Annals of Mathematics and Computer Science
ISSN: 2789-7206
Vol 10 (2022) 27-50

GROWTH AND OSCILLATION OF SOLUTIONS TO LINEAR
DIFFERENTIAL EQUATIONS WITH MEROMORPHIC
COEFFICIENTS OF [P,Q]-ORDER IN THE UNIT DISC

BENHARRAT BELAIDI'* AND FATMA BERRIGHI?

ABSTRACT. This paper is devoted to study the properties of solutions of linear
differential equations when the coefficients are meromorphic functions in the
unit disc. By comparing the growth conditions on the coefficients in the term
of [p, q] —order near a point on the boundary of the unit disc, we obtain general
results about the growth and the oscillation of the solutions of such equations.
We improve some recent results of Hamouda [8], Chen-Deng [6], Qin, Long and
Li [15].

1. INTRODUCTION AND MAIN RESULTS

In this paper, we are particularly interested in the study of the growth and
oscillation properties of solutions of the linear differential equation of the form

O 1 A 1 (2) Y 4 Ay(2) f + Ag(2)f =0, (1.1)

where A;(2) (1 =0,1,...,k—1), k > 2 are analytic or meromorphic in the unit
disc A = {z:|z| < 1}. The growth and oscillation of solutions of linear differen-
tial equation (1.1) has been studied by different researchers in the unit disc by
making use of Nevanlinna’s theory [1, 2, 3,4, 5,6, 8, 10, 11, 12, 13, 14, 15, 17, 18].
Note that in [9, 10, 13, 16] there are some fundamental concepts of the Nevan-
linna’s theory in the unit disc A = {z € C : |z] < 1}. This paper is mainly
concerned with the [p, g]-order of solutions of (1.1) which is the generalization of
the paper of Hamouda [¢] who characterized the iterated n-order of solutions of
(1.1) and the improvement of the results of Chen and Deng [0], Qin et al. [15].
In fact, the growth conditions on the coefficients will be expressed by using the
[p, g]-order instead of the iterated n-order as defined in the paper of Hamouda []
and the papers of Chen and Deng [0], Qin et al. [15].

To generalize some results on the properties of solutions of some differential
equations, we need to define the [p, gJ-order of a meromorphic function, but first
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we need to define the following expressions on the exponential and its reciprocal
function : for all r € R, exp;r := €" and exp,,,r := exp (expp T) ,p € N. We
also define for all 7 sufficiently large in (0, +00), log, r := logr and log,,,r :=
log (logp r) , p € N. Moreover, we denote by exp,r :=r, log,r :=r, log_;r :=
exp, r and exp_; r := log; r.

Definition 1.1. [1] Let f be a meromorphic function in A. Then the iterated
p—order of f is defined by

logtT (r,
pp (f) =lim supw (p > 11is an integer) ,
rs1-  log
where log{” = = log" 2 = max {logz,0} , log,, « = log* log, «. If f is analytic in

A, then the iterated p—order of f is defined by
: log,r, M (r, f)
parp (F) = limsup=—r—
r—1- 0g 1=

Remark 1.2. It follows by M. Tsuji ([10], p. 205) that if f is an analytic function
in A, then we have the inequalities

pr(f) < pua(f) <pr(f) +1

which are the best possible in the sense that there are analytic functions g and h
such that ppr1 (9) = p1(g) and ppra (h) = p1 (h) + 1, see [7]. However, it follows
by Theorem 1.6 in ( [9], p. 18) that pasp (f) = pp (f) for p > 2.

(p > 11is an integer) .

Now, we introduce the concept of [p, g]-order of meromorphic and analytic
functions in the unit disc. In the whole suite, we suppose p and ¢ are integers
satisfying p > ¢ > 1.

Definition 1.3. [1] Let p > ¢ > 1 be integers. Let f be a meromorphic function
in A, the [p, g]-order of f is defined by

. log, T'(r, f)
Pp.a) (f) = lim sup—F——=.
r—1- 08¢ 1=

For an analytic function f in A, we also define

: log, i M (r, f)
Pazfpg () = limsup plﬂ I .
r—1” 08¢ 1=

Remark 1.4. It is easy to see that 0 < pp,q (f) < co. If f is non-admissible, i.e.,
T (r, f) = O (log =) , then py, 4 (f) = 0 for any p > ¢ > 1. By Definition 1.3, we

have that pp 1 (f) = p1 (f) = p(f), pray (f) = p2 (f) and ppra1,1) (f) = ppsa (f) -

Proposition 1.5. [1] Let p > q > 1 be integers, and let f be an analytic function
in A of [p,q]-order. The following two statements hold:
(i) If p = q, then
Pival (F) < prt g (F) < ppg) (F) + 1.
(i) If p > q, then
Pipa (f) = parjpa (f) -
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Definition 1.6. [I1] Let p > ¢ > 1 be integers, and let f be a meromorphic
function in A. The [p, g]-exponent of convergence of the zero sequence of f is

defined by

log) N (r, %)
At (F) = lim sup—r—— "7/
[pq]( ) 1 lquﬁ

)l

where N (r, %) is the integrated counting function of zeros of f in {z: |2z| <r}.

