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SEMIDIRECT PRODUCT OF WEAK INVERSE PROPERTY
POWER ASSOCCIATIVE CONJUGACY CLOSED (WIP PACC)
LOOPS

OLUFEMI GEORGE

ABSTRACT. In this work, it is shown that if A, K and @Q are loops such that
Q = A xg K, where § : A — SymK. Then @ is weak inverse property power
associative conjugacy closed loop if and only if A and K are weak inverse
property power associative conjugacy closed loops, 6(x) is a nuclear automor-
phism of K in the sense that k~1kf(z) € N(K) for each x € A, k € K and

0(zy) = 0(z)0(y).

1. INTRODUCTION AND PRELIMINARIES

Phillips in [10] axiomatized the variety of weak inverse property power associative
conjugacy closed loops by the LWPC; (zy - z) - xz = z((yx - ©)2z) and the RWPC;
zx-(x-yx) = (z(z-xy))x identities. George and Jaiyeola in [1] using a generalized
and modified nuclear identification model originally introduced by Drapal and
Jedlicka [2] discovered twelve new loop identities which they christened loops of
second Bol-Moufang type. A loop is said to be of second Bol-Moufang type if it
contains three variables in the same order on both sides of the equation and with
one of the variables appearing three times.

Coincidentally, the LWPC and RWPC identities are among the twelve newly
nuclearly identified loops.

The main purpose of this paper is to present a necessary and sufficient conditions
for the semi-direct product of loops to produce WIP PACC loop.

A loop @ is a set with a binary operation - such that for all a,b € @, the
equations ax = b and ya = b have unique solutions x and y in ) and there exists
e € @ such that ex = ze = x for any x € ). The unique solutions are given
by x = a\ b and y = b/a. The reader can consult the books [I, 9] for a general
background in loop theory. In a loop () with identity 1, for all x € () there exists
a unique right inverse element 2” and a unique left inverse element z* such that
ra’ =tz = 1.
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Note that 2” is not always equal to 2* in a loop, when they are equal we write
2” = 2* = 7! and say the loop has two sided inverse.

The left nucleus N, the middle nucleus N, and the right nucleus N, of a loop
() are defined by

NA(Q) ={a€Q: a-sy=az-y Yz, ycQ),

N Q)={a€Q: wa-y=x-ay Yz, ycQ},

N(Q)={a€eQ: zy-a=x-ya Yz, yeQ}
The intersection

N(Q) = N,(@) N N\(@) N Nu(Q)

is called the nucleus of Q).

A triple of bijections (U, V, W) is called an autotopism of a loop @) provided
that

zU - yV = (zy)W. (1.1)
for all x, y € Q.
It is easy to see that
a € N\(Q) < (L(a), I, L(a)) € Atp(Q) (1.2)
a € N,(Q) & (R '(a), L(a), I) € Atp(Q) (1.3)
a € N,(Q) < (I, R(a), R(a)) € Atp(Q) (1.4)
Conjugacy closed loops (CC-loop) are loops satisfying the following two identities:
zy-x=zx -x\(yz). (RCC)
r-yz = (xy)/x - xz. (LCC)

A loop (@Q,-) is called an extra loop if it satisfies any of the following for all
x,y,2 €Q:

xy - vz =x(yx - 2). (1.5)

yr - zx = (y - x2)x. (1.6)

A loop is a weak inverse property loop if it satisfies any one of the equivalent

identities:

w(yx)’ =y” or (ay)e =yt (1.7)

Aloop (Q, -) is power associative if subloops generated by every single elements

are groups. This is easily seen to be equivalent to 2" = 2™ . 2" for every z € Q

and for all m, n € Z.
By [10], a loop @ is a WIP PACC-loop if and only if it fulfils the laws

(xy-x) -xz = x((yxr - x)z) and (LWPC)
ze - (x-yx) = (2(z - xy))x (RWPC)
Definition 1.1. [0]. Let A and K be loops and let § : A — SymK such that

(ex)0(a) = ex and kf(e4) = k. The external semi-direct product A x4 K is the
set A x K, with the binary operation

(CLl, ]{71> . (CLQ, k‘g) = (alag, k;lé’(ag) . k?g) (18)
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for all ai, as € A, ki, ks € K.

