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LOGARITHMIC AND INVERSE LOGARITHMIC
COEFFICIENTS OF CERTAIN SUBCLASSES OF UNIVALENT
FUNCTIONS

ASHA THOMAS!'*, THOMAS ROSY?, S. SUNIL VARMA?

ABSTRACT. The objective of this article is to compute upper bounds for the
logarithmic coefficients ~,, and inverse logarithmic coefficients I'),, n=1,2,3 of
certain subclasses of analytic univalent functions defined in the unit disk.

1. INTRODUCTION AND PRELIMINARIES

Let S denote the class of normalised analytic univalent functions of the form
f(f) ={+ Zanfn,
n=2

in the open unit disk U = {¢ : |{] < 1}. The logarithmic coefficients of f are
defined by

log@ = Qnynf”. (1.1)
n=1

Exact upper bounds for v, of few subclasses of S have been established [1, 5, 7].
Moreover we know that for f € S the expected inequality |v,| < % is false even
in order of magnitude.

Therefore considering the definition of different subclasses defined by various au-
thors [11, 12, 6]. Ye [15], Murat Caglar [!1] estimated the general logarithmic
coefficient for close to convex functions. Al-Amiri and Fernando [3] introduced
the class S.(b) of close-to-convex functions of complex order b.

The initial logarithmic coefficients 1, 72,73 for f € S can be obtained by dif-

ferentiating (1.1)

1

"= 5612, (1-2)

1 1

V2 = §(a3 - §CL§)> (1.3)
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1 1
V3= §(a4 — aza3 + gag). (1.4)

We now recall the concept of subordination of two analytic functions. A function

f € 8§ is said to be subordinate to g € S denoted by f < g if there exists a

Schwarz function ¢ that is analytic in U with ¢(0) = 0 and |¢(£)| < 1 such that

f(&) = g((§)) for £ € U .

In particular, if the function ¢ is univalent in U, then f < g¢ if and only if

f(0) = g(0) and f(U) € g(U).

Using subordination, Ma and Minda [10] introduced two different subclasses S*(¢)
&f'(6)
f

and C(¢) of starlike and convex functions, in which either of the quantity NGB

or 1+ 5}{,(2? is subordinate to a more general superordinate function. They

considered an analytic univalent function ¢, ¢(0) = 1 and ¢'(0) > 0 with positive
real part in U, ¢(U) is symmetric with respect to the real axis and starlike. The
series expansion of ¢ is ¢(£) =1+ > o, excF.
Symbolically

&)

f@><“®}
a@:{feSJ+€%g)<M@}

In Geometric function theory, some special subclasses of the class S*(¢) and C(¢)
play an important role because of their geometric properties.

8%@2{f68:

Definition 1.1. [12] Let f € S and 0 < a < 1 we say that f € R(«a) if
§%%i%<a§§ew. (1.5)

Definition 1.2. [I] Let f € Sand 0 < A < 1,0 < § < 1 wesay that f € M (A, )
if

1)
1k{ﬂ—Mﬂ@+&f@

} >3, e . (1.6)

In this article we estimate the upper bounds for the logarithmic coefficients
Y, 1=1,2,3 of the functions in R(«) and M (A, §) and its corresponding inverse
logarithmic coefficients I',,, n=1,2,3.

2. MAIN RESULTS
2.1. Logarithmic coefficients of R(«) and M (A, 3).

Theorem 2.1. The logarithmic coefficients v;,i = 1,2,3 of f € R(«) satisfy the
mequalities:
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o2 ad
s < a+ ? T
Proof. Since f € R(«) there exists a Schwarz function ¢ such that
[ -1
e = ao(¢
GRS
Equating the coefficients,
ay = 1o (2.1)
2a
az = ?(02 + cla) (2.2)
ay = 3(03 + 2c1c000 + Ga?). (2.3)
Substituting the above in (1.2), (1.3), (1.4) we get
o
"= 17 (2.4)
2 2
o cia
= = 2.5
V2 3 + 12 (2.5)
2 3.3
C3(x C1Cx G«
= — 4+ — . 2.6
B= 6 12 (2:6)
We know that © 1
_PS)—

where Re(p(£)) > 0 and p(§) = 1+ > 2, pe€®. Since |p;| < 2, (See[0]) we get
ler| <1, |eo] <2, and |e3| < 4.