Similarly, the [p, g]-exponent of convergence of the sequence of distinct zeros of f
is defined by

B log; N (7“, %)
Ap,g (f) = limsup—5—+

1 )
r—1- logq 11—

where N(r, %) is the integrated counting function of distinct zeros of f in

{z:]z| <r}.
Definition 1.7. Let p > g > 1 be integers, and let f be a meromorphic function
in A. The [p, q]-exponent of convergence of the sequence of poles of f is defined

by
1 log, N (r, f)
A (—) = lim sup—2———""~,
i f r—1- logq ﬁ
where N (7, f) is the integrated counting function of poles of f in {z:|z| < r}.

In [8], Hamouda studied the growth of solutions of equation (1.1) when
Ay dominates the other coefficients near the unit disc’s boundary to find the
properties of fast growing solutions of (1.1) and he obtained the following two
results that improve and generalize the results of Heittokangas et al. [11].

Theorem 1.8. [8] Let Ay (2), A1 (2),..., Ak_1(2) (k > 2) be meromorphic func-
tions in A. If there exist wy € OA and a curve v C A tending to wy such that for
any constant u > 0, we have

k

VHCIESIE
o A (=) -

then every nontrivial meromorphic solution f of equation (1.1) is of infinite order.

Theorem 1.9. [8] Let Ay (2), A1 (2),..., Ak—1 (2) (k > 2) be meromorphic func-
tions in A. If there exist wy € OA and a curve v C A tending to wy such that for
any constant > 0, we have

-1
|Ai (2)] + 1
=1

- A
lim = exp,, {—} =0,
A1 Ao (2)] (1 —[=))"

€y

where n > 1 is an integer, A\ > 0 is a real constant, then every nontrivial mero-
morphic solution f of equation (1.1) satisfies p,(f) = 0o and pus1(f) > p.
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Recently, in the study of the growth of solutions of equation (1.1), Qin et
al. [15] improved the result of Hamouda [3] in the case when the coeflicients of
equation (1.1) are analytic functions and obtained the following result.

Theorem 1.10. [15] Let Ay (2), A1 (2), ..., Ar_1 (2) (k > 2) be analytic functions
in A. If there exist wy € OA and a curve v C A tending to wy satisfying

k=1
; [4i (2)] +1

1 1
i exp, § A ( ) } <1,
21" | Ao (2)] p{ 1—|2]

where p > 0 and X > 0 are two real constants, then every nontrivial solution f
of equation (1.1) satisfies pp.q(f) = 00 and ppi1.4(f) > .

Also, Qin et al. [15] treated the case when Ay, s = 1,...,k — 1, k > 2 dominates
the other coefficients near the unit disc’s boundary and got this result.

Theorem 1.11. [15] Let Ay (2), A1 (2), ..., Ak—1 (2) (k > 2) be analytic functions
in A and there exists p € (0,400) satisfying
max {pM,[M}(AZ-) i=1,..,8—1,s+1,... k— 1} < Pt (As) = 1.

If there exist wy € OA and a curve v C A tending to wy and a real constant
A > 0, such that

H eT(TuAZ)

. i#£s A
lim o 2l
o1 €T epr{(l— !zl)“}

zey

Then every nontrivial solution f of equation (1.1) in which f™ (2) just has finite
many zeros for alln < s, (n =0, ...,s—1) satisfies ppq(f) = 00 and ppi1,q(f) =

PM,[p,q] (As)-

In this paper, we will express the growth conditions on the coefficients which
are meromorphic functions of [p, | —order instead of analytic functions of iterated
n-order as defined in the paper of Qin et al. [L5].

Theorem 1.12. Letp > q > 1 be integers. Suppose that Ay (2) , Ay (2) ..., Ak—1 (2)
(k > 2) are meromorphic functions in A. If there exist wy € OA and a curve
v C A tending to wy and two real constants p > 0 and A > 0 such that

k—1
; |A; (2)] +1

lzLZi INE {A <logq_1 <1%|Z|)>u} <1, (1.2)

then every nontrivial meromorphic solution f of equation (1.1) satisfies pyq(f) =
00 and pppi1,q(f) = p.
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Corollary 1.13. Letp > q > 1 be integers. Suppose that Ay (2), A1 (2), ..., Ap_1 (2)
(k > 2) are meromorphic functions in A. If there exist wy € OA and a curve
v C A tending to wy and three real constants p > 0, 0 < 8 < « such that for
z € and |z| — 17, we have

weorzon o ()
|A; (2)| < exp, {ﬁ (logql (%M))H} ci=1,...,k—1,

then every nontrivial meromorphic solution f of equation (1.1) satisfies pp,q(f) =
00 and pp+1,4(f) = p

Proof. In fact, by the assumptions, we have

A; ()] +1 L
i T e o (o () )
(k= yexp, {5 (log,, ()} +1
S e, {a (g, 1<1 |z>>“}
con (b (7))

We pose X = (logq_1 (ﬁ))u — 400, |2| = 1_, so by taking 0 < A < a — f3,

we obtain

and

k—1

SEHOIES NN
li = Al —_—
ot Ao (2)] p{ (qul(l—m))}
zey

(k= T)exp, {BX} +1
<
- XEIEOO exp, {aX} exp, {AX)

— Jim_ (b~ 1)exp {exp, , {8X) — exp, ., {aX) + exp,, (AX})
+ exp {expp_1 {AX} —exp, 4 {aX}} =0,

then we get

k=1
5 1A +1 NV
lim = exp {)\ (lo N (—>> }:0< 1.
o TG T U
zey
Hence, by Theorem 1.12, we obtain pp, 4(f) = oo and pppi1,4(f) > p. O

By using Corollary 1.13 and Lemma 2.7, we easily obtain the following corol-
lary.
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Corollary 1.14. Let p > q > 1 be integers. Let Ag(z), A1 (2),..., Ar_1(2)
(k > 2) be analytic functions in A and for p € (0,+00) we have
max { parfpg(Ai) i =1,....k — 1} < parpg(Ao) = p.