It is easy to see that A x4 K is a loop with identity element (e4, ex), right and
left division operations given by:

(a1, k1)/(az, ko) = (ar/as, (ki/k2)0,,) (1.9)
(a1, ki)\(az, k2) = (a1\az, [(k1)0a,\a5]\F2)- (1.10)
Theorem 1.2. [5]. If Q = A x K is the external semidirect product of loops

A and K, then Q is isomorphic to the internal semidirect product of subloops

A x {1} and {1} x K.

2. MAIN RESULTS
Proposition 2.1. Let Q be an LWPC (RWPC) loop. Then x* = 2f = 271
Proof. Put z = 1 and y = 2 in LWPC (RWPC) identity. O
The following lemma gives an autotopism characterization of a WIP PACC loop.

Lemma 2.2. [3] Let (Q, ) be a loop.

(a) (Q, -) is an LWPC loop < A(x) = (R7?(x)L(z)R(x), L(z), L(x)) € AtpQ
(b) (Q, -) is an RWPC loop < B(z) = (R(z), L™*(x)R(z)L(x), R(z)) € AtpQ.
We now determine when the semi-direct products of loops produce WIP PACC
loop.

Lemma 2.3. Let Q, A, and K be loops such that () = A x¢ K, where 0 : A —
SymK. Then Q) is an LWPC loop if and only if

(i) A is an LWPC loop, and

(ii) the equation

((k10(as) -ke)0(a1)-k1)0(aras)-(ki0(as)-ks) = /ﬁ@((a2a1‘a1)a3)'(((/f29(a1)'kl)e(él)l')kl)e(%)‘k?))
holds for all ay, as, az € A and ky, ko, k3 € K. .

Proof. Let x = (a1, k1), y = (a2, k2), and z = (a3, k3) € Q.
Now use equation (1.8) to exhibit the LWPC identity;
(xyx)xz = ((alag-al)'alag, ((]{719(@2>'k’Q)e((ll)‘k1)6<a1a3)'(]ﬁe(ag)'kg). (22)
.T((yIQZ)Z) = (al((agal-al)ag), klﬁ((aQal-al)a3)~(((kg@(al)~k1)9(a1)~k1)0(a3)'kg).
(2.3)
Comparing the first and second components of equation (2.2) and (2.3), we obtain
(a1a2 . CLl) . (alag) = al((agal . al)ag) (24)
and equation (2.1). O
Lemma 2.4. Let ), A, and K be loops such that () is the external semi-
direct product of A and K. If 0(x) is an automorphism of K for all x € A, if
O(yx) = 0(y)0(z) for all x, y € A, then
A(k, x, y) = (R™ (k)R (k0(x)) L(k0(y)0(2)0(x)) R(k0(x)), L(k), L(kO(y)0(x)0()))
forallx, y € Aand all k € K.
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Proof. The LWPC identity is equivalent to

(@((y/x)/x))x - 22 =2 - yz. (2.5)
Let © = (a1, k1), y = (ag, ks), 2 = (as, k3) for aj,as,a3 € A and ky, ko, k3 € K.
Now using equation (1.9) and (1.8) to express (2.5), we have
((

[(az, ko) / (a1, k1)]/ (a1, k1) = ((az/ar)/ax, (((ko/k1)0 (ar))k1)0 (an)),
(a1, k1)[((az, ka2)/ (a1, k1)) /(ar, k1)) = (araa, ki6(as) - (((k2/k1)0" " (a1))/k1)0" (aq)),

where a4 = (ay/a1)/a; for a4 € A.
(a1, k1)(((ag, k2)/ (a1, k1)) / (a1, k1))](ar, ki)
—(aray - ay, (k10(as)0(ar) - (((ko/k1)0" (a1))/k1) - k1),

[(a1, k1) (((ag, k2)/ (a1, k1)) /(ar, k1)|(ar, k1) - (a1, ki) (as, ks)

=((a1a4 - a1) - araz, (k16(as)8(ar) - (((ka/k1)07"(ar))/F1) - k1)0(a1)(as) - (/ﬁ@(( )(;’3) ks).
(a1, k1)[(az, k2)(as, k3)] = (a1 - azas), k16(azas) - (k260(as) - k3)). (2.7)