Using the bounds for |¢;| in (2.4), (2.5), (2.6) we obtain

5),
7| <

l\JIQ

200 a?

\’Yz\_—Jrﬁ

2 043

< -4

OJ

Theorem 2.2. The logarithmic coefficients v;,i = 1,2,3 of f € M(X, 5) satisfy
the inequalities:

18|

B) [1I6A(1 — B) — 4X* (1 + 28) + 4A(1 — 20%) + (1 — A\)(2A* 4+ 10X + 3)]

el < 1 *B'|\

3(1
+(1 = X)[BX =9+ 1]].
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Proof. As f € M(\, )
§1'(€) _ B
N7 g T

where h(€) is a positive function with h(0) = 1 and Re(h(£)) > 0. Equating the
coefficients we get

hi(1 = B)
as = 1= (2.7)
az = 2(11__% [h% ((1 -8+ %) + hoX + h3(1 — A)] (2.8)

hA(1—3) A2 hy
31— N) [(1_6)(1+2>\)h1(2(1—/\)+1—)\+7)

(1= B)hy (”;glff)” 4 h21<1_+;)) 4 hg} (2.9)

Now substituting the above in (1.2), (1.3), (1.4) and since |h;| < 2, we get

11—
M| < =Y
! ﬁ\
s3] < |—5|| (1= B) [16A(1 — B) — 4X*(1 +28) + 4A(1 — 2A?) + (1 — A)(2\% + 10\ + 3)]

3(1
+(1=X)[BX* =9+ 1]].
0
2.2. Inverse Logarithmic coefficients of R(«) and M (), 3). Let F be the

inverse function of f € S defined in the neighbourhood of the origin with the
Taylors series expansion

Fw)=fYw)=w+ ZAnw”, (2.10)

where we may choose |w| < §. The logarithmic coefficients ', n € N of F' are
defined by the equation

log

_QZI‘ w" (2.11)

We observe that f(F(w)) = w, F(O) = O = f(O) and F'(0) = 1 = f'(0) where
¢ = F(w). Differentiating we ﬁnd F(OF (w) =1.
On differentiating further

FUEF (w)* + f1(F" (w) =0
FUEOEF (W) + 3f(F (w) F"(w) + /() F"(w) =0

FUEF (W) 6 (&) (F'(w))* F (w)+f"(€) (B(F" (w))*+3F' () " (w)+F" (w)+f(§) F* (w)

=0
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Setting £ = 0, w = 0 we obtain that
Ay = —as
Ay = —as + 2a3
Ay = —ay + basas — 5aj.
Comparing the coefficients we get

oIy (F) = A,,
1
2Ty (F) = Ay — §A§,

2T3(F) = Ay — AyAs + %Ag.
Using (2.12), (2.13), (2.14) above we get (See[13])
2 (F) = —ao,
4Ty (F) = —2a3 — 3a3,
6I3(F) = —3ay + 12azas — 10a3.
Theorem 2.3. If F' is the inverse of f € R(«) , then

«Q
R <
13«
IH(F)] < —
To(F)| < 2
502 7ad
[L(F)] <2 —_— —
Ty(F)] <20+ 20 4 18

Proof. Substituting |¢;| < 1, o] < 2 and |e3| <4 in (2.1),(2.2),(2.3) we get

las| < «
2x
|az| < §(2+Oé)

laq| < %<4+4@ +a?).
Using the above in (2.15), (2.16), (2.17) we get

«Q
nF) < S,
13«
Io(F)] < —
To(F)| <
502 7ol
I3(F)] <2 —_— —
Ty(F)] <20+ 20 4 10
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Theorem 2.4. If F' is the inverse of f € M(\, ), then

(1= B)|

()] < =N

=80 | _ 2 _ _

|( 5) (1+2)) 207 +A+1  2(1—X)
L2(4(1— (1 —A)+6>\+2)+%] ‘

Proof. Since |h;| < 2 equations (2.7), (2.8),(2.9) can be written as
o] < 2020
S a=N
| ﬁl v

20 =Bl [(A=p)A+2)) _ 2(1=5) /y2

|4|_’3( H - (3(1L+)) 26)+(1_)\)(/\ +>\+1)+2H.

Computing in lines similar to Theorem 2.3 we get the upper bounds for the inverse
logarithmic coefficients of M (A, 5).

*®
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