If there exist wy € OA and a curve v C A tending to wy and some real constants
w>0,0<pf < a such that for z € v and |z| — 17, we have

sz oo (25))
|Ai (2)] < exp, {5 (logql (%M))H} Li=1,... k-1,

then every nontrivial solution f of equation (1.1) satisfies pp.q(f) = prmpq (f) =
00 and pipi1,q)(f) = parprrg () = prrfp.a(Ao) = g

Theorem 1.15. Letp > q > 1 be integers. Suppose that Ag (2), A1 (2), ..., Ag—1 (2)
(k > 2) are meromorphic functions in A and there ezist wg € OA, a curve vy C A
tending to wo and p > 0 such that Ap g (Aio> < and

and

k—1
H eT(T,AZ)

L 1 H

. =1

|Z1|5I11_ WQXPP {)\ (lqul <1——‘2|)> } < 1. (13)
zEey

Then every nontrivial meromorphic solution f of equation (1.1) satisfies pyp.q(f) =
00 and ppi1,4(f) = p-

Corollary 1.16. Letp > q > 1 be integers. Suppose that Ag (z), A1 (2), ..., Ap_1 (2)
(k > 2) are meromorphic functions in A and there exist wy € OA and a curve
v C A tending to wy and some real constants p > 0 and 0 < S < a such that

Alp,d] <Ai0> < p and

1 K
A0 2 ety o (s (127))
1 K
T(Ta Az) < CXPyp_1 {6 (Iqul (1——|Z’>) } ) 1= 17 e k — 17

where z € v and |z| — 17. Then the following statements hold:

(i)) If p=q=1and 0 < (k—1)5 < «, then every nontrivial meromorphic
solution [ of equation (1.1) satisfies p(f) = oo and p2(f) > p.

(i) If p > q > 2 and 0 < B < «, then every nontrivial meromorphic solution f
of equation (1.1) satisfies pppq(f) =00 and ppi1,4(f) > p.

Proof. In fact, by the assumptions, we have
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1T e {3 (o, ()} u
e Zexppp{a (10; ES N 0 (os (23)

-t R b )

If p=g=1, then for 0 < A < a— (k—1) 5, we have

k—1
lim &L A ——
o1 em(rAo) eXp{ <1—\Z|) }

—_

; ’
T ew{a () -
:|ZIEI%_GXP{((k_1)B_a+A)(1_1|Z|)N}

L o 1 H
lim =L expd [ —— —0<1.
21 eT(rAo) p{ (1—|2|) }

If p>q> 2, then for 0 < A < a — 3, by setting X = <logq71 (1 L ))u — +00,

—2l

|z| = 17, we obtain
k=1
H eT(r,Az)

. i=1 1 H
i e, {3 (s (72

zey

k1
< O {0Y))
T X—+oo  exp,{aX}

e {(E- Ve, (X))
= lim
X—otoo  exp {exp,_, {aX}}

= lim exp{(k—1)exp, ; {8X} +exp,_; {\X} —exp,_; {aX}}

X —4o00
epr—l {ﬁX} epr—l {)\X} _ 1) } =0
exp, ; {aX}  exp, ; {aX} ’

exp, {AX}

exp {expp_1 {)\X}}

X —+o00

— lim exp{expp HaXx) <( —1)
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so, we obtain

1 - 1 a
. =1 —
Sy {A (10gq1 (m)) } 0=t
€

Hence, by applying Theorem 1.15 we get Corollary 1.16. 0J

By using Theorem 1.15 and Lemma 2.7, we easily obtain the following corol-
lary.

Corollary 1.17. Let p > q > 1 be integers. Let Ag(z), A1 (2),..., Ak—1(2)
(k > 2) be analytic functions in A and for u € (0,+00) we have
max {pMy[M](Ai) vi=1, .,k — 1} < parjpg(Ao) = pe

Suppose there exist wy € OA and a curve vy C A tending to wy and a real constant
A > 0 such that

k=1
H eT(T‘,Ai) 1 u
lim ile—AeXp A log, ;| —— < 1.
2|1~ eT(rAo) P a 1— 2|
zey

Then every nontrivial solution f of equation (1.1) satisfies pp.q(f) = papqg (f) =
00 and pipi1,q(f) = Pafprta (f) = Pasfp.q(Ao) = p.

By using Corollary 1.16 and Lemma 2.7, we easily obtain the following corol-
lary.

Corollary 1.18. Let p > q > 1 be integers. Let Ag(2), A1 (2),..., Ar_1(2)
(k > 2) be analytic functions in A and for p € (0,+00) we have

max { parpa)(Ar) 11 =1,k = 1} < pargpg(Ao) = pi.