By comparing the second components of (2.6) and (2.7) and recall that ay
(az/ay)/ay, then set ay = asa; - a; and note that 6(yx) = 0(y)0(x) = 0(zy - x)
0(x)0(y)0(x), we therefore have

[(k16(az)0(ar) - ((ko/k107 (a1))/k1)) - ka]O(ar) - kO™ (az) = ki0(azar - ar) - koks0~' (az),
[(k10(a2)6(a1)0(ar) - ((k2/k1)/k10(ar))]k10(ar) - (kiks) = k10(az)0(a1)0(ar)(k2ks),
[(FO(y)0(x)0(x) - ((ka/k)/kO(x))]kO(x) - (kks) = kO(y)0(x)0(x) - (kaks)

and the result follows. OJ

Theorem 2.5. Let ), A, and K be loops such that ) = A x¢ K, where
0:A— SymK. Then Q is an LWPC loop if and only if
(i) A is an LWPC loop,

(i) 0(zy) = 0(x)0(y),
(ii) A(k, z, y) = (R~ (k)R™'(kO(x)) L(kO(y)0(x)0(x)) R(kO(x)), L(k), L(kO(y)0(x)0(x)))

1s an autotopism of K for all x, y € A and all k € K.

Proof. (i) and (iii) is from Lemmas 2.3 and 2.4, we only need to show that (ii)
holds whenever ) is an LWPC loop.
Now set k; = k3 = ex in (2.1) and replacing ka(aq) by k gives
0(&1&3) = 0(&1)0(&3).
O

Example 2.6. The example in Table 1 resp.( Table 2 ) is an LWPC (RWPC)
loop of order 8.

Using the Groups, Algorithms, Programming (GAP Package) [%] and Library
of GAP-LOOPS Package [7], Z(Q) = N(Q) = {1,8}.
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1 23456738 112 3 45 6 7 8
111 2 3 45 6 7 8 111 2 3 45 6 7 8
22 1 8 6 7 45 3 2121 87 6 5 4 3
3/3 81 76 5 4 2 3/13 81 6 7 45 2
414 7 6 81 2 3 5 414 76 1 8 2 35
5/5 6 71 8 3 2 4 5/5 6 78 13 2 4
6(6 >4 2 3 8 17 6(6 543 2817
7I7 45 32186 7I7 45 23186
818 3 25 476 1 818 3 25 4 7 6 1
TABLE 1. LWPC-loop @ TABLE 2. RWPC-
of order 8 loop @ of order 8

Lemma 2.7. Let Q, A, and K be loops such that Q) = A xg K, where 0 : A —
SymK. Then Q is an RWPC loop if and only if
(i) A is an RWPC loop, and
(i) the equation
[kge((ll) . ]{31)‘9(@1 . ag(ll) . ((k:lﬁ(agal) . k?ge((ll) . k’l)]
:(kgﬁ(al . alag) . [k19<a1&2) : (k19(a2) . kg))]Q(al) . kl (28)
holds for all ay, as, az € A and ky, ko, k3 € K.

Proof. Let x = (a1, k1), y = (a2, k2), and 2 = (as, k3) € Q.
Now use equation (1.8) to exhibit the RWPC identity, and comparing the first
and the second components yields

asai - (CLl . CLQCLl) = (a3((1,1 . alag))al (29)
and equation (2.8). O

Lemma 2.8. Let ), A, and K be loops such that Q) is the external semi-
direct product of A and K. If 0(x) is an automorphism of K for all x € A and
O(yx) = 0(y)0(x) for all x, y € A, then

B(k, z, y) = (R(k), L™ (k)L™ (k0(2))R(k0(x)0(y)0(x)) L(kO(x)), R(kO(2)0(y)0(z)))
s an autotopisms of K for allxz, y € A and all k € K.

Proof. Since @@ = A x4 K, then by Lemma 2.7, equation (2.8) holds for all

ay, ag, az € A, all /{?1, ]{72, ks € K.

