1 yields the fibra-

tion BSU(2)
Bj−→ BU(2)

Bdet−−→ BU(1), by Serre spectral sequence the homomor-
phism Bj∗ : H∗(BU(2),Z)→ H∗(BSU(2),Z) is an epimorphism and j∗(c1) = 0,
it follows that its restriction to Z[c2] is an isomorphism. �

Proof of Theorem 4.1. Since H∗(BSU(2),Z) is concentraded in even degrees
the Atiyah-Hirzebruch spectral sequence H∗(BSU(2), ku∗) =⇒ ku∗(BSU(2)) is
concentraded in even degree, so is ku∗(BSU(2)) and the boundary homomor-
phism δ : Hn(BSU(2),Z)→ kun+3(BSU(2)) is therefore 0, hence βn : kun(BSU(2))→
kun−2(BSU(2)) is a monomorphism .
Then ku∗(BSU(2)) is the complete Z[u]-algebra freely generated by c2.

Remark 4.5. The techniques used above by the authors to calculate the K-theory
and the connective K-theory of BG for G a compact Lie group inspired K. Azi
and H.Hamraoui to generalize them in order to find the K-toplogical theory of
the classifying space BSLd(K), K a commutative field and BSLd(K) the special
group of order d. Indeed in [4], K. Azi and H. Hamraoui determined the repre-
sentations of SLd and then in [5] they proved an analogue of the Atiyah-Segal
completion theorem in the homotopy category of schemas. This allowed them to
determine the K- topological theory of BSLd(K).
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