Suppose there exist wy € A and a curve vy C A tending to wy and some constants
0 < B < a, such that

1 2
T(r,Aog) > exp,_, {a <logq_1 <—1 — |z|)) }
1 I
T(Ta AZ) S epr—l {ﬁ (logq—l (1——|Z|>) } ) 1= ]-7 sy k — 1a

where z € v and |z| — 17. Then the following statements hold:

(i) If p=q=1and 0 < (k—1)8 < «, then every nontrivial solution f of
equation (1.1) satisfies p1(f) = pu (f) = 00 and pa(f) = para (f) = par2(Ao).
(i) If p > q > 2 and 0 < B < «, then every nontrivial solution f of equation (1.1
satisfies pipq)(f) = parfpq () = 00 and pypi1,q(f) = parprig () = parfpq (Ao) =
1.

and
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Theorem 1.19. Let p > q > 1 be integers. Let Ag(z),A1(2),..., Ap_1(2)
(k > 2) be meromorphic functions in A. If there exist wy € OA and a curve
v C A tending to wy and real constants X > 0 and p > 0 such that A, g (i) <

and

HeT(T‘,Az)

: p

lim 25— exp 4 (1o b <1 (1.4)

2| 1-  eT(nAs) Pp Se-1\ 12 || ’ )
zEy

Then every nontrivial meromorphic solution f of equation (1.1), such that f™ (z)
has finite many zeros for alln < s, (n =0,...,s — 1) satisfies pp.q(f) = 00 and

Pip+1.q(f) = 1.

By applying Theorem 1.19, we get the following corollary.

Corollary 1.20. Let p > q > 1 be integers. Let Ay (z),A1(2),..., Ak—1(2)
(k > 2) be meromorphic functions in A. If there exist wg € OA and a curvey C A

tending to wy and real constants p > 0 and 0 < 8 < « such that A\ g (i) <p

1 H
rira) 2 ey {o (e (7=77))
and

1 12
T(r,A;) <exp, {ﬁ (Iogq1 (1——’Z'|)) } da=1,..,s—1,s+1,.. k—1,

where z € v and |z| — 17. Then the following statements hold:

(i) If p=q=1and 0 < (k—1)B < «, then every nontrivial meromorphic
solution f of equation (1.1), such that f™ (2) has finite many zeros for alln < s,
(n=0,..,s— 1) satisfies p(f) =00 and p2(f) > p.

(i) If p > ¢ > 2 and 0 < B < «, then every nontrivial meromorphic solution
f of equation (1.1), such that f™ (2) has finite many zeros for alln < s, (n =

0,...,5 — 1) satisfies pp.q(f) =00 and ppi1,q(f) > .

and

By using Theorem 1.19 and Lemma 2.7, we easily obtain the following corol-
lary.

Corollary 1.21. Let p > q > 1 be integers. Let Ao (2),A1(2),..., Ap—1(2)
(k > 2) be analytic functions in A and for any constant p € (0,400), we have

max {pM,[p,q](Az) : Z = ]‘7 S 178 + 17 7]{: - 1} S pM,[P:‘J}(AS) = ,u

If there exist wy € OA and a curve v C A tending to wy and a real constant
A > 0, such that

H eT(T‘,Ai)

lim Lexp A log, 4 b ' < 1.
2| >1-  eT(rAs) P 2\ 1 — |7

zEey
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Then every nontrivial solution f of equation (1.1), such that f™ (z) has finite
many zeros for alln <'s, (n = 0,...,s — 1) satisfies pp.q(f) = prjpq (f) = 00
and p[:v+17q}(f) = PM,[p+1,q] (f) = PM,[p,q] (As) = p.

By using Corollary 1.20 and Lemma 2.7, we easily obtain the following corol-
lary.

Corollary 1.22. Let p > q > 1 be integers. Let Ag(z), A1 (2),..., Ak_1(2)
(k > 2) be analytic functions in A and for any constant p € (0,400), we have

max {va[P:‘ﬂ(AZ) A ]'7 sy S 173 + 17 7k: - 1} S pM,[P:‘ﬂ(As) = u.

Suppose there exist wy € OA and a curve v C A tending to wg and real constants
0 < B < a, such that

1 I
740 > omy-sfo (e (7))
and

1 H
T(r,A;) < exp, {ﬁ <logq_1 (1_—|Z|)) } a=1,...,s—1,s+1,...,k—1,

where z € v and |z| — 17. Then the following statements hold:

(i) If p=q=1and 0 < (k—1)5 < «, then every nontrivial solution f of
equation (1.1), such that f™ (2) has finite many zeros for alln < s, (n =0, ..., s—
1) satisfies p1(f) = pai (f) = 00 and pa(f) = pru2 (f) = pu(As).

(i) If p > ¢ > 2 and 0 < B < a, then every nontrivial solution f of equation (1.1),
such that f (2) has finite many zeros for alln < s, (n = 0,...,s — 1) satisfies
Pival(f) = prifpa) (f) = 00 and ppi1,(f) = pupr1,q () = prrpa (As) = .

The second aim of this paper is to investigate the fixed points of solutions of
equation (1.1). We obtain the following result.

Theorem 1.23. Let p > q > 1 be integers. Let Ag(z),A1(2),..., Ar—1(2)
(k > 2) be meromorphic functions in A. Suppose that all solutions of the equation
(1.1) are of infinite [p, q|-order and pyp1.4 (f) = p < +00. If o (2) # 0 is a mero-
morphic function with py, g (@) < 00, then every meromorphic solution f(z) # 0
of equation (1.1) satisfies

X[P:(ﬂ (f—¢) = A[p,q] (f—¢) = Plp.d] (f) = +oo,
At (F =) = Apr1g (f — @) = ppr1g (f) = p.

By setting ¢ (z) = z, and using Theorem 1.23, we easily obtain the following
corollary.