Equation (2.8) holds if and only if

(k30(a1)0(a1)0(az)0(ar) - k16(a1)0(a2)0(ar)) - (k16(az)0(ar) - (k26(ar) - k1))
:(kge(al)Q(al)Q(ag)é’(al) . (k:lﬁ(al)ﬁ(ag)é’(al) . (kJIQ(@)H(al) . ]fg@(al)))) . k?l.

(ks30(a1)0(ar)0(as) - k16(a1)0(as)) - (k10(as) - (koki0~ ' (ar)))
— (kyB(a1)0(a1)0(as) - (k16(a1)0(as)(k10(az)) - ka) - k10~ (an). (2.10)
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Put k1 = k160(a1) and set w = k3f(a1)0(aq)0(az),u = k160(a1)0(a1)(az), v = ko
in equation (2.10)) to get

(wu)(ud*(a) - vud ()0 (a)0 (a)) = (w(u - (ud(a)v)ud " (b)0 " (a)0*(a)

(2.11)
foralla, be A and all u, v, w € K.
From the hypothesis, we have
O(yz) = 0(y)6(z) = 67 (2) = 0(=") (2.12)
for all z € A.
Using (2.12) and put a = z”,b = y” in equation (2.11), we have
wk - k() (kO (2)\(kK\v))k0(2)0(y)0(x)) = (wv)kd(x)0(y)0(x) (2.13)
forall z, y € A and all u, w, k € K and the rest is clear. O

Lemma 2.9. Let Q, A, and K be loops such that Q = A x¢9 K, where 0 : A —
SymK. Then Q) is an RWPC loop if and only if
(i) A is an RWPC loop,

(i) 0(z) is an automorphism of K, for allx, y € A,

(iii) B(k, @, y) = (R(k), L™ (k)L™ (k0(2))R(k0(x)0(y)0(x)) L(k6(x)), R(k6(x)0(y)0(x)))
is an autotopism of K for allx, y € A, allk € K.

Proof. By Lemma2.7 and Lemma 2.8, we only need to prove that 6(z) is an
automorphism of K.
Assuming that @ is an RWPC loop. Then by Lemma 2.7, equation (2.8) holds
for all a1, as, as € A, all kq, ko, k3 € K in .
Setting k1 = ex and ay = e4 in equation (2.8), we obtain
(]{336)(&1> . 0(&%) . k:29(a1) = (l{?30(a%)]{72>0(a1) (214)
for all ajas € A, all ky, ks € K.
Setting ko = e in (2.14), we get
ka(0(a1)0(a?) = ks0(a3)0(ar), (2.15)
substituting (2.15) in (2.14) and replacing k30(a?) by k, yields
]{'9(@1) . k:29(a1) = (k:k:g)Q(al)
O

Definition 2.10. An automorphism 6 of a loop () is right nuclear if 7! - 260 €
N,(Q) for all z € Q.

Theorem 2.11. Let ), A, and K be loops such that ) = A Xy K, where
0:A— SymK. Then Q is an RWPC loop if and only if

(i) A and K are RWPC loops,

(i) 0(x) is a right nuclear automorphism of K, for each x € A.
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Proof. (i) Suppose @ is an RWPC loop. Then by Theorem 1.2, A and K are
RWPC loops since they are isomorphic to subloops of Q). So (i) holds by 2.9.

(ii) Now, from Lemma 2.8, B(k, z, y) is an autotopism of K.
Applying the autotopism B(k, x, y) to the product wv yields

wk - kO(2)((k0(2)\(k\v))k0(2)0(y)0(z)) = (wv)kO(z)0(y)6(z),
set x =y = ey,
wk - k(k\(k\v))k) = (wv)k.