Corollary 1.24. Assume that the assumptions of one of Corollaries 1.14, 1.17
and 1.21 holds. Then every solution f # 0 of equation (1.1) satisfies

Al (f = 2) = Apg) (f = 2) = pppg () = paspg) (f) = 00
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and

X[10-5-1,q} (f - Z) = )‘[p-i-l,q] (f - Z) = Plp+1,q] (f) = PM,[p+1,q] (f) = K.

2. SOME PRELIMINARY LEMMAS

In this section we give some lemmas which are used in the proofs of our
theorems.

Lemma 2.1. Let k and j be integers satisfying k > 7 > 0, and let ¢ > 0 and
d € (0,1). If f is a meromorphic function in A such that f9)(z) does not vanish
identically, then [7]

9 [(1jd)ﬂsmax{logl_#wﬂsuzn,f)}]k_j, ¢ B, (1

where E C [0,1) is a set with finite logarithmic measure [ < co and s(|z|) =
E

L= d(1 = |2]). 1 ppay (F) = pu (F) < oc, then [1]

f(lc)(z) 1 (k=) (p1(f)+2+¢)
and if p, (f) < oo, for p > 2, then [7]

£z L\~

f(j)EZ§ S eprfl 1 o ’Z‘ ) |Z| ¢ E (23)
Moreover, if py.q (f) < 00, then forp > q>2

p.q)(F)+e
S0(e) Sexpp_l{Qogq_l (=) } H¢ B (24)

FOI(2)
Proof. The estimates (2.1)-(2.3) are from the paper [7]. We prove only the es-
timate (2.4). We know that there exists a set £ C [0,1) with finite logarithmic
measure [ 1% < 0o such that holds the estimate
E

< [(%>Mmax{log%;ﬂs(ZI),f)}r

By using the definition of the [p, g]-order, for any given € > 0 and sufficiently
large r, we have

T(s(l2]), f) < exp, { <10gq—1 ( 1—;<||> >>MM}

which implies
1 24-¢ | 1
m )
=) TV TR

—J

‘ ®2)
9(2)

fM(2)
F0(2)

<
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expy { (o (L)) 44 } H -
<[ { e (i)™
_exp {(k _j)exp, » { (o (5 ))p[p,q1<f)+; } }
< expy s { (i, () p[p,q]<f>+g} |

Lemma 2.2. [15] Let f : A — R be a meromorphic function in A. If there exist
a point wy on the boundary OA = {z : |z| = 1} and a curve v C A tending to wy
such that

O

dim f(z) <1,
zey
then there exists a set Ey C [0,1) with infinite logarithmic measure [ 1% = 00
Eq
such that we have f(z) <1 for all |z| € Ej.

Lemma 2.3. [10] Let f be a meromorphic function in A, and let k > 1 be an
integer. Then
f
m (r, T) =S(r, f),

where S(r, f) = O (log* T(r, ) +log (=)) , possibly outside a set E» C [0,1)
with [ < oo. If f is of finite order, then
Es

() -0fon(:5)

Lemma 2.4. [I| Let p > q > 1 be integers. Let f be a meromorphic function in
the unit disc A such that ppq (f) = p < 00, and let k > 1 be an integer. Then
for any € > 0,

(017 -0fem s (1))

holds for all r outside a set E5 C [0,1) with [ < oco.
E3

Lemma 2.5. [14] Let p > q > 1 be integers, and let f and g be nonconstant
meromorphic functions of [p, q|-order in A. Then we have

Pipa (f +9) <max {ppq (f) . pp.a (9)}
and

Plp,q] (fg) < max {P[p,q} (f) 2 Plp,g] (9)} .
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Furthermore, if pypq (f) > pp.q (9), then we obtain
Pl (f +9) = Ppa (f9) = P (f) -

By using the same arguments of Lemma 3.5 in the paper ([12], p. 4), we
obtain the following lemma in the case when pp, 4 (f) = p = oc.

Lemma 2.6. Let p > g > 1 be integers. Let A; (j=0,...,k—1), F # 0 be
meromorphic functions in A, and let f be a solution of the differential equation

FE+ A () f5 D+ A () f + AR f=F

satisfying max {pp,q (4;) (7 =0,k = 1), ppg (F)} < ppg (f) = p < o0
Then we have

Mpal (F) = Xpa) () = pipg) (f)

and
X[zoJqu] (f) = >\Lp+1,q] (f) = Plp+1,q] (f) .

Lemma 2.7. [1] Let p > q > 1 be integers. If Ao (z),..., Ax—1 (2) are analytic
functions of [p, q| —order in the unit disc D, then every solution f # 0 of equation
(1.1)satisfies

Plp+1,q] (f) = PM,[p+1,q] (f) < max {PM,[p,q] (Aj) 1J=0,1,.,k— 1} .

3. PROOF OF THEOREMS

Proof of Theorem 1.12

Proof. Assume that f is a nontrivial meromorphic solution of (1.1) with finite

[p, q| —order pp,q(f) = p < 00. According to Lemma 2.1, if p = ¢ = 1, then for

any given € > 0, there exists a set £ C [0,1) with f% < oo such that for all 2
E

satisfying |z| = r ¢ F, we have

) 1\ Jt2te)
’ff(g) < (1_r> =1,k (3.1)

and if p>q > 2, so

f9(2) ox 5 1 pre _
‘ ) < pp1{<l gq1<1_r)) }, j=1,..,k. (3.2)
By (1.1), we can write
I L N 1 LG
M= Ty A BT T ARy 69
e PG| L[PG
el [T s @l S8 el 2] e
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Combining (3.1) and (3.4), we obtain for p=¢ =1

k—1 k(p+2+e)
40(2)] < (1 +Y1A <z>|) () 35)

and combining (3.2) and (3.4), we get for p > ¢ > 2

14 (2)] < (1 + § | 4; (z)|> oxXp,_y { (1qu_1 (i))”} | (3.6)

According to assumption (1.2) and Lemma 2.2, for any p > 0, there exists a set
E, C[0,1) with fld—_rr = oo such that for all z satisfying |z| = r € Ey, we get
Ey

k—1
; |A; (2)|+ 1

O {3 (e (£2)) ) <1

Then, for any z € A satisfying |z| = r € Ej, we have

14 (2)] > (2 14 (2)] +1> expp{)\ (1ogq1 (1_;))“} (3.7)

If z€ {z€A:|z| =r € E\E} such that [ % = co we obtain (3.7) contra-
Ei\E

dicts with (3.5) when p=¢g =1

\ 1 u _ 1 k(p+2+e)
exp 1—r 1—r

and if 2 € {z€ A:|z| =r € E/\E} such that [ %= = oo we obtain (3.7)
E\E

contradicts with (3.6) when p > ¢ > 2

oo () <o e (2)

Hence
Plpg (f) = 0.
By Lemma 2.1, for any given € > 0, there exists £ C [0, 1) with f% < o0 such
E

that for all z satisfying |z| = r ¢ E, we have

'f@‘()(z) < ((1ir)mmax{log1iT;T<s<r),f>}>j

)
(- )W) T(s0), F)Y (33)

IN

1—r
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where s(r) =1—d(1 —r), d € (0,1). Combining (3.4) and (3.8), we obtain

k-1 1 k(2+¢) .
40 (2)] < (1 +30 14 <z>|) (=) meoar 6o

for all z € A such that |z| = r € E;\E, and by combining (3.9) and (3.7), we get

exp, {)\ (logq_l (1—;»“} < (1—:)16(2%) T(s(r), . (3.10)

We put s(r) = R, s0 1 —|z| = 2(1—R) and [{£ < +oo0, then we can write
E

(3.10) in the following form

o, (A (e (o)) YD) st e

where R € d(E1\FE) + 1 — d. Obviously the set {d (E;\F) + 1 — d} is of infinite
logarithmic measure. Thus, by (3.11) we obtain

. log!, 1 T(R, f)
Pip+1.q (f) = lim SUPPH—l >
ro1- log, (123)

Proof of Theorem 1.15

Proof. Assume that f is a nontrivial meromorphic solution of (1.1) with finite

[p, q] —order pp,q(f) = p < oco. If p = ¢ = 1, then according to Lemma 2.3,

there exists a set Ey C [0,1) with fld%r < 00, such that for z € A satisfying
Ey

|z| = r ¢ Es, we have

()
m <r, fT) =0 (Iog (i)) L j=1,.. k. (3.12)

By the definition of A (A%)’ for any given e (0 <2e<p—A (ﬁ)) and suffi-
ciently large r, we have

i)
N(r,Ap) < <1 i r) : (3.13)
From (3.3), we obtain
k-1 k F0)
m(r, Ag) < Zm(r, A;) + Zm (7", T) + O(1). (3.14)

By (3.12), (3.13) and (3.14), we get
T(r,Ag) = m(r, Ag) + N(r, Ao)

< kiim(ﬁ A+ N(r, Ag) + O (108; (%))

=1
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St (1) T o (e (1) iem o

If p>q > 2, by Lemma 2.4, for any given ¢ > 0, there exists a set E3 C [0,1)
with [ flTTT < 00, such that for z € A satisfying |z| = r ¢ E3, we have
E3

f(j) 1 .
m (7“, 7) =0 (expp_1 {(p+ e)log, 1——7"}) NVi=1,..,k. (3.16)

By the definition of A L), for any given € (0 <2 < pn— A\ L)) and
[p.a] \ 4, [p.a] \ A,

sufficiently large r, we have

1 1
N(r, Ag) < exp, { ()\[M] (A_()) + 8) log, - r} . (3.17)
By (3.14), (3.16) and (3.17), for all |z| = r ¢ Ej5, we obtain

T(r, Ag) = m(r, Ag) + N(r, Ao)

k—1
1 1
< ;Tm A;) +exp, { ()\[M] (A_o) + 8) log, E}
1
+O (expp_l {(,0+€) lquE}> . (318)

According to assumption (1.3) and Lemma 2.2, for any u > 0, there exists a set
Ey C [0,1) with [ = oo, such that for z € A satisfying |z| = r € E}, we have
Eq

k—1
H eT(T,AZ)
=1

; 1 H
WGXPP {)\ (lqu_l (E)) } <1
which implies

k—1
1 123
T(r,Ay) — ZT(T, Aj) > exp, 4 {)\ (logq1 (E)) } , Y|zl =1 € E.

i=1

(3.19)
If |2| =r € Ey\Ey, then by 0 < 2e < pu— A (AL()) , we see that (3.19) contradicts
(3.15) whenp=¢ =1

\ (1i7ﬂ)u § (1ir)A<Alo)+s+O <10g (1ir)>

and if |z| = r € E1\Ej3, then by 0 < 26 < 1 — Apg <AL0> , we see that (3.19)
contradicts (3.18) when p > ¢ > 2

1 K 1 1
epr,1 )\ logq,1 E < epr )‘[p,q} A_O + € logq Tr
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+0 (expp—l {(p +€)log, ﬁD

1\ Pwal(ag)+e
=exp,_1 { | log,_; -

+0 (expp1 {(,0 +¢) log, 1—;}) :

Therefore, pppq(f) = oco.