Thus, B(k, ea, ea) = (R(k), L7 (k)L7Y(k)R(k)L(k), R(k)) is an autotopism of
K.
Similarly,

Bk, ea, y) = (R(k), L7 (k)L™ (k) Rk(0(y)L(k), Rk(0(y))

is an autotopism of K.
Now

B(k, ea, ea)”'B(k, ea, y)
= (R(k), L' (k)L™ (k)R(k)L(k), R(k))""(R(k), L™ (k)L™ (k)Rk(6(y)L(k), Rk(6(y)),
= (I, L' (k)R (k) L*(k) L™ (k)L™ " (k))RkO(y)L(k), R~ (k)Rk(6(y)). (2.16)
Applying the autotopism in (2.16) to the product tz and let
U= L' (k)R (k)L (k)L™ (k)L™ (k) RkO(y) L(k),
we have
t-2U = (tz) R (k)RE(0(y). (2.17)

Setting ¢ = e4, we see that U = R~ (k) Rk(6(y).
The autotopism in (2.16) now becomes

(I, B (k)RE(0(y), R~ (k)RK(0(y))- (2.18)
Applying the autotopism in (2.18) to the product zz yields
z- 2R k)RKO(y) = (z2) R (k)REO(y),
and with z = e4, we have
R (k) - R(k0(y)) = R(k™" - ko(y))

forally € A, all k € K.
So the autotopism in (2.18) becomes

(I, R(k™ - kO(y)), R(k™" - ko(y))).

Thus, k71 - k0(y) € N,,.
Conversely, suppose (i) and (ii) hold. Then k! - kf(y) € N,,.
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Let k1 - kO(y) = p, for p € N,(K).
Now,

B(k, e, ea) ' B(k, ea, y) = (I, R (k)R(k0(y)), R~ (k)R(k0(y))),
=t 2R (k)R(kO(y)) = (t2) R~ (k) R(kO(y)),
= tR(k* - k0(y)) = tR™ (k) R(k0(y)),
= tR(k™" - kb(y)) = tR " (k)R(k0(y)).
Thus, B(k, ea, ea) Bk, ea, y) = (I, R(k™ - kO(y)), R(k™'- kO(y))) =

(I, R(p), R(p)) is an autotopism of K and @ is an RWPC loop by Lemma
2.9. ]

Corollary 2.12. Let Q, A, and K be loops with Q = A x¢ K, where § : A —
SymK. Then Q is a WIP PACC loop if and only if
(i) A and K are WIP PACC loops,

(ii) O(x) is a nuclear automorphism of K, for eachx € A,

(i) O(xy) = 0(x)0(y)-

(iUéA(k, x, y) = (R (k)R (kO(x)) L(k0(y)0(2)0(x)) R(k0(x)), L(k), L(k0(y)6(z)0(x)))
B(k, ﬁ ty) = (R(f% L=H (k)L™ (kO (2)) R(k0(2)0(y)0(x)) L(k0(x)), R(kO(x)0(y)0(x)))
are autotopism of Q.

Corollary 2.13. Let Q, A, and K be loops with Q = A x¢g K, where 0 : A —

SymK. Then Q) is an extra loop if and only if
(i) A and K are extra loops,

(i) 0(x) is a nuclear automorphism of K, for each x € A.

Example 2.14. Here is a WIP PACC loop of order 16 with N(Q) = {1, 2, 3,4}.
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TABLE 3. AWIP PACC loop of order 16

/1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
171 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
212 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15
313 4 1 2 8 7 6 5 12 11 10 9 15 16 13 14
414 3 2 1 7 8 5 6 11 12 9 10 16 15 14 13
5/5 6 7 8 1 2 3 4 15 16 13 14 12 11 10 9
6 /6 5 & 7 2 1 4 3 16 15 14 13 11 12 9 10
7|7 8 5 6 4 3 2 1 14 13 16 15 10 9 12 11
818 7 6 5 3 4 1 2 13 14 15 16 9 10 11 12
919 10 11 12 13 14 15 16 1 2 3 4 6 5 8 7
1010 9 12 11 14 13 16 15 2 1 4 3 5 6 7 8
1111 12 9 10 16 15 14 13 4 3 2 1 &8 7 6 5
12712 11 10 9 15 16 13 14 3 4 1 2 7 8 5 6
1313 14 15 16 10 9 12 11 7 8 5 6 4 3 2 1
14|14 13 16 15 9 10 11 12 8 7 6 5 3 4 1 2
15115 16 13 14 11 12 9 10 6 5 8 7 2 1 4 3
6,16 15 14 13 12 11 10 9 5 6 7 8 1 2 3 4
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