After that, from Lemma 2.3 there exists a set Ey C [0, 1) with f% < 00, such
Es
that for z € A satisfying |z| = r ¢ F», we have

f0) 1
m (r, 7) <0 (logfr T(r, f)+ log (1 — )) =1,k (3.20)

From (3.14), (3.17) and (3.20), we get
T(r,Ag) = m(r, Ag) + N(r, Ao)

HM@

m(r, A;) +NTA0)+O(1Og+T( f)—i—log(li ))

< ST(T A;) + ex {(/\ <i> + 5) lo ! }
=2 A Pp pal \ A, Sa1_,
+0 (logJr T(r, f)+ log (ﬁ)) , V2| € Es. (3.21)

If |z| =r € E\\E> with [ % = oo, then combining (3.19) and (3.21), we get
Ei\ B2

1 K 1 1
exp, 1 A | log, ; T < exp, 9§ [ Apag A +¢ | log, T,

10 <1og+ T(r, f) + log (1 L )) | (3.22)

Since ¢ satisfies 0 < 2e < 1 — Ap g (A%)) , then by (3.22), we have

1ot {3 (o (1))} 20 (e 701 e (1),

therefore

Proof of Theorem 1.19
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Proof. Assume that f is a nontrivial meromorphic solution of (1.1) with finite

[p, q| —order pp,q(f) = p < 0. If p= ¢ =1, then by Lemma 2.1, for any given

e > 0, there exists a set E C [0,1) with f% < oo, such that if s +1 < j <k
E

( 1 (G—s)(p+2+e)
<0
<o((i=)

2m . .
) 1 O (rete
m(nfm) =35 ) 8 o)

0

and |z| =7 ¢ E, we have

which implies

de

Fre)

<ol (+1)) 1o -

If 0 <j <s—1, then by using the first fundamental theorem of Nevanlinna, we
have

() (s) (s) (s)
T(r,%) :T(r, ;(j)) + 0 (1) :m(r,%) +N(r,%> +0(1).

Because fU) has just finite many zeros, then according to the definition of the

counting function, we obtain
f) B

U U e
By the definition of A <Ai5>, for any given e (O <2< p—A (%)) and suffi-
ciently large r, we have

SO

()
N(r, Ay) < (1 L r> (3.25)
From (1.1), we can write
P IC T O NN
A = A Ty Tt A O T
Ve P
A () Ty Tt AR e

which implies
U )
m(r, As) < Zm(r, A+ Z m (T, o) + Z m | r, Fi0) +0(1). (3.26)
i#£Ss s+1<j<k 0<j<s—1
Combining (3.23), (3.24), (3.25) and (3.26), we obtain
T(r,As) = m(r, As) + N(r, A)
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< m(r, A) + N(r, A,) + O <10g+ (1 i r))

iF£S

<N T A) + (1 i T)A(Mﬁ +0 (1og+ (1—170)) : (3.27)

If p > q > 2, applying Lemma 2.4, there exists a set E3 C [0,1), with f% < 00,

such that |2| = r ¢ E3, we have (3.16) holds. By the definition of A, 4 < > for

any given & (O <2 < ph— Apygl ( i >> and sufficiently large r, we have

oty < (v (L) + Yt} ey

Since f just has finite many zeros, then when s +1 < j < k, by the definition of
the counting function, we get

N (r, %) —0(1). (3.29)

So, by using (3.16) and (3.29), we obtain
) (9)
) ) e
<0 (expp_1 {(p +¢) log, ﬁ}) +T(r %)
1 f(S)
=0 (expp_1 {(p+€)logq . _T}) +T (7‘, 7 ) O (1)
—0 1 1 J N /) O (1
= <expp_1{(p—|—€) qum})—l-m(ﬁ?)—i- (7’, f>+ (1)

_0 (expp_l {(p +e)log, ﬁ}) | (3.30)

Combining (3.24) when 0 < j < s — 1, (3.26), (3.28) and (3.30), for all |z| =r ¢
FEs5, we obtain

+

T(r,As) = m(r, As) + N(r, As)

<> m(r, Ai) + N(r, A) + O (expp_l {(p +¢) log, }) > T(r, Ay)

1#s i#£s

1 1 1
+ €xp, { (A[M] (A_s> + 5) log, Tr} +0 (eprl {(P +¢) log, E}) :

(3.31)
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From (1.4) and Lemma 2.2, for any u > 0, there exists a set F; C [0,1), with
@' — o0, such that for |z| = r € E, we have

1—r
H eT(T,Ai)

Ey

i#s 1 .

T TA) exp, {)\ (logq_1 (1 — 7’)) } <1
which implies

T(r,A,) =Y T(r, A;) > exp, , {)\ (logq_l (1—;))? . (3.32)

i1#£s

If |2| =r € E4Y\E, then by 0 < 2e < pp— A (i) , we see that (3.27) contradicts
with (3.32) when p=¢ =1

YERI (1;)“)10 (o (1)

and if |z| = r € E;\E3, then by 0 < 26 < p — Ap g (i) , we see that (3.31)
contradicts with (3.32) when p > ¢ > 2

S S TR E N
+0 (exppl {(,0 +e)log, i}) |

Hence, pppq(f) =00 .
Next from Lemma 2.1, for any given ¢ > 0, there exists a set £ C [0,1) with

2 < o0, such that if s+ 1< j <k and |2| = r ¢ E, we have

| —S

e ((1_7«) e {log 1 T<s<r>,f>}> ,
where s(r) =1—d (1 —r),d € (0,1). We have hnlni (T) =1, so log = > 1 when
r— 17 and T'(s(r), f) = T(r, ). Therefore
JON 1T [f90e)
m( ’f(5>> o | 1 | e
0

| —5

< log" ((1_ir>2+ {log L T(s(0), f)})j

<0 (1og+ T(r, f) + log* (%)) o (3.33)

Combining (3.24) when 0 < 7 < s — 1, (3.26), (3.28) and (3.33), we get for
re El\E

T(r,As) = m(r, As) + N(r, As)
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<> m(r,Ai) + N(r, A) + O <log+ T(r,f) +log" (1 i 7“))

iF£S

1 1
<Y T(r, Ai) +exp, { ()‘[p,q] (A—) + 5) log, 7— T}

i#£s

10 (log+ T(r, f) + log* (%)) | (3.34)

where the set E;\F is of infinite logarithmic measure. By (3.32) and (3.34), we
have

1 \\* 1 1
expp 1 (A (logg | 7 < expy |\ A | 5 ) e ) logg T

+0 <logJr T(r, f) +log* (ﬁ))

and since 0 < 2e < 1 — Ap g (A%> , we obtain

1ot {3 (o (1))} 20 (e ey e (1),

(3.35)
Thus, from (3.35) we get

. logy, T(r, f)
Pipirg (f) = limsup—2 =2

> .
=17 logq(ﬁ) =h

O
Proof of Theorem 1.23

Proof. Assume that f is a nontrivial meromorphic solution of (1.1) with pp, o(f) =
00 and pp41,4(f) = p < 00.Set g (2) = f(2)—¢ (2). Then, by Lemma 2.5, g (2) is
a meromorphic function with pp, (g) = 0o and pp41,4(g) = p < co. Substituting
f =g+ pinto (1.1), we get

gP + A () g Y+ A (2) g + A (2) g = H, (3.36)
where

H=—[p" + A1 (2) "D+ + A (2) @' + Ao (2) ] -

We prove that H # 0. In fact, if H = 0, then

P+ A1 () o+ A (2) @+ Ap (2) = 0.
Hence ppp q () = +00, which is a contradiction. Therefore H # 0. We know that
the functions A; (7 =0,1,....,k — 1) and H satisfy
By Lemma 2.6 and (3.36), we have

Mol (9) = Npa) (9) = Plpg (9) = 00
and B
Ap+1.q (9) = Apr1,q (9) = pPpr1rq (f) = p-
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Therefore
X[p,q] (f = ¢) =g (f =) = ppg (f) = 0
and
X[zoJrl,q] (f = ©) = Apt1g (f —¢) = ppi1,g (f) = p-
which completes the proof. O

4. EXAMPLES
The following example shows that the Theorem 1.12 is sharp.

Example 4.1. Consider the following equation

fr+ A2 f + Ao(2) f =0, (4.1)

where Ag(z) = Lexp {2 expg (logg (i)y} and A, (z) = Lexp; {(log6 (1;))7} .
Then, for wy = 1 € JA and a curve v = {z € A:argz =0} C A tending to
wo = 1 and two constants gy =7 and A = 1 and for p = ¢ = 7, we have

A+ 1 1 Z
i AL A1 -
b A (o) P Bt \ T[]
zey

N eXP7{<10g6<1_1z|>)7}‘+1 ]
:Zl'g_ﬂﬂ exp {26Xp6 (log6(11|2>)7} eXp7{(log6 (1—1|z|)) }

expy; { (log6

e oo, - {f):} ()}
-t (oo o () } )
oo (i (125)) 20 o (1 25)) )
-t (o () F ) o (1)
- i L <exp {p (108 (1—;))7 e (1o (2 r))7}
e o (o (1)) 1) < 1

Thus, by Theorem 1.12, every nontrivial meromorphic solution f of (4.1) satisfies
prr7(f) = oo and pi7(f) > 7.
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The following example shows that the Corollary 1.13 is sharp.

Example 4.2. Consider the following equation

"+ A(2)f + Ac(2) f =0, (4.2)

Ao(2) = Ko (2) expr 4 2 (logﬁ (1 - z))7

=16 (o ()

such that Ky, K; are meromorphic functions in A and analytic at the point wg = 1
satisfying

where

and

[Ki(2)] <1, [Ko(2)] > L.

Then, for wy = 1 € OA and a curve v = {z € A:argz =0} C A tending to
wo = 1 and two constants 4 =7 and A = 1 and for p = q =7, we have

a0 = 185 0 o 2 (1o (1))

soon{e (s ()
A1 (2)] = |K: ()] |exos { (10g6 (1 ! z>)7} < exp; { <log6 (ﬁ))?

Hence, by Corollary 1.13 (when o« = 2 and 8 = 1), every nontrivial meromorphic
solution f of (4.2) satisfies p7,7(f) = co and pg7(f) > 7.
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